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Preface

The random-cluster model was invented by Cees [Kees] Fortuin and Piet Kasteleyn
around 1969 as a unification of percolation, Ising, and Potts models, and as an
extrapolation of electrical networks. Their original motivation was to harmonize
the series and parallel laws satisfied by such systems. In so doing, they initiated
a study in stochastic geometry which has exhibited beautiful structure in its own
right, and which has become a central tool in the pursuit of one of the oldest
challenges of classical statistical mechanics, namely to model and analyse the
ferromagnet and especially its phase transition.

The importance of the model for probability and statistical mechanics was
not fully recognized until the late 1980s. There are two reasons for this period
of dormancy. Although the early publications of 1969-1972 contained many of
the basic properties of the model, the emphasis placed there upon combinatorial
aspects may have obscured its potential for applications. In addition, many of
the geometrical arguments necessary for studying the model were not known
prior to 1980, but were developed during the ‘decade of percolation’ that began
then. In 1980 was published the proof that p. = ; for bond percolation on the
square lattice, and this was followed soon by Harry Kesten’s monograph on two-
dimensional percolation. Percolation moved into higher dimensions around 1986,
and many of the mathematical issues of the day were resolved by 1989. Interest
in the random-cluster model as a tool for studying the Ising/Potts models was
rekindled around 1987. Swendsen and Wang utilized the model in proposing an
algorithm for the time-evolution of Potts models; Aizenman, Chayes, Chayes, and
Newman used it to show discontinuity in long-range one-dimensional Ising/Potts
models; Edwards and Sokal showed how to do it with coupling.

One of my main projects since 1992 has been to comprehend the (in)validity
of the mantra ‘everything worth doing for Ising/Potts is best done via random-
cluster’. There is a lot to be said in favour of this assertion, but its unconditionality
is its weakness. The random-cluster representation has allowed beautiful proofs of
important facts including: the discontinuity of the phase transition for large values
of the cluster-factor ¢, the existence of non-translation-invariant ‘Dobrushin’ states
for large values of the edge-parameter p, the Wulff construction in two and more
dimensions, and so on. Ithas played importantroles in the studies of other classical
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and quantum systems in statistical mechanics, including for example the Widom—
Rowlinson two-type lattice gas and the Edwards—Anderson spin-glass model. The
last model is especially challenging because it is non-ferromagnetic, and thus gives
rise to new problems of importance and difficulty.

The random-cluster model is however only one of the techniques necessary
for the mathematical study of ferromagnetism. The principal illustration of its
limitations concerns the Ising model. This fundamental model for a ferromagnet
has exactly two local states, and certain special features of the number 2 enable
a beautiful analysis via the so-called ‘random-current representation’ which does
not appear to be reproducible by random-cluster arguments.

In pursuing the theory of the random-cluster model, I have been motivated not
only by its applications to spin systems but also because it is a source of beautiful
problems in its own right. Such problems involve the stochastic geometry of
interacting lattice systems, and they are close relatives of those treated in my
monograph on percolation, published first in 1989 and in its second edition in
1999. There are many new complications and some of the basic questions remain
unanswered, at least in part. The current work is primarily an exposition of a fairly
mature theory, but prominence is accorded to open problems of significance.

New problems have arrived recently to join the old, and these concern primarily
the two-dimensional phase transition and its relation to the theory of stochastic
Lowner evolutions. SLE has been much developed for percolation and related
topics since the 1999 edition of Percolation, mostly through the achievements of
Schramm, Smirnov, Lawler, and Werner. We await an extension of the mathemat-
ics of SLE to random-cluster and Ising/Potts models.

Here are some remarks on the contents of this book. The setting for the vast
majority of the work reported here is the d-dimensional hypercubic lattice Z¢
where d > 2. This has been chosen for ease of presentation, and may usually
be replaced by any other finite-dimensional lattice in two or more dimensions,
although an extra complication may arise if the lattice is not vertex-transitive. An
exception to this is found in Chapter 6, where the self-duality of the square lattice
is exploited.

Following the introductory material of Chapter 1, the fundamental properties
of monotonic and random-cluster measures on finite graphs are summarized in
Chapters 2 and 3, including accounts of stochastic ordering, positive association,
and exponential steepness.

A principal feature of the model is the presence of a phase transition. Since
singularities may occur only on infinite graphs, one requires a definition of the
random-cluster model on an infinite graph. This may be achieved as for other
systems either by passing to an infinite-volume weak limit, or by studying measures
which satisfy consistency conditions of Dobrushin-Lanford—Ruelle (DLR) type.
Infinite-volume measures in their two forms are studied in Chapter 4.

The percolation probability is introduced in Chapter 5, and this leads to a study
of the phase transition and the critical point pc(¢). When p < p¢(g), one expects
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that the size of the open cluster containing a given vertex of Z? is controlled
by exponentially-decaying probabilities. This is unproven in general, although
exponential decay is proved subject to a further condition on the parameter p.

The supercritical phase, when p > pc(q), has been the scene of recent major
developments for random-cluster and Ising/Potts models. A highlight has been
the proof of the so-called “Wulff construction’ for supercritical Ising models. A
version of the Wulff construction is valid for the random-cluster model subject to
a stronger condition on p, namely that p > DP.(q) where p.(g) is (for d > 3) the
limit of certain slab critical points. We have no proof that p.(q) = pc(gq) except
when ¢ = 1, 2, and to prove this is one of the principal open problems of the day.
A second problem is to prove the uniqueness of the infinite-volume limit whenever

P # pc(q).

The self-duality of the two-dimensional square lattice Z> is complemented by
a duality relation for random-cluster measures on planar graphs, and this allows
a fuller understanding of the two-dimensional case, as described in Chapter 6.
There remain important open problems, of which the principal one is to obtain a
clear proof of the ‘exact calculation’ pc(q) = /q/(1 + /q). This calculation is
accepted by probabilists when g = 1 (percolation), ¢ = 2 (Ising), and when ¢ is
large, but the “exact solutions” of theoretical physics seem to have no complete
counterpart in rigorous mathematics for general values of g satisfying g € [1, 00).
There is strong evidence that the phase transition withd = 2 and g € [1, 4) will
be susceptible to an analysis using SLE, and this will presumably enable in due
course a computation of its critical exponents.

In Chapter 7, we consider duality in three and more dimensions. The dual model
amounts to a probability measure on surfaces and certain topological complications
arise. Two significant facts are proved. First, it is proved for sufficiently large ¢
that the phase transition is discontinuous. Secondly, itis proved for g € [1, co) and
sufficiently large p that there exist non-translation-invariant ‘Dobrushin’ states.

The model has been assumed so far to be static in time. Time-evolutions may
be introduced in several ways, as described in Chapter 8. Glauber dynamics and
the Gibbs sampler are discussed, followed by the Propp—Wilson scheme known
as ‘coupling from the past’. The random-cluster measures for different values of
p may be coupled via the equilibrium measure of a suitable Markov process on
[0, 115, where E denotes the set of edges of the underlying graph.

The so-called ‘random-current representation’ was remarked above for the Ising
model, and a related representation using the ‘flow polynomial’ is derived in
Chapter 9 for the g-state Potts model. It has not so far proved possible to exploit
this in a full study of the Potts phase transition. In Chapter 10, we consider
the random-cluster model on graphs with a different structure than that of finite-
dimensional lattices, namely the complete graph and the binary tree. In each case
one may perform exact calculations of mean-field type.

The final Chapter 11 is devoted to applications of the random-cluster repre-
sentation to spin systems. Five such systems are described, namely the Potts
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and Ashkin—Teller models, the disordered Potts model, the spin-glass model of
Edwards and Anderson, and the lattice gas of Widom and Rowlinson.

There is an extensive literature associated with ferromagnetism, and I have not
aspired to a complete account. Salient references are listed throughout this book,
but inevitably there are omissions. Amongst earlier papers on random-cluster
models, the following include a degree of review material: [8, 44, 136, 149, 156,
169, 240].

I first encountered the random-cluster model one day in late 1971 when John
Hammersley handed me Cees Fortuin’s thesis. Piet Kasteleyn responded enthusi-
astically to my 1992 request for information about the history of the model, and
his letters are reproduced with his permission in the Appendix. The responses
from fellow probabilists to my frequent requests for help and advice have been
deeply appreciated, and the support of the community is gratefully acknowledged.
I thank Laantje Kasteleyn and Frank den Hollander for the 1968 photograph of
Piet, and Cees Fortuin for sending me a copy of the image from his 1971 California
driving licence. Raphaél Cerf kindly offered guidance on the Wulff construction,
and has supplied some of his beautiful illustrations of Ising and random-cluster
models, namely Figures 1.2 and 5.1. A number of colleagues have generously
commented on parts of this book, and I am especially grateful to Rob van den
Berg, Benjamin Graham, Olle Hiaggstrom, Chuck Newman, Russell Lyons, and
Senya Shlosman. Jeff Steif has advised me on ergodic theory, and Aernout van
Enter has helped me with statistical mechanics. Catriona Byrne has been a source
of encouragement and support. I express my thanks to these and to others who
have, perhaps unwittingly or anonymously, contributed to this volume.

G.R.G.
Cambridge
January 2006
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Chapter 1

Random-Cluster Measures

Summary. The random-cluster model is introduced, and its relationship to
Ising and Potts models is presented via a coupling of probability measures.
In the limit as the cluster-weighting factor tends to 0, one arrives at electrical
networks and uniform spanning trees and forests.

1.1 Introduction

In 1925 came the Ising model for a ferromagnet, and in 1957 the percolation model
for a disordered medium. Each has since been the subject of intense study, and their
theories have become elaborate. Each possesses a phase transition marking the
onset of long-range order, defined in terms of correlation functions for the Ising
model and in terms of the unboundedness of paths for percolation. These two
phase transitions have been the scenes of notable exact (and rigorous) calculations
which have since inspired many physicists and mathematicians.

It has been known since at least 1847 that electrical networks satisfy so-called
‘series/parallel laws’. Piet Kasteleyn noted during the 1960s that the percolation
and Ising models also have such properties. This simple observation led in joint
work with Cees Fortuin to the formulation of the random-cluster model. This
new model has two parameters, an ‘edge-weight’ p and a ‘cluster-weight’ q.
The (bond) percolation model is retrieved by setting ¢ = 1; when g = 2, we
obtain a representation of the Ising model, and similarly of the Potts model when
qg = 2,3, .... The discovery of the model is described in Kasteleyn’s words in
the Appendix of the current work.

The mathematics begins with a finite graph G = (V, E), and the associated
Ising model! thereon. A random variable o, taking values —1 and +1 is assigned
to each vertex x of G, and the probability of the configuration o = (ox : x € V)
is taken to be proportional to e A7) where 8 > 0 and the ‘energy’ H (o) is the

IThe so-called Ising model [190] was in fact proposed (to Ising) by Lenz. The Potts model
[105, 278] originated in a proposal (to Potts) by Domb.
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negative of the sum of o0y, overall edgese = (x, y) of G. As B increases, greater
probability is assigned to configurations having a large number of neighbouring
pairs of vertices with equal signs. The Ising model has proved extraordinarily
successful in generating beautiful mathematics of relevance to the physics, and it
has been useful and provocative in the mathematical theory of phase transitions
and cooperative phenomena (see, for example, [118]). The proof of the existence
of a phase transition in two dimensions was completed by Peierls, [266], by way
of his famous “argument”.

There are many possible generalizations of the Ising model in which the o, may
take a general number g of values, rather than g = 2 only. One such extension, the
so-called ‘Potts model’, [278], has attracted especial interest amongst physicists,
and has displayed a complex and varied structure. For example, when q is large, it
possesses a discontinuous phase transition, in contrast to the continuous transition
believed to take place for small g. Ising/Potts models are the first of three principal
ingredients in the story of random-cluster models. Note that they are ‘vertex-
models’ in the sense that they involve random variables o indexed by the vertices
x of the underlying graph. (There is a related extension of the Ising model due to
Ashkin and Teller, [21], see Section 11.3.)

The (bond) percolation model was inspired by problems of physical type, and
emerged from the mathematics literature? of the 1950s, [70]. In this model for
a porous medium, each edge of the graph G is declared ‘open’ (to the passage
of fluid) with probability p, and ‘closed’ otherwise, different edges having in-
dependent states. The problem is to determine the typical large-scale properties
of connected components of open edges as the parameter p varies. Percolation
theory is now a mature part of probability lying at the core of the study of ran-
dom media and interacting systems, and it is the second ingredient in the story of
random-cluster models. Note that bond percolation is an ‘edge-model’, in that the
random variables are indexed by the set of edges of the underlying graph. (Thereis
a variant termed ‘site percolation’ in which the vertices are open/closed at random
rather than the edges, see [154, Section 1.6].)

The theory of electrical networks on the graph G is of course more ancient than
that of Ising and percolation models, dating back at least to the 1847 paper, [215],
in which Kirchhoff set down a method for calculating macroscopic properties of
an electrical network in terms of its local structure. Kirchhoff’s work explains in
particular the relevance of counts of certain types of spanning trees of the graph.
To import current language, an electrical network on a graph G may be studied
via the properties of a ‘uniformly random spanning tree’ (UST) on G (see [31]).

The three ingredients above seemed fairly distinct until Fortuin and Kasteleyn
discovered around 1970, [120, 121, 122, 123, 203], that each features within a
certain parametric family of models which they termed ‘random-cluster models’.
They developed the basic theory of such models — correlation inequalities and
the like — in this series of papers. The true power of random-cluster models as

2See also the historical curiosity [323].
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a mechanism for studying Ising/Potts models has emerged progressively over the
intervening three decades.

The configuration space of the random-cluster model is the set of all subsets of
the edge-set E, which we represent as the set @ = {0, 1}£ of 0/1-vectors indexed
by E. An edge e is termed open in the configuration w € Q if w(e) = 1, and it
is termed closed if w(e) = 0. The random-cluster model is thus an edge-model,
in contrast to the Ising and Potts models which assign spins to the vertices of G.
The subject of current study is the subgraph of G induced by the set of open edges
of a configuration chosen at random from 2 according to a certain probability
measure. Of particular importance is the existence (or not) of paths of open edges
joining given vertices x and y, and thus the random-cluster model is a model in
stochastic geometry.

The model may be viewed as a parametric family of probability measures ¢, 4
on €2, the two parameters being denoted by p € [0, 1] and ¢ € (0, 00). The
parameter p amounts to a measure of the density of open edges, and the parameter
q is a ‘cluster-weighting’ factor. When g = 1, ¢, , is a product measure, and the
ensuing probability space is usually termed a percolation model or a random graph
depending on the context. The integer values g = 2, 3, ... correspond in a certain
way to the Potts model on G with g local states, and thus ¢ = 2 corresponds to the
Ising model. The nature of these ‘correspondences’, as described in Section 1.4, is
that ‘correlation functions’ of the Potts model may be expressed as ‘connectivity
functions’ of the random-cluster model. When extended to infinite graphs, it turns
out that long-range order in a Potts model corresponds to the existence of infinite
clusters in the corresponding random-cluster model. In this sense the Potts and
percolation phase transitions are counterparts of one another.

Therein lies a major strength of the random-cluster model. Geometrical meth-
ods of some complexity have been derived in the study of percolation, and some
of these may be adapted and extended to more general random-cluster models,
thereby obtaining results of significance for Ising and Potts models. Such has been
the value of the random-cluster model in studying Ising and Potts models that it
is sometimes called simply the ‘FK representation’ of the latter systems, named
after Fortuin and Kasteleyn. We shall see in Chapter 11 that several other spin
models of statistical mechanics possess FK-type representations.

The random-cluster and Ising/Potts models on the graph G = (V, E) are de-
fined formally in the next two sections. Their relationship is best studied via a
certain coupling on the product {0, 1}¥ x {1,2, ..., ¢}", and this coupling is de-
scribed in Section 1.4. The ‘uniform spanning-tree’ (UST) measure on G is a
limiting case of the random-cluster measure, and this and related limits are the
topic of Section 1.5. This chapter ends with a section devoted to basic notation.
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1.2 Random-cluster model

Let G = (V, E) be afinite graph. The graphs considered here will usually possess
neither loops nor multiple edges, but we make no such general assumption. An
edge e having endvertices x and y is written as e = (x, y). A random-cluster
measure on G is a member of a certain class of probability measures on the set of
subsets of the edge set E. We take as state space the set Q = {0, l}E , members
of which are 0/1-vectors w = (w(e) : e € E). We speak of the edge e as being
open (in w) if w(e) = 1, and as being closed if w(e) = 0. For w € Q, let
n(w) = {e € E : w(e) = 1} denote the set of open edges. There is a one—one
correspondence between vectors w € 2 and subsets F' C E, given by F = n(w).
Let k(w) be the number of connected components (or ‘open clusters’) of the graph
(V, n(w)), and note that k(w) includes a count of isolated vertices, that is, of
vertices incident to no open edge. We associate with 2 the o-field ¥ of all its
subsets.

A random-cluster measure on G has two parameters satisfying p € [0, 1] and
g € (0, 00), and is defined as the measure ¢, , on the measurable pair (2, F)
given by

1 _
(1.1) ¢p,q(0)) = Zrc {1_[ pw(e)(l _ p)l w(e)}qk(w)’ weQ,
ecE

where the ‘partition function’, or ‘normalizing constant’, Zrc is given by

(1.2) Zrc = Zrc(p,q) = Z{H pw(e)(l )l w(e)} k(w)'

we2 “ecE

This measure differs from product measure through the inclusion of the term g%

Note the difference between the cases ¢ < 1 and ¢ > 1: the former favours fewer
clusters, whereas the latter favours a larger number of clusters. When g = 1,
edges are open/closed independently of one another. This very special case has
been studied in detail under the titles ‘percolation’ and ‘random graphs’, see [61,
154, 194]. Perhaps the most important values of g are the integers, since the
random-cluster model with ¢ € {2, 3, ...} corresponds, in a way described in the
next two sections, to the Potts model with g local states. The bulk of the work
presented in this book is devoted to the theory of random-cluster measures when
q > 1. The case ¢ < 1 seems to be harder mathematically and less important
physically. There is some interest in the limit as g | 0; see Section 1.5.

We shall sometimes write ¢g, .4 for ¢, , when the choice of graph G is to be
stressed. Computer-generated samples from random-cluster measures on Z2 are
presented in Figures 1.1-1.2. When g = 1, the measure ¢, 4 is a product measure
with density p, and we write ¢g,, or ¢, for this special case.
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Figure 1.1. Samples from the random-cluster measure with ¢ = 1 on a 40 x 40 box of the
square lattice. We have set ¢ = 1 for ease of programming, the measure being of product form
in this case. The critical value is pc(1) = é Samples with more general values of ¢ may be
obtained by the method of ‘coupling from the past’, as described in Section 8.4.
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Figure 1.2. A picture of the random-cluster model with free boundary conditions on a 2048 x
2048 box of L2, with p = 0.585816 and ¢ = 2. The critical value of the model with
g =21is pc = +/2/(1 4+ +/2) = 0.585786..., and therefore the simulation is of a mildly
supercritical system. It was obtained by simulating the Ising model using Glauber dynamics
(see Section 8.2), and then applying the coupling illustrated in Figure 1.3. Each individual
cluster is highlighted with a different tint of gray, and the smaller clusters are not visible in
the picture. This and later simulations in Section 5.7 are reproduced by kind permission of
Raphaél Cerf.

1.3 Ising and Potts models

In a famous experiment, a piece of iron is exposed to a magnetic field. The field is
increased from zero to a maximum, and then diminished to zero. If the temperature
is sufficiently low, the iron retains some residual magnetization, otherwise it does
not. There is a critical temperature for this phenomenon, often called the Curie
point after Pierre Curie, who reported this discovery in his 1895 thesis, [98]3. The

3In an example of Stigler’s Law, [309], the existence of such a temperature was discovered
before 1832 by Pouillet, see [198].
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famous (Lenz—)Ising model for such ferromagnetism, [190], may be summarized
as follows. One supposes that particles are positioned at the points of some
lattice embedded in Euclidean space. Each particle may be in either of two states,
representing the physical states of ‘spin-up’ and ‘spin-down’. Spin-values are
chosen at random according to a certain probability measure, known as a ‘Gibbs
state’, which is governed by interactions between neighbouring particles. The
relevant probability measure is given as follows.

Let G = (V, E) be a finite graph representing part of the lattice. We think of
each vertex x € V as being occupied by a particle having a random spin. Since
spins are assumed to come in two basic types, we take as sample space the set
¥ = {—1, +1}V. The appropriate probability mass function A 8,4,h on X has three
parameters satisfying 8, J € [0, 00) and & € R, and is given by

1
(1.3) Apyn(o) = s e PH©) e,
I

where the partition function Zy and the ‘Hamiltonian’ H : ¥ — R are given by

14  zi=) MO He)=-J Y ow0y—h) o

o€eX e=(x,y)eE xeV

The physical interpretation of 8 is as the reciprocal 1/T of temperature, of J as
the strength of interaction between neighbours, and of % as the external magnetic
field. For reasons of simplicity, we shall consider here only the case of zero
external-field, and we assume henceforth that 47 = 0.

Each edge has equal interaction strength J in the above formulation. Since
B and J occur only as a product 8J, the measure Ag ;o has effectively only a
single parameter 8J. In a more complicated measure not studied here, different
edges e are permitted to have different interaction strengths J,, see Chapter 9. In
the meantime we shall wrap B and J together by setting J/ = 1, and we write
A =Xg.1,0

As pointed out by Baxter, [26], the Ising model permits an infinity of general-
izations. Of these, the extension to so-called ‘Potts models’ has proved especially
fruitful. Whereas the Ising model permits only two possible spin-values at each
vertex, the Potts model [278] permits a general number ¢ € {2,3,...}, and is
governed by a probability measure given as follows.

Let g be an integer satisfying g > 2, and take as sample space the set of vectors
¥ ={1,2,...,q}"V. Thuseach vertex of G may be in any of ¢ states. For an edge
e = (x,y) and a configurationo = (0, : x € V) € X, we write §.(0) = 8%0).
where §; ; is the Kronecker delta. The relevant probability measure is given by

1 /
(1.5) Tpq(@) = e PH@ ey,
P

where Zp = Zp(p, q) is the appropriate normalizing constant and the Hamiltonian
H' is given by

(1.6) H@)=- Y 8l0).

e=(x,y)eE
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In the special case g = 2, the multiplicative formula

(1.7) 80,0, = 5(1+0x0y), oy, 0y €{—1,+1},

is valid. It is now easy to see in this case that the ensuing Potts model is simply
the Ising model with an adjusted value of 8, in that g 5 is the measure obtained
from Ag/2 by re-labelling the local states.

Here is a brief mention of one further generalization of the Ising model, namely
the so-called n-vector or O(n) model. Let n € {1,2,...} and let I be the set
of vectors of R” with unit length. The n-vector model on G = (V, E) has
configuration space IV and Hamiltonian

Hys)=— Y  sisy,  s=(s,:veV)el’,
e=(x,y)€E

where s, - sy denotes the dot product. When n = 1, this is the Ising model. It is
called the X/Y model when n = 2, and the Heisenberg model when n = 3.

1.4 Random-cluster and Ising/Potts models coupled

Fortuin and Kasteleyn discovered that Potts models may be re-cast as random-
cluster models, and furthermore that the relationship between the two systems
facilitates an extended study of phase transitions in Potts models, see [121, 122,
123,203]. Their methods were elementary in nature. In a more modern approach,
we construct the two systems on a common probability space. There may in
principle be many ways to do this, but the standard coupling of Edwards and
Sokal, [108], is of special value.

Letg € {2,3,...}, p € [0,1], and let G = (V, E) be a finite graph. We
consider the product sample space ¥ x Q where & = {1,2,...,¢4}" and Q =
{0, 1}£ as above. We define a probability mass function ;2 on ¥ x Q by

(1.8) (o, o) o [ [{( = P)uie)o + Pouer1de(@)}.  (0.0) € = x Q,
ecE

where, as before, §,(0) = 85,0, fore = (x, y) € E. The constant of proportion-

ality is exactly that which ensures the normalization

Z wio, w) = 1.
(0,w)eX X
By an expansion of (1.8),

where ¥ is the uniform probability measure on X, ¢, is product measure on £2
with density p, and 1 is the indicator function of the event

(1.9) F = {(0, ) : 8.(0) = 1 for any e satisfying w(e) = 1} C X xQ.
Therefore, 1 may be viewed as the product measure ¥ x ¢, conditioned on F'.
Elementary calculations reveal the following facts.
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(1.10) Theorem (Marginal measures of 1) [108]. Letq € {2,3,...}, p € [0, 1),
and suppose that p =1 — e=P

(a) Marginal on X. The marginal measure j11(c) = ), cq 1(0, w) on T is
the Potts measure

1
m(o)=z exp{ﬂZS(c)} o€EX.

ecE

(b) Marginal on Q. The marginal measure j12(w) = ) .5 n(o, ®) on Q is the
random-cluster measure

Mz(a)) {1_[ pw(e)(l )1 w(e)} k(a))’ w € Q

ecE

(c) Partition functions. We have that

Z{]‘[pw<e>(1 ' “’(@)} Kr =3 T explBGe(o) =D, (1.11)

we “ecE oeX ecE

which is to say that
Zre(p,q) = e PIEI Zp(B, ). (1.12)

The conditional measures of 4 are given in the following theorem*, and illus-
trated in Figure 1.3.

(1.13) Theorem (Conditional measures of 1) [108]. Let g € {2,3,...},
p €10, 1), and suppose that p =1 — e~ P.

(a) For w € Q, the conditional measure u(- | w) on X is obtained by putting
random spins on entire clusters of w (of which there are k(w)). These spins
are constant on given clusters, are independent between clusters, and each
is uniformly distributed on the set {1,2,...,q}.

(b) For o € X, the conditional measure (- | o) on 2 is obtained as follows.
If e = (x, y) is such that ox # oy, we set w(e) = 0. If o, = oy, we set

1 with probability p,
w(e) =

0 otherwise,

the values of different w(e) being (conditionally) independent random vari-
ables.

“4The corresponding facts for the infinite lattice are given in Theorem 4.91.



10 Random-Cluster Measures [1.4]
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Figure 1.3. The upper diagram is an illustration of the conditional measure of u on ¥ given
w, with ¢ = 4. To each open cluster of w is allocated a spin-value chosen uniformly from
{1, 2, 3, 4}. Different clusters are allocated independent values. In the lower diagram, we begin
with aconfigurationo. Anedgeis placed between vertices x, y with probability p (respectively,
0) if o = oy (respectively, oy # oy), and the outcome has as law the conditional measure of
on  given o.

In conclusion, the measure 1 is a coupling of a Potts measure g, on V,
together with the random-cluster measure ¢, ; on 2. The parameters of these
measures are related by the equation p = 1 — e P. Since 0 < p < 1, we have
that 0 < 8 < oo.

This special coupling may be used in a particularly simple way to show that
correlations in Potts models correspond to open connections in random-cluster
models. When extended to infinite graphs, this will imply that the phase transition
of a Potts model corresponds to the creation of an infinite open cluster in the
random-cluster model. Thus, arguments of stochastic geometry, and particularly
those developed for the percolation model, may be harnessed directly in order
to understand the correlation structure of the Potts system. The basic step is as
follows.

Let {x <> y} denote the set of all w € 2 for which there exists an open path
joining vertex x to vertex y. The complement of the event {x < y} is denoted by

{x < y}.
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The ‘two-point correlation function’ of the Potts measure 7g , on the finite
graph G = (V, E) is defined to be the function 7 4 given by

1
(1.14) 18,4(x,y) = mg g(0x = 0y) — 7 x,yeV.

The term ¢~ is the probability that two independent and uniformly distributed

spins are equal. Thus?,

1
(1.15) () = 7p.q(@or0, = 1

The ‘two-point connectivity function’ of the random-cluster measure ¢, 4 is de-
fined as the function ¢, 4 (x < y) forx, y € V, that s, the probability that x and
y are joined by a path of open edges. It turns out that these ‘two-point functions’
are (except for a constant factor) the same.

(1.16) Theorem (Correlation/connection) [203]. Letrg € {2,3,...}, p € [0, 1),
and suppose that p = 1 — e~ P. Then

e, ) =0 —qg Dppgx < y), x,yeV.

The theorem may be generalized as follows. Suppose we are studying the Potts
model, and are interested in some ‘observable’ f : ¥ — R. The mean value of
f (o) satisfies

mpq(f) =Y f(@)mpq(0) =Y flo)u(o, w)
=Y F(@)pq(@) = ¢pq(F)

where F : Q — R is given by
Fo)=p(f o)=Y fe)uo|w).

Theorem 1.16 is obtained by setting f (o) = 8¢, .6, — g .

The Potts models considered above have zero external-field. Some complica-
tions arise when an external field is added; see the discussions in [15, 44].

Proof of Theorem 1.10. (a) Let 0 € X be given. Then

Y o n @) o Y [THA = P)ouero + Pluie)18:(0)}

we2 we ecE

=[]0 = p+ pse@).

ecE

Sif pwisa probability measure and X a random variable, the expectation of X with respect to
s written @1 (X).
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Now p=1—¢# and
1—p+ps=elOD, 8 €{0,1},
whence
17y D [T = w0 + PSwier18e(@)} = [ [ explBSe(o) — 1.
weY e€E ecE

Viewed as a set of weights on X, the latter expression generates the Potts measure.
(b) Let w € Q2 be given. We have that

(1.18) JT{( = Puier0 + Pduer18e()} = p" (1 — p) EV1 N1 1 (0, ),
ecE

where 1 (o, w) is the indicator function that §,(0) = 1 whenever w(e) = 1, see
(1.9). Now, 1f (o, w) = 1 if and only if o is constant on every open cluster of w.
There are k(w) such clusters, and therefore g*(” qualifying spin-vectors o. Thus,

(1.19) Y LA = Pouier.0 + Pourer.18e(@)} = pl1@l(1 — p)lEVn@lgh(e@),
o€X ecE

This set of weights on €2 generates the random-cluster measure.

(c) We obtain the same answer if we sum (1.17) over all o, or we sum (1.19) over
all w. O

Proof of Theorem 1.13. (a) Let w € Q2 be given. From (1.18)—(1.19),

1r(o, w)
uio | w) = gk oex,

whence the conditional measure is uniform on those o with 1z (o, ) = 1.
(b) Let 0 € X be given. By (1.8),

nwlo) =Ky H 8w (e),0 l_[ {(1 = P)owier.o + Pduer1}
e€E:8.(0)=0 e€E:8.(0)=1
where K, = K4 (p, q). Therefore, i (w | o) is a product measure on 2 with
0 ifd.(0c) =0,

w(e) =1 with probabilit O
© P y{ pifs.(0) = 1.

Proof of Theorem 1.16. By Theorem 1.13(a),

7646, Y) =Y {lio=0,)(0) — ¢~ (0, w)

= bpg@) Y 1o | 0){lig,=s,)(0) — g~ '}
=Y bpg@ {1 =g Doy (@) + 0 Lpy) (@)

=1 —qg Hpgx < y),
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where p is the above coupling of the Potts and random-cluster measures. g

Here is a final note. The random-cluster measure ¢, , has two parameters p,
q. In a more general version, we replace p by a vector p = (p, : e € E) of reals
each of which satisfies p, € [0, 1]. The corresponding random-cluster measure
¢p,q on (2, F) is given by

1
(1.20) bpq(@) = {]‘[ P — pe)l—“"”}q"‘“’), weQ,
ecE

where Z is the appropriate normalizing factor. The measure ¢, 4 is retrieved by
setting p, = p foralle € E.

1.5 The limitas ¢q | 0

Let G = (V, E) be a finite connected graph, and let ¢, 4 be the random-cluster
measure on G with parameters p € (0, 1),q € (0, co). We consider in this section
the set of weak limits which may arise as ¢ | 0. In preparation, we introduce
three graph-theoretic terms.

A subset F of the edge-set E is called:

e aforest of G if the graph (V, F) contains no circuit,

e aspanning tree of G if (V, F) is connected and contains no circuit,

e a connected subgraph of G if (V, F) is connected.
In each case we consider the graph (V, F) containing every vertex of V; in this
regard, sets F' of edges satisfying one of the above conditions are sometimes
termed spanning. Note that F is a spanning tree if and only if it is both a forest
and a connected subgraph. For Q = {0, l}E and w € 2, we call w a forest
(respectively, spanning tree, connected subgraph) if 1(w) is a forest (respectively,
spanning tree, connected subgraph). Write Qgqor, Qgt, 2¢s for the subsets of Q2
containing all forests, spanning trees, and connected subgraphs, respectively, and
write USF, UST, UCS for the uniform probability measures® on the respective
sets Qfor, st Lcs-

We consider first the weak limit of ¢, ;, as g | O forfixed p € (0, 1). This limit
may be ascertained by observing that the dominant terms in the partition function

Zre(po ) = 3 p@I(1 — pylEVn@lgke)

we2

are those for which k(w) is a minimum, that is, those with k(w) = 1. It follows
that limg o ¢p 4 is precisely the product measure ¢, = ¢, 1 (that is, percolation

6This usage of the term ‘uniform spanning forest’ differs from that of [31].
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with intensity p) conditioned on the resulting graph (V, n(w)) being connected.
Thatis, ¢p 4 = ¢ ° asq | 0, wherer = p/(1 — p),

1
(1.21) ¢Cs(w>—{ 2, e € Qe
. r - Cs

0 otherwise,

and Z.s = Zc(r) is the appropriate normalizing constant. In the special case
p= %, we have that ¢, ;, = UCS asq | 0.

Further limits arise if we allow both p and g to converge to 0. Suppose p = p,
isrelated to g insuchaway that p — Oandg/p — Oasgq | O; thus, p approaches
zero slower than does g. We may write Zrc in the form

[n(w)|+k(w) k(w)
a-p)
Zre(p.q) = (1= p)F1 Y < P ) (" ) .
wWeR l—p p

Note that p/(1 — p) > Oandg(1 — p)/p — Oas g | 0. Now, k(w) > 1 and
[n(w)|+k(w) > |V]forw € Q2; these two inequalities are satisfied simultaneously
with equality if and only if @ € Q. Therefore, in the limitas g | 0, the ‘mass’ is
concentrated on spanning trees, and it is easily seen that the limit mass is uniformly
distributed. That is, ¢, ; = UST.

Another limit emerges if p approaches 0 at the same rate as does g. Take
p = aq where @ € (0, 00) is constant, and consider the limit as g |, 0. This time
we write

£ a [n(@)] L
Zre(p, @) = (1 —ag)F! Z < ) g"@) @)
we 1- g

We have that |n(w)| + k(w) > |V| with equality if and only if ® € Qo, and it
follows that ¢, , = ¢>};°r, where

1
@l if Q

o 1w e .

(1.22) for () = { Ztor for

0 otherwise,

and Zgor = Zgor(@0) is the appropriate normalizing constant. In the special case
a =1, we find that ¢, , = USF.

Finally, if p approaches O faster than does ¢, in that p/g — 0 as p,q — 0,
it is easily seen that the limit measure is concentrated on the empty set of edges.
We summarize the three special cases above in a theorem.

(1.23) Theorem. We have in the limit as q |, 0 that:
UCS ifp=3,.
¢pg =13 UST ifp—0andq/p— 0,
USF ifp=gqg.
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The spanning-tree limit is especially interesting for historical and mathematical
reasons. As explained in the Appendix, the random-cluster model originated in
a systematic study by Fortuin and Kasteleyn of systems of a certain type which
satisfy certain parallel and series laws (see Section 3.8). Electrical networks
are the best known such systems: two resistors of resistances r; and r, in par-
allel (respectively, in series) may be replaced by a single resistor with resistance
(ry I 4 ry 1)_1 (respectively, r1 + rp). Fortuin and Kasteleyn [123] realized that
the electrical-network theory of a graph G is related to the limit as g | O of the
random-cluster model on G, where p is given’ by p = J/a/(1+./q). It has been
known since Kirchhoff’s theorem, [215], that the electrical currents which flow
in a network may be expressed in terms of counts of spanning trees. We return to
this discussion of UST in Section 3.9.

The theory of the uniform-spanning-tree measure UST is beautiful in its own
right (see [31]), and is linked in an important way to the emerging field of stochastic
growth processes of ‘stochastic Lowner evolution’ (SLE) type (see [231, 284]),
to which we return in Section 6.7. Further discussions of USF and UCS may be
found in [165, 268].

1.6 Basic notation

We present some of the basic notation necessary for a study of random-cluster
measures. Let G = (V, E) be a graph, with finite or countably infinite vertex-set
V and edge-set E. If two vertices x and y are joined by an edge e, we write x ~ y,
and e = (x, y), and we say that x is adjacent to y. The (graph-theoretic) distance
8(x,y) from x to y is defined to be the number of edges in a shortest path of G
from x to y.

The configuration space of the random-cluster model on G is the set 2 =
{0, 1}£, points of which are represented as vectors w = (w(e) : e € E) and called
configurations. For w € 2, we call an edge e open (or w-open, when the role of w
is to be emphasized) if w(e) = 1, and closed (or w-closed) if w(e) = 0. We speak
of a set F of edges as being ‘open’ (respectively, ‘closed’) in the configuration w
if w(f) =1 (respectively, o(f) = 0) forall f € F.

The indicator function of a subset A of €2 is the function 1 4 : 2 — {0, 1} given
by
0 ifogA,

1 ifweA.

Fore € E, we write J, = {w € Q : w(e) = 1}, the event that the edge e is open.
We use J, to denote also the indicator function of this event, so that J,(w) = w(e).
A function X : Q@ — R is called a cylinder function if there exists a finite subset
F of E such that X (w) = X («') whenever w(e) = w'(e) fore € F. A subset A
of Q is called a cylinder event if its indicator function is a cylinder function. We

la(w) = {

TThis choice of p is convenient, but actually one requires only that ¢/p — 0, see [166].
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take ¥ to be the o-field of subsets of 2 generated by the cylinder events, and we
shall consider certain probability measures on the measurable pair (2, ). If G
is finite, then ¥ is the set of all subsets of €2; all events are cylinder events, and
all functions are cylinder functions. The complement of an event A is written A°
or A.

For W C V, let Ew denote the set of edges of G having both endvertices in
W. We write Fw (respectively, T ) for the smallest o-field of & with respect
to which each of the random variables w(e), e € Ew (respectively, e ¢ Ew), is
measurable. The notation ¥, TF is to be interpreted similarly for F C E. The
intersection of the T over all finite sets F' is called the tail o-field and is denoted
by 7. Sets in T are called fail events.

There is a natural partial order on the set 2 of configurations given by: w1 < w;
if and only if w;(e) < wy(e) for all e € E. Rather than working always with the
vector w € 2, we shall sometimes work with its set of open edges, given by

(1.24) nw)={ee E:wle)=1}.

Clearly,
w1 < w if and only if n(wr) € n(wy).

The smallest (respectively, largest) configuration is that with w(e) = 0 (respec-
tively, w(e) = 1) for all e, and this is denoted by O (respectively, 1). A function
X : Q — Ris called increasing if X(w1) < X(w2) whenever w; < wy. Sim-
ilarly, X is decreasing if —X is increasing. Note that every increasing function
X : @ — R is necessarily bounded since X (0) < X(w) < X(1) for all w € .
A subset A of Q2 is called increasing (respectively, decreasing) if it has increasing
(respectively, decreasing) indicator function.

Forw € Q and e € E, let w® and w, be the configurations obtained from w by
‘switching on’ and ‘switching off” the edge e, respectively. That is,

o [l e
(1.25) w(f)_{l ifroe O/EE
| a)(f)—{w(f) Bf#e  tnreE
7o if f=e, '

More generally, for / € E and K C E \ J, we denote by a)IJ< the configuration
that equals 1 on J, equals 0 on K, and agrees with w on E \ (J U K). When J
and/or K contain only one or two edges, we may omit the necessary parentheses.
The Hamming distance between two configurations is given by

(1.26) H(on,o) =) loi(e) —m(e)], oo eQ.
ecE
A path of G is defined as an alternating sequence xo, €, X1, €1, - - -, €n—1, X

of distinct vertices x; and edges e; = (x;i, x;+1). Such a path has length n and
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is said to connect xg to x,. A circuit or cycle of G is an alternating sequence
X0, €0, X1, - -+ €n—1, Xn, €n, Xo Of vertices and edges such that xg, ep, ..., €sn—1,
X, is apath and e, = (x,, xo); such a circuit has length n 4+ 1. For w € 2, we call
a path or circuit open if all its edges are open, and closed if all its edges are closed.
Two subgraphs of G are called edge-disjoint if they have no edges in common,
and disjoint if they have neither edges nor vertices in common.

Let w € Q. Consider the random subgraph of G containing the vertex set V
and the open edges only, that is, the edges in n(w). The connected components
of this graph are called open clusters. We write C, = C,(w) for the open cluster
containing the vertex x, and we call C, the open cluster at x. The vertex-set of Cy
is the set of all vertices of G that are connected to x by open paths, and the edges of
C, are those edges of n(w) that join pairs of such vertices. We shall occasionally
use the term C, to represent the set of vertices joined to x by open paths, rather
than the graph of this open cluster. We shall be interested in the size of Cy, and
we denote by |C,| the number of vertices in C,. Note that C, = {x} whenever
x is an isolated vertex, which is to say that x is incident to no open edge. We
denote by k(w) the number of open clusters in the configuration w, that is, k(w) is
the number of components of the graph (V, n(w)). The random variable k plays
an important role in the definition of a random-cluster measure, and the reader
is warned of the importance of including in k£ a count of the number of isolated
vertices of the graph.

Let w € Q. If A and B are sets of vertices of G, we write ‘A <> B’ if there
exists an open path joining some vertex in A to some vertex in B;if AN B # @&
then A < B trivially. Thus, for example, Cx = {y € V : x < y}. We write
‘A <> B’ if there exists no open path from any vertex of A to any vertex of B,
and ‘A < B off D’ if there exists an open path joining some vertex in A to some
vertex in B that uses no vertex in the set D.

If W is a set of vertices of the graph, we write d W for the boundary of A, being
the set of vertices in A that are adjacent to some vertex not in A,

oW = {x € W : there exists y ¢ W such that x ~ y}.

We write AW for the set of edges of G having exactly one endvertex in W, and
we call AW the edge-boundary of W.

We shall be mostly interested in the case when G is a subgraph of a
d-dimensional lattice with d > 2. Rather than embarking on a debate of just
what constitutes a ‘lattice-graph’, we shall, almost without exception, consider
only the case of the (hyper)cubic lattice. This restriction enables a clear exposi-
tion of the theory and open problems without suffering the complications which
arise through allowing greater generality.

Let d be a positive integer. We write Z = {..., —1,0, 1, ...} for the set of
all integers, and 74 for the set of all d-vectors x = (x1,x2, ..., xq) with integral
coordinates. For x € Z4, we generally write x; for the ith coordinate of x, and we
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define
d
8, y) =Y lxi — yil.
i=1

The origin of 74 is denoted by 0. The set {1, 2, ...} of natural numbers is denoted
by N, and Z; = N U {0}. The real line is denoted by R.

We turn Z¢ into a graph, called the d-dimensional cubic lattice, by adding edges
between all pairs x, y of points of Z¢ with §(x, y) = 1. We denote this lattice by
L9, and we write Z¢ for the set of vertices of LY, and E¢ for the set of its edges.
Thus, L¢ = (Z4, E4). We shall often think of ¢ as a graph embedded in R?, the
edges being straight line-segments between their endvertices. The edge-set Ey of
V C 74 is the set of all edges of ¢ both of whose endvertices lie in V.

Let x, y be vertices of L¢. The (graph-theoretic) distance from x to y is simply
8(x,y), and we write |x| for the distance &(0, x) from the origin to x. We shall
make occasional use of another distance function on Z¢, namely

Ix|l = max{|x;| :i =1,2,....d},  xez
and we note that
Ixll < x| <dllxl,  x ez
For w € 2 = {0, I}Ed, we abbreviate to C the open cluster Cy at the origin.
A box of ¢ is a subset of Z¢ of the form

Agp={xez?:a; <x; <bifori=12...,d}, abel’

and we sometimes write
d

Aap =] ]lai. bil
i=1
as a convenient shorthand. The expression A, p is used also to denote the graph
with vertex-set A, together with those edges of ¢ joining two vertices in A p.
For x € Z4, we write x + Aqp for the translate by x of the box A, p. The
expression A, denotes the box with side-length 2n and centre at the origin,

(1.27) Ap=[-nnl®={xezZ: x| <n).
Note that 0A,;, = Ap \ Ap—1.

In taking what is called a ‘thermodynamic limit’, one works often on a finite box
A of Z%, and then takes the limit as A 4 Z¢. Such a limit is to be interpreted along

asequence A = (A, :n =1,2,...) of boxes such that: A, is non-decreasing in
nand, forall m, A,, D [—m, m]d for all large n.

For any random variable X and appropriate probability measure p, we write
1 (X) for the expectation of X,

n(X) = /Xd,u.

Let [a] and [a] denote the integer part of the real number a, and the least integer
not less than a, respectively. Finally, a A b = min{a, b} and a vV b = max{a, b}.



Chapter 2

Monotonic Measures

Summary. The property of monotonicity of measures leads naturally to
positive association and the FKG inequality. A monotonic measure may be
used as the seed for a parametric family of measures satisfying probabilistic
inequalities including influence, sharp-threshold, and exponential-steepness
inequalities.

2.1 Stochastic ordering of measures

The stochastic ordering of probability measures provides a technique which is fun-
damental to the study of random-cluster measures. Let E be a finite or countably
infinite set, let Q = {0, l}E, and let ¥ be the o-field generated by the cylinder
events of 2. In applications of the arguments of this section, E will be the edge-set
of a graph, and thus we refer to members of E as ‘edges’, although the graphical
structure is not itself relevant at this stage.

The configuration space 2 is a partially ordered set with partial order given
by: w1 < wr if wi(e) < wa(e) forall e € E. A random variable X : @ — R
is called increasing if X (w1) < X(w2) whenever w; < wy. An event A €
F is called increasing (respectively, decreasing) if its indicator function 14 is
increasing (respectively, decreasing). The set €2, equipped with the topology
of open sets generated by the cylinder events, is a metric space, and we speak
of a random variable X :  — R as being ‘continuous’ if it is a continuous
function on this metric space. Since 2 is compact, any continuous function on
Q is necessarily bounded. In addition, any increasing function X : Q — R is
bounded since X (0) < X(w) < X(1) forw € Q.

Given two probability measures (1, 2 on (2, ), we write u1 <g M2 (or
U2 =g m1), and we say that g is stochastically smaller than wo, if 1 n1(X) <
u2(X) for all increasing continuous random variables X on €.

IRecall that 1(X) denotes the expectation of X under p, that is, u(X) = [X dp.
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For two probability measures ¢1, ¢2 on (2, F), a coupling of ¢; and ¢ is
a probability measure « on (2, ) x (2, ) whose first (respectively, second)
marginal is ¢; (respectively, ¢»). There exist many couplings of any given pair
@1, ¢2, and the art of coupling lies in finding one which is useful. Let @1, uo be
probability measures on (€2, #). The theorem known sometimes as ‘Strassen’s
theorem’ states that @ <g wo if and only if there exists a coupling « satisfying
k(S) = 1, where § = {(w1, ) € Q2w < w»} is the ‘sub-diagonal’ of the
product space Q2. A useful account of coupling and its applications may be found
in [237].

We call a probability measure u on (2, ¥) strictly positive if u(w) > 0 for all
w € Q. For w1, wy € 2, we denote by w1 V wr and w1 A w; the ‘maximum’ and
‘minimum’ configurations given by

w1 V wy(e) = max{wi(e), m(e)}, eecE,

w1 A wy(e) = min{w (e), wa(e)}, ecE.

We suppose for the remainder of this section that E is finite. There is a useful
sufficient condition for the stochastic inequality p1 <g @2, as follows.

(2.1) Theorem (Holley inequality) [185]. Let 11 and py be strictly positive
probability measures on the finite space (2, ) such that

(2.2) wa(w1 vV w)pui(wr A wy) = (o) uz(wr), w1, m € Q.

Then
u1(X) < ua(X) for increasing functions X : Q@ — R,

which is to say that (11 <g 2.

This may be extended in (at least) two ways. Firstly, a similar claim? is valid in
the more general setting where Q = T and T is a finite subset of R. Secondly, one
may relax the condition that the measures be strictly positive. See, for example,
[136, Section 4].

Let S C Q2 (= © x ) be the set of all ordered pairs (7, w) of configurations
satisfying m < w, as above. In the proof of Theorem 2.1, we shall construct a
coupling « of w1 and wo such that k(S) = 1. It is an immediate consequence
that ;1 <g w2. There is a variety of couplings of measures which play roles in
the theory of random-cluster measures. Another may be found in the proof of
Theorem 3.45.

One needs to verify condition (2.2) in order to apply Theorem 2.1. It is not
necessary to check (2.2) for all pairs wy, w; but only for those pairs that disagree
at two or fewer edges. Recall the notation a){( introduced after (1.25).

2An application of such a claim may be found in the analysis of the Ashkin—Teller model at
Theorem 11.12.
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(2.3) Theorem. A pair 111, 1y of strictly positive probability measures on (2, )
satisfies (2.2) if and only it satisfies the two inequalities:

(2.4) 2@ )1 (we) = pi (@) pua(w,), we, ecE,
25 pma@Nm(e) = m@Hm@!),  weQ. e feE.

Before moving to the proofs, we point out that inequality (2.2) is equivalent to
a condition of monotonicity on the one-point conditional distributions.

(2.6) Theorem. A pair 111, uy of strictly positive probability measures on (2, )
satisfies (2.2) if and only if the one-point conditional probabilities satisfy:

@7 (e =1]o(f) = () forall f € E\ {e})
> wi(w(e) = 1| (f) = £(f) forall f € E\ {e})

foralle € E, and all pairs €, ¢ € Q2 satisfying € < ¢.

Proof of Theorem 2.1. The theorem amounts to a ‘mere’ numerical inequality
involving a finite number of positive reals. It may in principle be proved in a
totally elementary manner, using essentially no general mechanism. The proof
given here proceeds by constructing certain reversible Markov chains. There is
some extra mechanism required, but the method is beautiful, and in addition yields
a structure which finds applications elsewhere.

The main step of the proof is designed to show that, under condition (2.2), 11
and pp may be ‘coupled’ in such a way that the sub-diagonal S has full measure.
This is achieved by constructing a certain Markov chain with the coupled measure
as invariant measure.

Here is a preliminary calculation. Let u be a strictly positive probability mea-
sure on (2, ¥). We may construct a reversible Markov chain with state space 2
and unique invariant measure p by choosing a suitable generator (or ‘Q-matrix’)
satisfying the detailed balance equations. The dynamics of the chain involve the
‘switching on or off” of components of the current state. Let G : Q2 — R be
given by

_ w(we)

(2.8) G(we, ) =1, G°, w,) ,
u(w®)

we, eck.

We let G(w, ") = 0 for all other pairs w, @’ with w # «’. The diagonal elements
G (w, w) are chosen in such a way that

> Gw.0) =0, w e Q.

w'eQ
It is elementary that

w(w)G(w, @) = u(@)G(@, w), w, 0 €Q,
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and therefore G generates a Markov chain on the state space €2 which is reversible
with respect to . The chain is irreducible, for the following reason. For w, o’ €
2, one may add edges one by one to n(w) thus arriving at the unit vector 1,
and then one may remove edges one by one thus arriving at «’. By (2.8), each
such transition has a strictly positive intensity, whence the chain is irreducible. It
follows that the chain has unique invariant measure p. Similar constructions are
explored in Chapter 8. An account of the general theory of reversible Markov
chains may be found in [164, Section 6.5].

We follow next a similar route for pairs of configurations. Let ;1 and u; satisfy
the hypotheses of the theorem, and let S be the set of all ordered pairs (7, w) of
configurations in 2 satisfying 7 < w. We define H : S x § — R by

(2.9) H(m,, w;7¢, 0°) =1,
(2.10) Hr o o, wp) = P2@)
2 ()
(2.11) H (1, o 70, ) = w1 (e) _ w2 (we)

@) pa(ee)’

for all (m, w) € S and e € E; all other off-diagonal values of H are set to 0. The
diagonal terms H (7, w; , w) are chosen in such a way that

Y H@mwn o)=0, (r,w) € S.

(!, w')eS

Equation (2.9) specifies that, for 7 € Q2 and e € E, the edge e is acquired by
(if it does not already contain it) at rate 1; any edge so acquired is added also to w
if it does not already contain it. (Here, we speak of a configuration i ‘containing
the edge e’ if {/(e) = 1.) Equation (2.10) specifies that, forw € Q ande € E
with w(e) = 1, the edge e is removed from w (and also from 7 if w(e) = 1) at
the rate given in (2.10). For e with w(e) = 1, there is an additional rate given in
(2.11) at which e is removed from 7 but not from w. This additional rate is indeed
non-negative, since the required inequality

(2.12) w2 ()1 (mwe) > p1()p2(w,)  wheneverr < w,

follows from (2.2) with w; = 7¢ and wy = w,.

Let (Y;, Z;):>0 be a Markov chain on S with generator H, and set (Yy, Zo) =
(0, 1), where 0 (respectively, 1) is the state of all zeros (respectively, ones). We
write [P for the appropriate probability measure. Since all transitions retain the
ordering of the two components of the state, we may assume that the chain satisfies
P(Y; < Z;forallr) = 1. By examination of (2.9)-(2.11) we see that Y =
(Y; : t = 0) is a Markov chain with generator given by (2.8) with & = u, and
that Z = (Z; : t = 0) arises similarly with & = w,. Here is a brief explanation of
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this elementary step in the case of Y, a similar argument holds for Z. For & € Q
ande € E,
P(Yr4n =7 | Yy = 7o)

=Y P(Yisn =7 | (Y1, Z0) = (T, ))P(Z = 0 | ¥y = )

we

=Y lh+oMIP(Zi=w|Y,=m) by (29)
we

=h+o(h).
Similarly, with J, the event that e is open,

P(Yiih = 7e | Yy = 7°)
= Y P((Yiph Zisn) = (e, ) | (Y1, Z1) = (7€, 0°))

weJ,, W' €Q XP(ZI = o° | Yt = ”e)
=Y [{HE@ o 7, wo) + H(w¢, s 7o, ) }h + o(h)]
wel, xP(Z; = 0 | Yy = 7°)
=Y [’“(”e)h + o(h)} P(Z, =o° | Y, =7¢) by (2.10)and (2.11)
ol n1(we)
w1(me)
= h + o(h).
1)

Let « be an invariant measure for the paired chain (Y;, Z;);>¢. Since Y and Z
have (respective) unique invariant measures (1 and w2, the marginals of « are 11
and . Since P(Y, < Z, forallt) =1,

k(S =k({(r,0) 17 <w}) =1,

and « is the required ‘coupling’ of ©1 and w>.
Let (7, w) € S be chosen according to the measure «. Then

n1(X) = k(X (7)) < k(X () = p2(X),
for any increasing function X. Therefore 1 <g uz. O

Proof of Theorem 2.33. The implication in one direction is obvious. Suppose
conversely that (2.4)—(2.5) hold. By (2.4), the inequality of (2.2) holds for all
pairs w1, wp with Hamming distance satisfying H (w1, w2) = 1. Suppose that
H (w1, w2) = 2. There are only two non-trivial cases for (2.2). There exist w € 2

3See also [257, Lemma 6.5].
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and distinct e, f € E such that: either w; = a)}, wy = a)g, orw; =0, 0 = w.
The first case is handled by (2.5), and the second by (2.4) on noting that

@) @) m)

(@) (@) pa(w)
o @) m@) _ i)
T (@) () u1 (@)

(2.13)

We suppose now that H (w1, wz) > 3, and we shall proceed by induction on
H (w1, wn). Let h > 3 and suppose that the inequality of (2.2) holds for all pairs
w1, wy satisfying H (w1, w2) < h. Let w1, w2 € Q2 be such that H (w1, wp) = h,
and furthermore such that neither w; < wj nor w; > wy (the claim holds as in
(2.13) otherwise). There exist integers a, b such thata, b > 1 anda + b = h, and
disjoint subsets A, B € E with cardinalities a and b respectively, such that:

ifee A, (wi(e),wa(e)) = (1,0),
ifee B, (wi(e),wr(e)) =(0,1),
ifee E\ (AUB), wi(e) =uw(e).
We fix an ordering (¢; : i = 1,2,...,|E]) of the set E in which edges in A
are indexed 1, 2, ..., a, and edges in B are indexeda + 1,a +2,...,a+b. A
configuration w may be written as a ‘word’ w(e) - w(e2) - ...  w(e|g|); we write
0* for a sub-word of length x every entry of which is 0, with a similar meaning for
17. Since the entries of the configurations w;, wy, w1 V w2, w1 A w7 are constant
off A U B, we shall omit explicit reference to these values. Thus, for example,
w; =190 and wy = 0 - 1%,
We may assume that a < b, whence b > 2, since an analagous argument holds
when a > b. By the induction hypothesis,
(14 1)y 0 1-0771) > 0y (0% - 1) o (1 - 1-077 1)
since H(0- 12,14 . 1. 0"y = h — 1,
a1 107" D (09FP) > 1y (0% - 1- 0P a1 - 07)
since HO-1-0°71,19. 0" ) =a+1 <,

whence

pa (19 12y (0% - 10571y (0910)
> w1 (0% - 17)pa (19 - 1- 0771y (0917)
> w1 (0% - 1%)1 (0% - 1- 0PN pa (19 - 0°).

The claim follows on dividing both sides by the strictly positive quantity
p1(04-1-007h), O
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Proof of Theorem 2.6. Inequality (2.7) is equivalent to

P21 () + 1)l = 1) p2(g®) + na(Ze)l,

or, equivalently,

(2.14) w2 m1e) = 16 ) pma(ge).

Assume (2.7) holds. Let e, f € E be distinct, and let w € Q2. We apply (2.14)
with§ = ¢, = w to deduce (2.4). Asfor (2.5), we apply (2.14) to the pair§ = wy,
. = wf. The required (2.2) holds by Theorem 2.3. Conversely, if (2.2) holds,
then so does (2.14) for & < ¢. [l

2.2 Positive association

Let E be a finite set as in the last section, and let = {0, 1}£. A probability
measure (4 on €2 is said to have the FKG lattice property if it satisfies the so-called
FKG lattice condition:

(2.15) mlwr Vo) pu(wr A wz) > w(w)pu(ws), w1, m € Q.

It is a consequence of the Holley inequality (Theorem 2.1), as follows, that any
strictly positive probability measure with the FKG lattice property satisfies the
so-called FKG inequality. A stronger result will appear at Theorem 2.24.

(2.16) Theorem (FKG inequality) [124, 185]. Let u be a strictly positive prob-
ability measure on Q satisfying the FKG lattice condition. Then

2.17) w(XY) = puX)yu(y) for increasing functions X,Y : 2 — R.

There is an extensive literature on the FKG inequality* and its extensions.
See, for example, [2, 25, 184]. One may extend the inequality to probability
measures on sample spaces of the form T'F with T a finite subset of R. In addition,
some of the results of this section are valid for measures that are not strictly
positive. Any probability measure u satisfying (2.17) is said to have the property
of ‘positive association’ or, more concisely, to be ‘positively associated’. We
consider in Section 4.1 the positive association of measures on = {0, 1} when
E is countably infinite.

Correlation-type inequalities play an important role in mathematical physics.
For example, the FKG inequality is a fundamental tool in the study of the Ising
and random-cluster models, see Chapter 3. There are many other correlation

4The history and origins of the FKG inequality are described in the Appendix.
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inequalities in statistical physics (see [118]), but these do not generally have a
random-cluster equivalent and are omitted from the current work.

Proof. Since inequality (2.17) involves a finite set of real numbers only, it may
in principle be proved in a totally elementary manner, [280]. We follow here the
more interesting route via the Holley inequality, Theorem 2.1. Assume that p
satisfies the FKG lattice condition (2.15), and let X and Y be increasing functions.
Leta > 0and Y’ =Y + a. Since

w(XY") —uX)u’) = n(XY) — w(X)n(y),

it suffices to prove (2.17) with Y replaced by Y’. We may pick a sufficiently large
that Y (w) > 0 forall w € Q2. Thus, it suffices to prove (2.17) under the additional
hypothesis that Y is strictly positive, and we assume henceforth that this holds.
Define the strictly positive probability measures 1«1 and pp on (2, F) by u1 = p
e Y (@)n(@)
w)u(w
m2(w) = , w e Q.
Ywea Y (@)@

Since Y is increasing, inequality (2.2) follows from (2.15). By the Holley inequal-
ity, w2 (X) > u1(X), which is to say that

Ywea X (@)Y (0)u(w)

X . -
Y weq Y(@)p(e) > ) X(@p)

we

If X is increasing and Y is decreasing, we may apply (2.17) to X and —Y
to find, under the conditions of the theorem, that u(XY) < w(X)u(Y). In the
special case when X = 14, Y = 13, the indicator functions of events A and B,
we obtain similarly that

(2.18) (A NB) > u(A)u(B) for increasing events A, B.

Let X = (X1, X2, ..., X,) be a vector of random variables taking values in
{0, 1}". We speak of X as being positively associated if its law on {0, 1}" is
itself positively associated. Let Y = h(X) where & : {0,1} — {0,1}* is a
non-decreasing function. It is standard that the vector Y is positively associated
whenever X is positively associated. The proof is straightforward, as follows. Let
A, B be increasing subsets of {0, 1}*. Then

P(Y e ANB)=P(X e {h 'A}n{h"'B})

>P(X e i 'AP(X e h"'B)
=P € A)P(Y € B),

since ' A and ™! B are increasing subsets of {0, 1}".

We turn now to a consideration of the FKG lattice condition. Recall the Ham-
ming distance between configurations defined in (1.26). A pair w1, w2 € Q is
called comparable if either w1 < wy or w1 > w», and incomparable otherwise.
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(2.19) Theorem. A strictly positive probability measure 1 on (2, F) satisfies the
FKG lattice condition if and only the inequality of (2.15) holds for all incomparable
pairs w1, wz € QL with H(w1, w2) = 2.

For pairs w1, w> that differ on exactly two edges e¢ and f, the inequality of
(2.15) is equivalent to the statement that, conditional on the states of all other
edges, the states of e and f are positively associated.

Proof. The inequality of (2.15) is a triviality when H (w1, w2) = 1, and the claim
now follows by Theorem 2.3. g

The FKG lattice condition is sufficient but not necessary for positive association.
It is equivalent for strictly positive measures to a stronger property termed ‘strong
positive-association’ (or, sometimes, ‘strong FKG’). For FF C FE and £ € Q, we
write Qr = {0, 1}¥ and

(2.20) Q%:{a)eQ:w(e):E(e) foralle € E \ F},

the set of configurations that agree with £ on the complement of F. Let i be a
probability measure on (€2, ¥), and let F', £ be such that M(Q%) > 0. We define

the conditional probability measure ,ui on QF by

w(wr x &)

£ wF € QF,
m(Ry)

(2.21) 15 (0F) = plor | Q) =

where wr x & denotes the configuration that agrees with wr on F and with £ on
its complement. We say that u is strongly positively-associated if: forall F C E
and all £ € 2 such that M(Qi) > 0, the measure ,ui is positively associated.

We call i monotonic if: for all F C E, all increasing subsets A of Qr, and all
£, ¢ € Q such that u(Q5), u(Q5) > 0,

(2.22) 15 (A) < pS.(A)  whenever £ < ¢.
That is, ¢ is monotonic if, for all F C E,
(2.23) ,ui <gt ,u% whenever £ < ¢.

We call u 1-monotonic if (2.23) holds for all singleton sets F. That is, p is
1-monotonic if and only if, for all f € E, u(Js | Qf,) is a non-decreasing
function of £. Here, J; denotes the event that f is open.
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(2.24) Theorem?. Let p be a strictly positive probability measure on (2, F).
The following are equivalent.

(a) w is strongly positively-associated.
(b) u satisfies the FKG lattice condition.
(c) u is monotonic.

(d) wis 1-monotonic.

It is a near triviality to check that any product measure on €2 satisfies the FKG
lattice condition, and thus product measures are strongly positively-associated.
This is the ¢ = 1 case of Theorem 3.8, and is usually referred to as Harris’s
inequality, [181]. We give two examples of probability measures that are positively
associated but do not satisfy the statements of the above theorem.

(2.25) Exampleﬁ. Lete, 8 € (0, 1), and let uo, 41 be the probability measures on
{0, 1}3 given by

10(010) = po(001) = 8, 129(000) = 1 — 23,
pi(111) = p1(100) = ;.

Lete € [0, 1] and set u = eup + (1 — €)u1. Note that
w(011) = u(101) = u(110) = 0.

It may be checked that i does not satisfy the FKG lattice condition whereas, for
sufficiently small positive values of the constants €, §, the measure u is positively
associated. Note from the above that u is not strictly positive. However, a strictly
positive example may be arranged by replacing u by the probability measure
' =1 —mnu+ nuy where

12(011) = p2(101) = pa(110) =

and n is small and positive.

(2.26) Example7. Let X and Y be independent Bernoulli random variables with

parameter ;, so that

PX=0)=P(X=1) =),

and similarly for Y. Let Z = XY. It is clear that
PX=1|Z=1)>PX=1), PX=1|Y=Z=1)=PX=1).

5Closely related material is discussed in [204]. The equivalence of (a) and (b) is attributed in
[8] to J. van den Berg and R. M. Burton (1987). See [136] for a further discussion of monotonic
measures.

6Proposed by J. Steif.

7Proposed by J. van den Berg.
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It is easy to deduce that the law p of the triple (X, Y, Z) is not monotonic. It is
however positively associated since the triple (X, Y, Z) is an increasing function
of the independent pair X, Y.

As in the previous example, p is not strictly positive, a weakness which we
remedy differently than before. Let X', Y/, Z’ (respectively, X", Y", Z") be
Bernoulli random variables with parameter § (respectively, 1 — §), and assume the
maximal amount of independence. The triple

(A,B,.C)=(XVX)AX",YVY)ANY' (ZVZ)NZ")

is an increasing function of positively associated random variables, and is therefore
positively associated. However, for small positive §, it is only a small (stochastic)
perturbation of the original triple (X, Y, Z), and one may check that (A, B, C) is
not monotonic. Itis easily verified that P((A, B, C) = w) > Oforall w € {0, 1}3.

Proof of Theorem 2.24. Throughout, u is assumed strictly positive.

(a) <= (b). We prove first that (a) implies (b). By Theorem 2.19, it suffices to
prove (2.15) for two incomparable configurations w1, w; that disagree on exactly
two edges. Let e, f be distinct members of E, and take e and f to be first two
edgesin a given ordering of E. We shall adopt the notation in the proof of Theorem
2.3. Thus we writte w; = 0-1-w and wp = 1 -0 - w for some word w of length
|E| — 2. By strong positive-association, c(xy) = u(x - y - w) satisfies

a(11)[a(00) 4+ a(01) + a(10) + a(11)] = [a(01) + a(11)][«(10) + «(11)],
which may be simplified to obtain as required that
(1) (00) > a(01)x(10).

We prove next that (b) implies (a). Suppose (b) holds, and let F € E and
& € Q. Itis immediate from (2.21) that

15 (01 V o) (01 A @) = (@i (@), w0 € Q.

By Theorem 2.16, ui is positively associated.

(b) = (c). By the Holley inequality, Theorem 2.1, it suffices to prove for
wF, pr € QF that

W (F N pr)S(@F A pr) = s (@F)up(oF)  Whenever& < ¢.

This is, by (2.21), an immediate consequence of the FKG lattice property applied
to the pair wr X ¢, pr x &.
(¢c) = (d). This is trivial.
(d) = (b). Let u be 1-monotonic. By Theorem 2.6, the pair u, u satisfies
(2.2), which is to say that p satisfies the FKG lattice condition. Il
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2.3 Influence for monotonic measures

Let N > 1,and let E be an arbitary finite set with |E| = N. We write Q = {0, 1}£
as usual, and ¥ for the set of all subsets of 2. Let u be a probability measure on
(2, ¥), and A an increasing event. The (conditional) influence on A of the edge
e € E is defined by

(2.27) Iae) =pAlJe=1) —uA| J =0),

where J = (J, : e € E) denotes® the identity function on 2. There has been an
extensive study of the largest influence, max, /4 (e), when p is a product measure,
and this has been used to obtain concentration theorems for ¢,(A) viewed as
a function of p, where ¢, denotes product measure with density p on 2. Such
results have applications to several topics including random graphs, random walks,
and percolation. Theorems concerning influence were first proved for product
measures, but they may be extended in a natural way to monotonic measures.

(2.28) Theorem (Influence) [141]. There exists a constant c satisfying ¢ € (0, 00)
such that the following holds. Let N > 1, let E be a finite set with |E| = N, and let
A be an increasing subset of Q@ = {0, 1}£. Let u be a strictly positive probability
measure on (2, F) that is monotonic. There exists e € E such that

log N

Ia(e) = cminfu(A), 1 — u(A)} N

There are several useful references concerning influence for product mea-
sures, see [125, 126, 200, 201] and their bibliographies. The order of magnitude
N~!log N is the best possible, see [34].

Proof. Let u be strictly positive and monotonic. The idea is to encode w in terms of
Lebesgue measure A on the Euclidean cube [0, 11¥, and then to apply the influence
theorem® of [67]. This will be done via a certain function f : [0, 1]F — {0, 1}£
constructed next. A similar argument will be used to prove Theorem 3.45.

We may suppose without loss of generality that E = {1,2,..., N}. Letx =
(xi:i=1,2,...,N) €[0,11f, and let f(x) = (fi(x):i=1,2,...,N) e RE
be given recursively as follows. The first coordinate fj (x) is defined by:

) 1 ifx; >1—ay,
(2.29) with a;=u(J1=1), let fi(x)= .
0 otherwise.

Suppose we know the values f;(x) fori =1,2,...,k — 1. Let
(2.30) ar =pu(k=1]J= fixfori =1,2,....k—1),
8Thus, J. denotes both the event {w € Q : w(e) = 1} and its indicator function.

9An interesting aspect of the proof of this theorem is the use of discrete Fourier transforms
and hypercontractivity.
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and define

1 ifxy >1—a,

(2.31) Je(x) = {

0 otherwise.

It may be shown as follows that the function f : [0, 115 — {0, 1}¥ is non-
decreasing. Let x < X', and write ax = ax(x) and a; = ax(x’) for the values
in (2.29)—(2.30) corresponding to the vectors x and x’. Clearly a; = ai, so that
fi(x) < fi(x'). Since u is monotonic, ay < aj, implying that f>(x) < f2(x').
Continuing inductively, we find that f; (x) < fix (x') for all k, which is to say that
fx) < f(x).

Let A € ¥ be an increasing event, and let B be the increasing subset of [0, 11E
given by B = f~!(A). We make four notes concerning the definition of f.

(a) For given x, each a; depends only on x1, x2, ..., Xk—1.

(b) Since pu is strictly positive, the aj satisfy 0 < ax < 1 forall x € [0, 11 and
k e E.

(c) Forany x € [0, 1]V and k € E, the values fi(X), fir1(X), ..., fnv(x) de-
pendonxy, x2, ..., xk—1 only through the values f1(x), f2(x), ..., fk—1(X).

(d) The function f and the event B depend on the ordering of the set E.
LetU = (U; :i =1,2,..., N) be the identity function on [0, 11E, so that U
has law A. By the definition of f, f(U) has law x. Hence,

(2.32) 1(A) = AM(f(U) € A) = AU € 7 (A) = M(B).

Let
Kp(i)=AB |Ui=1)—A(B |U; =0),

where the conditional probabilities are interpreted as

A(B | U; :u):li&}x(mui €—eu+e)).
€

By [67, Thm 1], there exists a constant ¢ € (0, 00), independent of the choice
of N and A, such that: there exists ¢ € E with

. log N
(2.33) Kp(e) > cmm{)»(B), 1-— A(B)} N
We choose e accordingly. We claim that
(2.34) Ia(j) = Kp(j)  forjeE.

By (2.32) and (2.33), it suffices to prove (2.34). We prove first that

(2.35) I4(1) = Kp(1),
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which is stronger than (2.34) with j = 1. By (b) and (c) above,

(2.36) Ia(D)=pAlh=1)—-uA|J1=0)
=AB| AiU)=1)—-AB | fi(U)=0)
=AMB|Ui>1—-a)—AB|U =1—-a)
=AMB|U=D)—-AMB|U =0
= Kg(1).

We turn to (2.34) with j > 2. We re-order the set E to bring the index j to
the front. That is, we let F' be the re-ordered index set F' = (ki, ko, ..., ky) =
G, L2,...,j—1j+1,...,N). Letg = (g :r =1,2,..., N) denote the
associated function given by (2.29)—(2.31) subject to the new ordering, and let
C = g~ '(A). We claim that

(2.37) Kc(k) = Kp(j).

By (2.36) with E replaced by F, Kc (k1) = 14(j), and (2.34) follows. It remains
to prove (2.37), and we use monotonicity again for this. It suffices to prove that

(2.38) MC U =1)>AB|U;=1),
together with the reversed inequality given U; = 0. Let
(2.39) U=U,Uy,...,Uj—1,1,Ujt1,...,Upn).

The 0/1-vector f(U) = (f;i(U) :i =1,2,..., N)isconstructed sequentially (as
above) by considering theindices 1, 2, ..., N inturn. Atstage k, we declare f; (U)
equal to 1 if Uy exceeds a certain function ay of the variables f; (U), | <i < k.
By the monotonicity of u, this function is non-increasing in these variables. The
index j plays a special role in that: (i) f;(U) = 1, and (ii) given this fact, it is
more likely than before that the variables f; (U), j < k < N, will take the value
1. The values fx(U), 1 < k < j are unaffected by the value of U;.

Consider now the 0/1-vector g(U) = (g, (U) : r = 1,2, ..., N), constructed
in the same manner as above but with the new ordering F of the index set E.
First we examine index k| (= j), and we automatically declare g, (U) = 1 (since
U; = 1). We then construct g¢, (U), ¥ = 2,3, ..., N, in sequence. Since the aj
are non-decreasing in the variables constructed so far,

(2.40) gk, (U) = fi, (U), r=2,3,...,N.
Therefore, g(U) > f(U), and hence
(241) AMC|IUi=D)=xegW)eA)=AfU)ecA)=1B|U;=1.

Inequality (2.38) has been proved. The same argument implies the reversed in-
equality obtained from (2.38) by changing the conditioning to U; = 0. Inequality
(2.37) follows, and the proof is complete. g
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2.4 Sharp thresholds for increasing events

We consider next certain families of probability measures 1, indexed by a pa-
rameter p € (0, 1), and we prove a sharp-threshold theorem subject to a hypoth-
esis of monotonicity. The idea is as follows. Let A be a non-empty increasing
event in Q = {0, 1}"V. Subject to a certain hypothesis on the Hp, the function
f(p) = up(A)is non-decreasing with f(0) = Oand f(1) = 1. If A has a certain
property of symmetry, the sharp-threshold theorem asserts that f(p) increases
steeply from O to 1 over a short interval of p-values with length of order 1/log N.

We use the notation of the previous section. Let ¢ be a probability measure on
(82, ). For p € (0, 1), let 11, be the probability measure given by

1
(2.42) wp(@) = p@) {pr@(l —p)l—w<e>}, weQ,
p

ecE

where Z,, is the normalizing constant

Zp=)_ n) [H PO~ p)l—w@} .

weR ecE

It is elementary that © = p 1 and that (each) u,, is strictly positive if and only
if p is strictly positive. It is easy to check that (each) u, satisfies the FKG
lattice condition (2.15) if and only if w satisfies this condition, and it follows by
Theorem 2.24 that, for strictly positive 1, 4 is monotonic if and only if (each) u,
is monotonic. In order to prove a sharp-threshold theorem for the family 1, we
present first a differential formula of the type referred to as Russo’s formula, [154,
Section 2.4].

(2.43) Theorem [39]. For a random variable X : Q — R,

d
(2.44) dpup(X) = covp(Inl, X), pe(0,1),

1
p(1—p)

where cov,, denotes covariance with respect to the probability measure i, and
n(w) is the set of w-open edges.

We note for later use that

(2.45) covp(Inl. X) = Y _ covp(Je. X).

ecE
Proof. We follow [39, Prop. 4] and [156, Section 2.4]. Write

vp(@) = p" A = NIl p@),  weQ,
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so that
1
(2.46) 1p(X) = z, D X (@)vp(w).
we

It is elementary that
(2.47)

d 1 m@) N = n) Z,

up(X) = ( - )X(w)v (@)= 7 up(X),
dp'”? Z, a;} )4 1—p P Z, P

where Z), = dZ,/dp. Setting X = 1, we find that

/

0 ! (Inl — pN) “r
= 12 n—p - s
p(l—p) " Zy

whence
d
p(l— p)dpup(X) = up(linl = pN1X) — up(nl — pN)pp(X)

= 1y (IN1X) — pp(InDp(X)
= cov, (Inl, X). L

Let IT be the group of permutations of E. Any 7 € IT acts'® on Q by 7w =
(w(m,) : e € E). We say that a subgroup 4 of I acts transitively on E if, for all
pairs j, k € E, there exists a € + with o = k.

Let A be a subgroup of I1. A probability measure ¢ on (€2, F) is called A-
invariant if ¢ (w) = ¢ (aw) foralla € A. Anevent A € F iscalled A-invariant if
A = aAforall ¢ € A. Itis easily seen that, for any subgroup #4, u is #A-invariant
if and only if (each) u, is -invariant.

(2.48) Theorem (Sharp threshold) [141]. There exists a constant ¢ satisfying
c € (0, 00) such that the following holds. Let N = |E| > 1 andlet A € ¥ be an
increasing event. Let | be a strictly positive probability measure on (2, ) that
is monotonic. Suppose there exists a subgroup A of Tl acting transitively on E
such that i and A are A-invariant. Then

@49 L= M minfiy(4). 1-ay(A)} log N € ©.1)
. M = miny 4 s L — 1 0g IV, p » L)y
dp"” p(1—p) ! !
where mp = ,U«p(-]e)(l - Hp(-]e))‘

Lete € (0, ;) and let A be non-empty and increasing. Under the conditions
of the theorem, p,(A) increases from € to 1 — € over an interval of values of p
having length of order 1/log N. This amounts to a quantification of the so-called

S-shape results described and cited in [154, Section 2.5]. Note that m;, does not
depend on the choice of edge e.

The proof is preceded by an easy lemma. Let
Ipa@=ppA|lJe=1)—pup(A| J.=0), e€kE.

10This differs slightly from the definition of Section 4.3, for reasons of local convenience.
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(2.50) Lemma. Let A € ¥. Suppose there exists a subgroup A of Il acting
transitively on E such that ju and A are A-invariant. Then I, s(e) = I, a(f) for
alle, f € Eandall p € (0, 1).

Proof. Since 1 is A-invariant, so is j,, forevery p. Lete, f € E,andfinda € 4
such that ¢, = f. Under the given conditions,

up(A, Ip =1 =Y @)@ =Y puplan)l (aw)

w€EA w€EA
=D wp@) (@) = pp(A, Jo=1).
W' €A

We deduce with A = Q that u,(Jr = 1) = up(Je = 1). On dividing, we obtain
that up(A | Jy =1) = up(A | Jo = 1). Asimilar equality holds with 1 replaced
by 0, and the claim of the lemma follows. |

Proof of Theorem 2.48. By Lemma 2.50, I, a(e) = I, a(f) forall e, f € E.
Since A is increasing and ), is monotonic, each I, 4(e) is non-negative, and
therefore

covp(Je, 14) = pup(Jela) — mp(Je)inp(A)
= up(Je)A — pup(Je))p ale)
>mplp ale), ecE.

Summing over the index set E as in (2.44)—(2.45), we deduce (2.49) by Theorem
2.28 applied to the monotonic measure fip. g

2.5 Exponential steepness

This chapter closes with a further differential inequality for the probability of a
monotonic event. Let A € ¥ and w € Q. We define H,4(w) to be the Hamming
distance from w to A, that is,

(2.51) Ha(w) = inf{H (o, ») : o € A},
where H (o', @) is given in (1.26). Note that
(2.52)
inf{Z[w’(e) —w()]: 0 >w, o€ A} if A is increasing,
Ha(w) = ‘

inf{Z[w(e) —o'@)]: 0 <0, e A} if A is decreasing.
e

Suppose now that A is increasing (respectively, decreasing). Here are three useful
facts concerning H4.
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(i) Hj is a decreasing (respectively, increasing) random variable.
(ii) The function |n| + Hya (respectively, |n| — H,) is increasing, since the
addition of a single open edge to a configuration w causes |n(w)| to increase
by 1, and H4(w) to decrease (respectively, increase) by at most 1.
(ii1) We have that Hx(w)14(w) = 0 for w € Q.

Given a probability measure u on (€2, ), the associated measures tp,
p € (0, 1), are given by (2.42).

(2.53) Theorem [153, 163]. Let u be a strictly positive probability measure on
(2, ) that is monotonic. For a non-empty event A € ¥, and p € (0, 1),

d H

(2.54) log up(A) > Hp(Ha) , if A is increasing,
dp p(l—p)
d H

(2.55) log iy (4) = — M2 N i 4 decreasing.
dp p(l—p)

Inequality (2.54) bears a resemblance to a formula valid for percolation that
may be written as

d 1
dp log ¢p(A) = p¢p(NA | A),

where N4 is the number of pivotal edges for the increasing event A, and ¢, denotes
product measure with density p on (2, ). See [154, p. 44] for further details.

Proof. Since p is assumed strictly positive and monotonic, it satisfies the FKG
lattice property. Therefore, every u, satisfies the FKG lattice property, and hence
is positively associated. Let A € ¥ be non-empty and increasing. By (2.44),
(i1)—(iii) above, and positive association,

d 1
up(A) = covp(Inl, 14)
dp"” pl—p) "
1
= covp(In| + Ha, 14) —covy(Ha, 14)
pl = ! ]
> — covp(Ha, 14)
pl—p) "
_ p(Ha)pp(A)
p(1—p)
and (2.54) follows. The argument is easily adapted for decreasing A. O

Let A € ¥ be non-empty and increasing. Inequality (2.54) is usually used
in integrated form. Integrating over the interval [r, s], and using the facts that
p(l—p) < l and that Hy is decreasing, we obtain that

(2.56)  nr(A) = ps(A)exp {—4/ Mp(HA)dP}

5,uS(A)exp{—4(s—r),us(HA)}, O<r<s<l.
This may sometimes be combined with a complementary inequality derived by a
consideration of ‘finite energy’, see Theorem 3.45.



Chapter 3

Fundamental Properties

Summary. The basic properties of random-cluster measures are presented in
a manner suitable for future applications. Accounts of conditional random-
cluster measures and positive association are followed by differential formu-
lae, a sharp-threshold theorem, and exponential steepness. There are several
useful inequalities involving partition functions. The series/parallel laws are
formulated, and the chapter ends with a discussion of negative correlation.

3.1 Conditional probabilities

Throughout this chapter, G = (V, E) will be assumed to be a finite graph. Let
&G, p,q be the random-cluster measure on G. Whether or not a given edge e is
open depends on the configuration on the remainder of the graph. The relevant
conditional probabilities may be described in the following useful manner.

Fore = (x, y) € E, the expression G \ e (respectively, G.e) denotes the graph
obtained from G by deleting (respectively, contracting) the edge e. We write
Q) = {0, 1}EM and, for o € Q, we define w(,) € Q) by

we(f)=o(f), feE, f#e
Let K, denote the event that x and y are joined by an open path not using e.

(3.1) Theorem (Conditional probabilities) [122]. Let p € (0, 1), g € (0, c0).
(a) We have for e € E that
¢G\e,p,q(w<e>) lf] =0,

o 3.2
Popal@lwle) =) {¢G.e,p,q<w<e>) =1 O

and
p if wey € Ke,

dG.pg(we) =1]we)) = { p ) x (3.3)
p+q—p) lfa)(e)¢ e-
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(b) Conversely, if ¢ is a probability measure on (2, ) satisfying (3.3) for all
w€Qande € E, then ¢ = ¢¢ p 4.

The effect of conditioning on the absence or presence of an edge e is to replace
the measure ¢¢ 4 by the random-cluster measure on the respective graph G \ e or
G.e. In addition, the conditional probability that e is open, given the configuration
elsewhere, depends only on whether or not K, occurs, and is then given by the
stated formula. By (3.3),

B4) 0< g pglwle)=1]we) <1, ecE, pe(0,1), g €(0,00).

Thus, given w,), each of the two possible states of e occurs with a strictly positive
probability. This useful fact is known as the ‘finite-energy property’, and is related
to the property of so-called ‘insertion tolerance’ (see Section 10.12).

We shall sometimes need to condition on the states of more than one edge.
Towards this end, we state next a more general property than (3.2), beginning with
a brief discussion of boundary conditions; more on the latter topic may be found
in Section 4.2. Let&é € Q, F C E, and let Q% be the subset of 2 containing all
configurations v satisfying ¥ (e) = &(e) for all e ¢ F. We define the random-
cluster measure ¢>fv, p.g O (2, F) by

3.5 !

¢ : { l_[ pw(e)(l )1 w(e)} k@.F) it o Qi’
¢F,p,q(a)) = ZF(P,C]) ecF

0 otherwise,

where k(w, F) is the number of components of the graph (G, 1(w)) that intersect
the set of endvertices of F, and

(3.6) Zp.o=Y {T]rea-p w(e)} Kw.F)

& eF
weQy, ¢

3
Note that ¢qu(QF) =1.

(3.7) Theorem. Let p € [0,1], g € (0,00), and F C E. Let X be a random
variable that is Fr-measurable. Then

$G.pg(X | TO)E) = ¢, ,(X),  E€Q.

In other words, given the states of edges not belonging to F', the conditional
measure on F' is a random-cluster measure subject to the retention of open con-
nections of £ using edges not belonging to F'.

Here is a final note. Let p € (0, 1) and g # 1. It is easily seen that the states
of two distinct edges e, f are independent if and only if the pair e, f lies in no
circuit of G. This may be proved either directly or via the simulation methods of
Sections 3.4 and 8.2.
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Proof of Theorem 3.1. (a) This is easily seen by an expansion of the conditional
probability,

?G,p.q(@e) [ 9G.p.q(Je) if j =0,
?G.,p.q(@)/ PG, p.q(Je) if j =1,

where J, = {w € Q : w(e) = 1}, and w,, w® are given by (1.25).

w e,

06, pq@| w(e)=j)= {

Similarly,

#G.p.q(@°)
=1 e)) =
9G.p.q(@(e) | @) #6G,p,q(@°) + 96, p,q(we)

3 [p/(1 — p)]n@lghk”
B [p/(1 = p))n@)lghk@) 4 [p/(1 — p)]n(@elghk(ee)

p/(1—p) .
fw, € K,
_Jwa-pner T8
p/(1—p) ifw, ¢ K,.

[p/(A—=p)l+gq

where n(w) is, as usual, the set of open edges in 2.

(b) The claim is immediate by the fact, easily proved, that a strictly positive proba-
bility measure ¢ is specified uniquely by the conditional probabilities
p(w(e) =1]|we), we R, eckE. g

Proof of Theorem 3.7. This holds by repeated application of (3.2), with one
application for each edge not belonging in F'. (]

3.2 Positive association

Let ¢, 4, denote the random-cluster measure on G with parameters p and g. We
shall see that ¢, , satisfies the FKG lattice condition (2.15) whenever ¢ > 1, and
we arrive thus at the following conclusion.

(3.8) Theorem (Positive association) [122]. Let p € (0, 1) and g € [1, 00).

(a) The random-cluster measure ¢ 4 is strictly positive and satisfies the FKG
lattice condition.

(b) The random-cluster measure ¢p 4 is strongly positively-associated, and in
particular

Op.q(XY) = ¢p g (X)Pp,q(Y) forincreasing X,Y : 2 - R,
Op.q(ANB) = ¢p 4 (A)p 4(B) forincreasing A, B € .

It is not difficult to see that ¢, , is not (in general) positively associated when
q € (0, 1), as illustrated in the example following. Let G be the graph containing
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just two vertices and having exactly two parallel edges e and f joining these
vertices. It is an easy computation that

p*q*(q — D1 — p)?
Z(p,q)?

’

3.9 pgJeNTp) = bpq(Je)pp.q(Jr) =

where J, is the event that g is open. This is strictly negative if 0 < p, g < 1.

Proof of Theorem 3.8. Let p € (0, 1) and g € [1, 0co). Part (b) follows from (a)
and Theorem 2.24. It is elementary that ¢, 4 is strictly positive. We now check
as required that ¢, 4 satisfies the FKG lattice condition (2.15). Since the set n(w)
of open edges in a configuration w satisfies

(3.10)  [n(w1 vV @2)| + [n(w1 A w2)| = [n(@)] + [n(w2)], w1, w € 2,
it suffices, on taking logarithms, to prove that
(3.11) k(w1 vV w2) +k(w) Aw2) > k(wr) + k(w2), w1, w2 € Q.

By Theorem 2.19, we may restrict our attention to incomparable pairs wj, w2
that differ on exactly two edges. There must then exist distinct edges e, f € E
and a configuration w € €2 such that w; = a)]e,, wy = wg . As in the proof of
Theorem 2.24, we omit reference to the states of edges other than e and f, and
we write w; = 10 and wp = 01. Let Dy be the indicator function of the event
that the endvertices of f are connected by no open path of E \ { f}. Since Dy is
a decreasing random variable, we have that D¢ (10) < Dy(00). Therefore,

k(10) — k(11) = D;(10) < D#(00) = k(00) — k(01),

which implies (3.11). Il

Theorem 3.8 applies only to finite graphs G, whereas many potential applica-
tions concern infinite graphs. We shall see in Sections 4.3 and 4.4 how to derive
the required extension.

3.3 Differential formulae and sharp thresholds

One way of estimating the probability of an event A is via an estimate of its
derivative d¢p 4 (A)/dp. When g = 1, there is a formula for this derivative which
has proved very useful in reliability theory, percolation, and elsewhere, see [22,
126, 154, 287]. This formula has been extended to random-cluster measures. For
w € Q,letn| = [n(w)| =Y, @(e) be the number of open edges of w as usual,
and k = k(w) the number of open clusters.
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(3.12) Theorem [39]. Let p € (0, 1), g € (0, 00), and let ¢, 4 be the correspond-
ing random-cluster measure on a finite graph G = (V, E). We have that

d
(3.13) bp.q(X) = covp,q(Inl, X),
ap¥r P Pq

1
(I=p)
d 1
(3.14) dq bp.g(X) = qcov,,,q(k, X),

for any random variable X : Q@ — R, where covp 4 denotes covariance with
respect to ¢p 4.

In most applications, we set X = 14, the indicator function of some given
event A, and we obtain that

d Gp.qg(Lalnl) — ¢p.q(A)dpq(Inl)
3.15 A) = :
G ap?ra p(1—=p)

with a similar formula for the derivative with respect to g.

Here are two simple examples of Theorem 3.12 which result in monotonicities
valid for all ¢ € (0,00). Let & : R — R be non-decreasing. On setting X =
h(|n]), we have from (3.13) that

d
dp¢p,q(X) = covp,q(Inl, h(Inl)) = 0.

1
(I-p)

In the special case #(x) = x, we deduce that the mean number of open edges
is a non-decreasing function of p, for all ¢ € (0, c0). Similarly, by (3.14), for
non-decreasing #,

d 1
g Pra0) = covp g (k. h(K) 2 0.

This time we take i = —1(_,1}, 50 that —h is the indicator function of the
event that the open graph (V, n(w)) is connected. We deduce that the probability
of connectedness is a decreasing function of g on the interval (0, co). These
examples are curiosities, given the failure of stochastic monotonicity wheng < 1.

Let ¢ € [1,00). Since ¢, 4 satisfies the FKG lattice condition (2.15), it is
monotonic. Let 4 be a subgroup of the automorphism group! Aut(G) of the
graph G = (V, E). We call E A-transitive if 4 acts transitively on E.

IThe automorphism group Aut(G) is discussed further in Sections 4.3 and 10.12.
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(3.16) Theorem (Sharp threshold) [141]. There exists an absolute constant
c € (0, 00) such that the following holds. Let A € ¥ be an increasing event,
and suppose there exists a subgroup 4 of Aut(G) such that E is A-transitive and
A is A-invariant. Then, for p € (0, 1) and g € [1, 00),

d
(3.17) dp¢p,q(A) > Cmin{¢p,q(A)v 1 - ¢p,q(A)} log |E],
where
C:cmm{L a }
{p+q(1—p)?

Since g > 1, (3.17) implies that
d c .
(3.18) dp¢>p,q(A) > q min{¢g, 4(A), I — ¢, 4(A)}log|E|,

an inequality that may be integrated directly. Let p;1 = pi1(A,q) € (0,1) be
chosen such that ¢, 4(A) > ; Then

d c
_d log[l - ¢p,q(A)] = log |E|’ )4 € (plv 1)’
p q

and hence, by integration,
(3.19)  pg(A) = 1= JE|TWPa - pe(pr1), g €[, 00),

whenever the conditions of Theorem 3.16 are satisfied. If in addition p; >
J/q/(1 + ,/q), then C = c, and hence

(3.20) Gpq(A) = 1= J|E|"P=PV pe(pl).

An application to box crossings in two dimensions may be found in [141].

Proof of Theorem 3.12. The first formula was proved for Theorem 2.43, and the
second is obtained in a similar fashion. O

Proof of Theorem 3.16. With A as in the theorem, ¢, , is A-invariant since
A C Aut(G). The claim is a consequence of Theorem 2.48 on noting from (3.3)
that

Dp.q(J)bp.g(Je) > min {1 q
p(l—p [p+q(1—p7P?

}, ecE. O
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3.4 Comparison inequalities

The comparison inequalities of this section are an important tool in the study of
random-cluster measures. As usual, we write ¢, , for the random-cluster measure
on the finite graph G = (V, E).

(3.21) Theorem (Comparison inequalities) [122]. It is the case that:

(3.22) ¢piq1 Sstprg. U q1 = q2, q1 = 1, and p1 < p2,

. P1 P2
(323) $prgy Zst Ppoge 91 = q2, q1 = 1, and = '
Py st Ppa.go qg1(1 = p1) — q2(1 — p2)

The first of these inequalities may be strengthened as in the next theorem. A
subset W of the vertex set V is called spanning if every edge of E is incident to
at least one vertex of W. The degree deg(W) of a spanning set W is defined to be
the maximum degree of its members, that is, the maximum number of edges of G
incident to any one vertex in W.

(3.24) Theorem [151]. For A € {1,2,...}, there exists a continuous function
y(p,q) = ya(p, q), which is strictly increasing in p on (0, 1), and strictly de-
creasing in q on [1, 00), such that the following holds. Let G be a finite graph,
and suppose there exists a spanning set W such that deg(W) < A. Then

(3.25) Dprgr Sst Pparge I 1< q2=<qi1andy(p1,q1) <y(p2,q2).

An application is to be found in Section 5.1, where it is proved that the critical
point p¢(g) of an infinite-volume random-cluster model on a lattice is strictly
increasing in g.

Proof of Theorem 3.21. We may assume that p, p2 € (0, 1), since the other cases
are straightforward. We may either apply the Holley inequality (Theorem 2.1) or
use the positive association of random-cluster measures (Theorem 3.8) as follows.
Let X : @ — R be increasing. Then

¢p2»¢I2(X)
1 [n(w)] E k(w)
= X () p" (1 - pz)l \n(w)lq
1-p\'*' 1 )
- (1 ) > X@Y @p)" (1 = ppEV@l g
— Pl Z(p2, q2) =
1= p2\"! Z(p1. q1)
= ( ) Dpr.ar (XY)
l—p1)  Z(p2q)
where

k(w) _ [n(w)|
Y () = (@) (pz/(l Pz)) K .
q1 pi1/(1 — p1)
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Setting X = 1, we obtain

11—\ Z(p1,
Pz) (1 611)%1#1(},)’

H=1=
Pp2.q2 (1) (1 T Z(p2, q2)

whence, on dividing,

¢P1a41 (XY)

3.26 X) = .
( ) ¢p2,q2( ) ¢p1,q1(Y)

Assume now that the conditions of (3.22) hold. Since k(w) is a decreasing
function and |n(w)| is increasing, we have that Y is increasing. Since ¢1 > 1,
&p. ¢, 18 positively associated, whence

(3.27) Gpr.gi (XY) = @p, .. (X)bp, g, (Y),

and (3.26) yields ¢, 4,(X) > ¢p, 4, (X). Claim (3.22) follows.
Assume now that the conditions of (3.23) hold. We write Y (w) in the form

¥ () — (é]z)kw)“"(w)| (Pz/[cn(l — Pz)])'"(w)l
(w) = .
q1 p1/lgi(1 = pp)]

Note that k(w) + |n(w)] is an increasing function of w, since the addition of an
extra open edge to w causes |n(w)| to increase by 1 and k(w) to decrease by at
most 1. In addition, |n(w)| is increasing. Since g» < g1 and p2/[g2(1 — p2)] <
p1/lg1(1 — p1)] by assumption, we have that Y is decreasing. By the positive
association of ¢p, 4, as above,

¢p1,q1 (XY) S ¢p1,q1 (X)¢p1,q1 (Y)y
and (3.26) now implies @p, 4, (X) < @p, 4, (X). Claim (3.23) follows. [l

The proof of Theorem 3.24 begins with a subsidiary result. This contains two
inequalities, only the first of which will be used in that which follows.

(3.28) Proposition [151]. Let p € (0, 1), g € [1,00) and A € {1,2,...}. There
exists a strictly positive and continuous function a(p, q) = aa(p, q) such that
the following holds. Let G be a finite graph, and suppose there exists a spanning
set W such that deg(W) < A. Then

0 0 il
(3.29) a(p,q) 8p<l>p,q(z‘\) =—q 9q $p.q(A) = p(1 —p) 8p¢p,q(A)

for all increasing events A.

Proof. Let A be an increasing event, and write 6(p, q) = ¢p 4(A). As in the
proof of Theorem 2.1 we shall construct a Markov chain Z;, = (X;, Y;) taking
values in the product space Q.
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Letw € Qand e € E, and let w,, w° be the configurations given at (1.25). Let
D, (w) be the indicator function of the event that the endvertices of e are connected
by no open path of E \ {e}. We define the functions H, H* : Q> — R as follows.
First,

(3.30) H(we, o) = 1,

l_
(3.31) H (', o) = pque<w>,

forw € Qand e € E. Secondly, H (w, »") = 0 for other pairs w, " with w # ’.
Next, we define H4 by

(3.32) HYw, o) = H(w, o)1 4(0 A o) ifw#o.
The diagonal terms H (w, w) and H A(w, w) are chosen in such a way that

Z Hw, o) = Z Hw, o) =0, we Q.

o' €Q ' €Q

Let S = {(m,w) € Q< o}, the set of all ordered pairs of configurations,
andlet J : § x § — R be given by

(3.33) J (e, w; 6, 0°) =1,
(3.34) J (7, 0% 7o, we) = HA (0%, w,),
(3.35) J(€, o e, ©°) = H(w®, ) — HA(a)e, We),

fore € E. All other off-diagonal values of J are set to 0, and the diagonal elements
are chosen such that

Y Jmein o) =0, (T, w) € S.

(!, w')eS

The function J will be used as the generator of a Markov chain Z = (Z; : t > 0)
on the state space S C Q2. With J viewed in this way, equation (3.33) specifies
that, for 7 € Q and e € E, the edge e is acquired by 7 (if it does not already
contain it) at rate 1; any edge thus acquired is added also to w if it does not already
contain it. Equation (3.34) specifies that, for v € Q2 and e € n(w), the edge e is
removed from w (and also from 7 if e € n(sr)) at rate HAw?, w,). Fore € n(r)
(€ n(w)), there is an additional rate at which e is removed from 7 but not from
o. This additional rate is indeed non-negative, since

_ p[

1
H(x¢ m,) — H (0, ) = gPe™ — gP 1 ,(w)] = 0,
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by (3.31) and (3.32). We have used the facts that ¢ > 1, and D, (w) < D, (m) for
7 < w. The ensuing Markov chain has no possible transition that can exit the set
S. That s, if the chain starts in S, then we may assume it remains in S for all time.

It is easily seen as in Section 2.1 and [39] that there exists a Markov chain
Z; = (X;, Y;) on the state space S such that:

(i) Z, has generator J, that is, for (7, w) # (7/, @),
P(Ziwn = (0, 0) | Zi = (1, 0)) = J (1, 0; ', &)1 + 0(h),

(i) X¢ = ¢pqg(-)ast — oo,
(iii) Yy = ¢p4(- | A) ast — oo,
(iv) X; <Y, forall z.
See [164, Chapter 6] for an account of the theory of Markov chains.

Differentiating & = 0(p, q) = ¢p 4(A) with respect to p, one obtains as in
Theorem 3.12 that

(3.36) 00 : (Inl, 1)
. = cov ,
op ~ p—p) A
1
= qUn11a) = @p.q(InDp.q(A)
p(l_p){¢Pq n1a) = ép.q(InDép.q }
_0(p.q) .
= o Lim Bl = x|
_ 0(p.9) . B B
i Ztl_lglolp(xt(e) =0, Y(e) = 1),
eck
where || = |n(w)]| is the number of open edges, and IP is the appropriate proba-

bility measure for the chain Z. A similar calculation using (3.14) yields that

a0 1 1 )
@37 = copglk == 6(p.q){ lim B(CX) — k()

where k = k(w) is the number of open components.
By an elementary graph-theoretic argument,

k(X:) —k(Y) < In(YD)| — In(Xo)l,

whence, by (3.36)—(3.37),
a0 20
— < 1 — ,
Vg = p(l—p) op

which is the right-hand inequality of (3.29).
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Let A be a positive integer, and let W be a spanning set of vertices satisfying
deg(W) < A. For x € V, let I, be the indicator function of the event that x is an
isolated vertex. Clearly,

(338)  P((X) — k(X)) = Y P(L(X) = 1, L,(¥;) = 0),
xeW

since the right-hand side counts the number of vertices of W that are isolated in
X, butnotin Y;. Letx € W, and let e, be any edge of E that is incident to x. We
claim that

(3.39)  WP(X,(ex) =0, Yi(ex) =1) < P(L:(X;41) = 1, (Y, 41) =0)

for some v = va(p, g) which is continuous, and is strictly positive on (0, 1) x
[1, 00). Here, v is allowed to depend on the value of A but not further upon x, ey,
W, G, or the choice of event A. Once (3.39) is proved, the left-hand inequality
of (3.29) follows with @ = vp(1 — p)/A by summing (3.39) over x and using
(3.36)—(3.38) as follows:

200 .
—q, = e{ lim 3" B(L(Xi) = 1, LY = 0)}
8q t—>ooer

1
z@v{tl_i}goz A 2 P(Xi@ =0, Yi(e) = 1)}

xeWwW e.e~x

Ov | .
= {tglgo D _P(Xi(@) =0, Yi(e) = 1)}
eck
_vp(1—p) 36
- A op’
where )., denotes summation over all edges e incident to the vertex x.

Finally we prove (3.39). Let E, be the set of edges of E that are incident to x.
Suppose that the event F; = {X;(ex) =0, Y:(ex) = 1} occurs. Let:
(a) T be the event that, during the time-interval (¢, + 1), every edge e of
E; \ {ex} with X;(e) = 1 changes its X-state from 1 to 0; the removal of
such edges from X may or may not entail their removal from Y,

(b) U be the event that no edge e of E; \ {e,} with X;(e) = 0 changes its state
(X, (e), Y, (e)) in the time-interval (¢, + 1),
(c) V be the event that the state (X, (eyx), Y, (ex)) of the edge e, remains un-
changed during the time-interval (¢, t + 1).
By elementary computations using the generator of the chain Z;, = (X;, Yy),
there exists a strictly positive and continuous function vy = v (p, g) on (0, 1) x
[1, 00), whichis allowed to depend on G and W only through the quantity deg(W),
such that
P(TNUNV | F)>vy, t >0,
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uniformly in x, ey, and G. This inequality remains true if we replace vy by the
strictly positive and continuous function v = v (p, q) defined by

va(p, q) = min{vw(p, q) : W a spanning set such that 0 < deg(W) < A}.

If FNT NUNYV occurs, then x is isolated in X,y but not in Y;4; (since
Yi+1(ex) = 1). Therefore, (3.39) is valid, and the proof of the proposition is
complete. A function v of the required form may be written down explicitly.

Proof of Theorem 3.24. Let « be as in Proposition 3.28, and let A be an increasing
event. Inequality (3.29) may be stated in the form

(3.40) (@, q).V¢pq(A) =0 = (p(1 = p),q9).-Vp 4(A),

where

Vf:(af,af>, f:(0,1) x[1,00) - R.
ap dq

In addition, by Theorem 3.21,

0 0
5 $p.q(A) =0 =< ap¢p,q(A)'

The right-hand inequality of (3.40) may be used to obtain (3.23), but our current
interest lies with the left-hand inequality. Let y : (0, 1) x [1, co) be a solution of
the differential equation (¢, ¢).Vy = 0 subject to

9 9
(3.41) V' co< %

, pe(0,1), ge(l,o0).
dq op

See Figure 3.1 for a sketch of the contours of y, that is, the curves on which y is
constant. The contour of y passing through the point (p, ¢) has tangent (¢, q).
The directional derivative of ¢, ;(A) in this direction satisfies, by (3.40),

9 9
(@, q).Vpg(A) =« op bp.q(A) +4q aq¢p,q(A) <0,

whence ¢, ,(A) is decreasing as (p, g) moves along the contour of y in the
direction of increasing g. Therefore,

Opr.g. (A) < bpy g, (A) if y(p1,q1) =y(p2,q2) and 1 < g2 < q1,

and (3.25) follows. Il
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direction of
decreasing y
e

Figure 3.1. A sketch of the contours of the function y = y(p, ¢).

I

=y

3.5 Exponential steepness

Let ¢, 4 be the random-cluster measure on the graph G, with g assumed to satisfy
q > 1. Let A € ¥ and let H4(w) denote the Hamming distance from w to A. We
may apply Theorem 2.53 to obtain the following. A similar inequality holds for
decreasing A.

(3.42) Theorem [153,163]. Let p € (0, 1) and q € [1, 00). For any non-empty,
increasing event A € ¥,

¢p,q (Ha)

d
343 1 A .
( ) » 0g¢p.4(A) > (1= p)

d
As in (2.56), for increasing A,
(3.44)  ¢rg(A) < @5 4q(A) exp{—4(s — r)¢>s,q(HA)}, O<r<s<l.

Applications of this inequality are aided by a further relation between ¢, ;,(A) and
¢p .q (Hy).

(3.45) Theorem [153, 163]). Let g € [1,00) and 0 < r < s < 1. For any
non-empty, increasing event A € ¥,

(3.46) Orq(Ha < k) < quﬁs,q(A), k=0,1,2,...,

where
_ q*(1—r)
(s=nlr+q(1—-r]
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This may be used in the following way. By (3.46)

00 K
brg(Ha) =Y rg(Ha > k) = Y [1 = Cr¢s 4(A)],

k=0 k=0
where K = max{k : C¥¢; 4(A) < 1}. Since C > 1,

—log s q(A) € —dyq(A)

3.47 o (Hy) >
G4 grgHz g

, O<r<s<l.
Inequalities (3.43) and (3.47) provide a mechanism for bounding below the
gradient of log ¢p, 4(A).

One area of potential application is the study of connection probabilities. Let
S and T be disjoint sets of vertices of G, and let A = {S <> T} be the event that
there exists an open path joining some s € S to some ¢t € T. Then Hy is the
minimum number of closed edges amongst the family IT of all paths from S to 7T,
which is to say that

Hy(w) = min{Z[l —w(e)]: e n}.

eemw

Before proceeding to the proofs, we note that Theorem 3.45 is closely related
to the ‘sprinkling lemma’ of [6], a version of which is valid for random-cluster
models; see also [154]. The argument used to prove Theorem 3.45 may be used
also to prove the following, the proof of which is omitted.

(3.48) Theorem. Let g € [l,00) and 0 < r < s < 1. For any non-empty,
decreasing event A € F,

k
(3.49) brq(A) > <Sq_sr) bog(Ha<k).  k=0,1,2.....

Proof of Theorem 3.45. Letq € [1,00) and 0 < r < s < 1. We shall employ a
suitable coupling of the measures ¢, 4 and ¢; 4. Let E = {ey, ez, ..., ey} be the
edges of the graph G, and let Uy, U, ..., U, be independent random variables
having the uniform distribution on [0, 1]. We write P for the probability measure
associated with the U;. We shall examine the edges in turn, to determine whether
they are open or closed for the respective parameters » and s. The outcome will
be a pair (77, w) of configurations each lying in Q = {0, 1}¥ and such that 7 < w.
The configurations 7, w are random in the sense that they are functions of the U;.
A similar coupling was used in the proof of Theorem 2.28.

First, we declare

m(e1) =1 ifandonlyif U; < ¢,4(J1),
w(er) =1 ifandonlyif Uy < ¢ 4(J1),
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where J; is the event that e¢; is open. By the comparison inequality (3.22),
&r.q(J1) < ¢5,4(J1), and therefore (e1) < w(er).

Let M be an integer satisfying 1 < M < m. Having defined 7 (e;), w(e;) for
1 <i < M suchthatm(e;) < w(e;), we define w(ep+1) and w(ep41) as follows.
We declare

m(em+1) =1 ifandonlyif Umy1 < @rg(Im+1 | Qumx),
w(ey+1) =1 ifandonlyif Upmi1 < @sq(Um+1 | @m0),

where Q7 , is the set of configurations v € Q satisfying v(e;) = y(e;) for
1 <i < M. By the comparison inequalities (Theorem 3.21) and strong positive
association (Theorem 3.8),

¢r,q(JM+1 | QM,ﬂ) = ¢s,q(JM+1 | QM,w)

sincer < s and w(e;) < w(e;) for 1 <i < M. Therefore, m(ep+1) < w(epy+1)-
Continuing likewise, we obtain a pair (7, ) of configurations satisfying 7 < w,
and such that 7 has law ¢, 4, and w has law ¢; 4.

By Theorem 3.1,

p

Ji 1K) =
Prali KD = g = p)

. b | Ki) = p,

where K; is the event that there exists an open path of E'\ {e;} joining the endvertices
of ¢;. Using conditional expectations and the assumption g > 1,

p

3.50
(3:30) p+qg(—

) <¢pqJi| D)< p

for any event D defined in terms of the states of edges in E \ {¢;}. Therefore?, by
the definition of the 7 (e;) and w(e;),

P(r(em+1) =0| U1, Uz, ....Un) =1 — ¢ q(Iu+1 | Qm.7)
g1 —r)
“r+q-r)

We claim that

(3.51)  P(olem+1) =1, nlem+1) =0| U1, U, ..., Un)

= ¢’s,q(JM+1 | QM,w) - ¢r,q(JM+1 | QM,?T)
s—r

q

)

ZSubject to the correct interpretation of the conditional measure in question.
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and the proof of this follows. By Theorem3.42with A = J; (sothat H;, = 1—1,)
together with (3.50),

¢P,€1(Ji)(l _¢p,q(Ji)) - 1 - 1
p(1—p) “p+qld—-p) T q

We integrate over the interval [r, s] to obtain that

d
dp¢p,q(Ji) >

s—r
(3.52) Gs,q(Ji) — Prg(Ji) = g
Finally,

bs.q(Im+1 | @m0) — brg(Ims1 | Qumx)
> Gs.qg(Um+1 | @M0) — Org(In+1 | Cm,0),
and (3.51) follows by applying (3.52) with i = M + 1 to the graph obtained
from G by contracting (respectively, deleting) any edge e¢; (for | <i < M) with
w(e;) = 1 (respectively, w(e;) = 0). See [152, Theorem 2.3].
By the above,
(3.53)

j— 1_
P(w(em+1) =1 |m(ems1) =0, U, Uz, ..., Un) = s=r rtald=r

q q(l—r)
Let & € €, and let B be a set of edges satisfying £(e) = 0 fore € B. We claim

that

(3.54)

s—r r+q(l-r) Bl

. P(r = &).
q g1 —r)

This follows by the recursive construction of 7 and w in terms of the family

Uy, Uy, ..., Uy, in the light of the bound (3.53).

Inequality (3.54) implies the claim of the theorem, as follows. Let A be an
increasing event and let £ be a configuration satisfying H(§) < k. There exists
a set B = Bg of edges such that:

(a) |B| <k,
(b) &(e) =0 fore € B,
(c) €8 € A, where £5 is obtained from £ by allocating state 1 to all edges in B.

P(r =&, w(e) =1fore € B) z(

If more than one such set B exists, we pick the earliest in some deterministic
ordering of all subsets of E. By (3.54),

¢s5.q(A) = P(Ha(r) <k, w(e) = 1 fore € By)
= Z P(n =&, w(e) =1foree Bg)
& Ha(8)<k
> (s—r .r—i—q(l—r)

k
q q(l —I’) ) ¢r,q(HA Sk)- O
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3.6 Partition functions

The partition function associated with the finite graph G = (V, E) is given by

(3.55) Zg(p,q) = Z pn@l( — pylE\n@)] k@)

we

In the usual approach of classical statistical mechanics, one studies phase trans-
itions via the partition function and its derivatives. We prefer in this work to follow
a more probabilistic approach, but shall nevertheless have recourse to various arg-
uments based on the behaviour of the partition function, of which we note some
basic properties.

The (Whitney) rank-generating function of G = (V, E) is the function

(3.56) Wo,v) =Y @@y veR,
E'CE

where r(G’) = |V| — k(G’) is the rank of the subgraph G’ = (V, E’), and
c(G) = |E'| — |V| + k(G) is its co-rank. Here, k(G’) denotes the number of
components of the graph G’. The rank-generating function has various useful
properties, and it crops up in several contexts in graph theory, see [40, 313]. It
occurs in other forms also. For example, the function

(3.57) T, v) = u— DV We(@-1D"1v-1)

is known as the dichromatic (or Tutte) polynomial, [313]. The partition function
Z ¢ of the graph G is easily seen to satisfy

(3.58) Z(;(p,q):q'v'(l—p)'E'wc( b F )
g(l—p) 1—p

arelationship which provides a link with other classical quantities associated with
a graph. See [40, 41, 121, 157, 308, 315] and Chapter 9.

Another way of viewing Z is as the moment generating function of the number
of clusters in a random graph, that is,

(3.59) Z6(p, q) = ¢p(g" ),

where ¢, denotes product measure. This indicates a link to percolation on G, and
to the large-deviation theory of the number of clusters in the percolation model.
See [62, 298] and Section 10.8.

The partition function Zg does not change a great deal if an edge is removed
from G. Let F C E, and write G\ F for the graph G with the edges in F removed.
If F is the singleton {e}, we write G \ e for G \ {e}.
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(3.60) Theorem. Let p € [0, 1] and g € (0, 00). Then

Zo\F(p,q)

<1vglfl FCE.
ZG(p,q)

(3.61) Al <

We give next an application of these inequalities to be used later. Let G; =
(Vi, E;),i = 1, 2, be finite graphs on disjoint vertex sets V1, V», and write G1UG»
for the graph (Vi U Va, E1 U E»). It is immediate from (3.55) that
(3.62) 26,06, = 26,26,

where for clarity we have removed explicit mention of p, g. Taken in conjunction
with (3.61), this leads easily to a pair of inequalities which we state as a theorem.

(3.63) Theorem. Let G = (V, E) be a finite graph, and let F be a set of edges
whose removal breaks G into two disjoint graphs G1 = (V1, E1), Go = (Va, E3).
Thus, V =ViUVyaand E = E1UE,UF. For p € [0, 1] and q € (0, 00),

26,26,V )l < Zg < Z6,Zg,(1 Ag)7FL.

Proof of Theorem 3.60. 1t suffices to prove (3.61) with F a singleton set, that is,

F = {e}. The claim for general F will follow by iteration. For w € €2, we write

we) for the configuration in ) = {0, 1}E\e} that agrees with w off e. Clearly,
k() < k() < k@) +1,

whence

(3.64) (1 A @)g"@ < g"@e) < (1v q)g"@.

Now, since p+ (1 — p) =1,

(3.65) ZG\e(P, q) = Z pln(w(e))l(l _ p)lE\n(w<e>)|—1qk(w<e>)

We) €82e)
— Z plﬂ(w)l(l _ p)lE\n(w)lqk(a)(e))'
we
Equations (3.64) and (3.65) imply (3.61) with F = {e}. Il

We develop next an inequality related to (3.61) concerning the addition of a
vertex, and which will be useful later. Let G = (V, E) be a finite graph as usual,
andletv ¢ V and W C V. We augment G by adding the vertex v together with
edges (v, w) for w € W. Let us write G + v for the resulting graph.
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(3.66) Theorem. Let p € [0, 1] and g € [1, 00). In the above notation,

ZGv(p,q) _
P (= p+ pgHM,
ZG(p,q)

Proof. Let Qp = {0,1}F and Q, = {0, 1}". We identify v € €, with the
edge-configuration on the edge-neighbourhood {(v, w) : w € W} of v given by
v({v, w)) = v(w). Now,

B67 Zor(pg)= 3. pl@I — p)EV@lgk
weQE, Ve
x |:{ 1_[ pv(w)(l _ p)l—v(w)}ql—k(w,v):|
weW

= Z6(p, )96, p.q[adp (@],

where ¢, is product measure on €2, with density p, and k(w, v) is the number of
open clusters of w containing some w € W with v(w) = 1. Letni, ny, ..., n, be
the sizes of the equivalence classes of W under the equivalence relation w; ~ w»
if w; <> wy inw. Forw € Qf,

r

1 )
(3.68) ¢pg ) =T] [(1 SR U U p)"']}

i=1

1+ (-g)a-r]
> +1- )Ja-p
E[q q

1 1 Wi
[+ o]
q q

where we have used the elementary (convexity) inequality
a+ (1 —a)y" >[a+ 1 -yl a,y€el0,1], nef{l,2,...}.
We substitute (3.68) into (3.67) to obtain the claim. Il

So far in this section we have considered the effect on the partition function
of removing edges or adding vertices. There is a related result in which, instead,
we identify certain vertices. Let G = (V, E) be a finite graph, and let C be
a subset of V separating the vertex-sets A; and A;. That is, V is partitioned
asV = A1 U A, UC and, for all a; € Ay, ay € Aj, every path from a; to
ap passes through at least one vertex in C. We write ¢ for a composite vertex
formed by identifying all vertices in C, and G| = (A1 U {c}, E1) (respectively,
G> = (A2 U {c}, E»)) for the graph on the vertex set A} U {c} (respectively,
As U {c}) and with the edges derived from G. For example, if x, y € Aj, then
(x, y) is an edge of G if and only if it is an edge of G; for a € A1, the number of
edges of G| between a and c is exactly the number of edges in G between a and
members of C.
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(3.69) Lemma. For p € [0,1]andq € [1,0), Z¢ > q ' Z¢, Zc,.

Since Zg > g for all G wheng > 1,
(3.70) Z6 > Zg,.

Proof. Let € {0, 1}E , and let w; and wy be the induced configurations in
Q1 = {0, 1} and Q5 = {0, 1}£2, respectively. It is easily seen that

k(w) = k(w1) + k(w2) — 1,

and the claim follows from the definition (3.55) U

The partition function has a property of convexity which will be useful when
studying random-cluster measures on infinite graphs. Rather than working with
Z, we work for convenience with the function Y5 : R> — R given by

(3.71) Yo(m, k) = Zexp{nm(a)n + kk(w)},

weR

a function which is related to Z as follows. We set m = w(p) and k = «(q)
where

(3.72) 7(p) =log(1 fp), k(q) = logq.

and then
Z6(p,q) = (1 — pEYG(r(p), k(9)).

We write VX for the gradient vector of a function X : R> — R.
(3.73) Theorem. Let the vectors (r, k) and (p, q) be related by (3.72).
(a) The gradient vector of the functionlog Y (m, k) is given by

V{log Y6 (0, 1)} = (¢p.g(In]), $p.q (k). (3.74)

(b) Leti= (i1, i) be a unit vector in R2. We have that

2

Jo? {log Yo ((n, K) + ai)}

= varp 4(i1|n| + i2k) (3.75)

a=0

where var, , denotes variance with respect to ¢p 4. In particular, log Y¢ is
a convex function on R2.

By (3.71), |
YG((7T, K) + ai) =Yg (o, K)¢p,q(eaL(l))’
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where L(i) = i1|n| + i2k. Therefore, the jth derivative as in (3.75) equals the jth
cumulant (or semi-invariant®) of L(i).

Proof. (a) Itis elementary that

d
logYg(m, k) =
T

d YG(m, k

) ZQ In(w)| exp{[n(@)| + ck(w)}
we
= ¢p.q(I1D),

with a similar relation for the other derivative.
(b) We have that

YG((T[, K) + oei) = Z exp{cx(i] [n(w)| + izk(a)))} exp{n|n(a))| + Kk(a))},

we2

and (3.75) follows as in part (a). The convexity is a consequence of the fact that
variances are non-negative. |

3.7 Domination by the Ising model

Stochastic domination is an invaluable tool in the study of random-cluster mea-
sures. Since the random-cluster model is an ‘edge-model’, it is usual to make
comparisons with other edge-models. The relationship when g € {2,3,...} to
Potts models suggest the possibility of comparison with a ‘vertex-model’, and a
hint of how to achieve this is provided by the case of integral g.

Consider the random-cluster model with parameters p and g on the finite graph
G = (V,E). If g € {2,3, ...}, we may generate a Potts model by assigning a
uniformly chosen spin-value to each open cluster. The spin configuration thus
obtained is governed by the Potts measure with inverse-temperature 8 satisfying
p = 1 —eP. Evidently, this can work only if ¢ is an integer. A weaker conclusion
may be obtained if ¢ is not an integer, namely the following. Suppose p € [0, 1]
and g € [1, 00). We examine each open cluster of the random-cluster model in
turn, and we declare it to be red with probability 1/q and white otherwise, different
clusters receiving independent colours*. Let R be the set of vertices lying in red
clusters. If ¢ € {2, 3, ...}, then R has the same distribution as the set of vertices
of the corresponding Potts model that have a pre-determined spin-value. Write
Py, 4 for an appropriate probability measure. One has for general g € (1, 0o) that,

3See [164, p. 185] and [255, p. 266].
4This construction is related to the so-called fuzzy Potts model, see [35, 170, 172, 245].
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forACV,
(3.76)
1
Ppg(R=A) = (1— p)laeA
e Zop.q)o 7
1 k(w)
N { T el _p)|EA\n<w>|qk(w)( ) }
wEQA q
/ / / 1 k(w/)
X{ 3 pln(w)l(l_p)IEA\n(w)qu(w)(1_ ) }
'€, q

1
_ RNV W\ _
= ZG(p’q)(l P) Zy(p,g—1

where A = V \ A, Q4 = {0, 1}£4 with E4 the subset of E containing all edges
with both endvertices in A, the Zg, Z, are the appropriate partition functions,
and AcA is the set of edges of G with exactly one endvertex in A. When ¢ is an
integer, (3.76) reduces to the usual Potts law for the set of vertices with a given
spin-value.

The random set R, with law given in (3.76), is the first element in the proposed
stochastic comparison. The second element is the set of 4- spins of an Ising model
with external field, and we recall next from Section 1.3 the definition of an Ising
model on the graph G. Let £ = {—1, 41}V, and let 8 € (0, o0) and i € R. The
Hamiltonian is the function H : ¥ — R given by

(377 H@)=- Y  ouwoy—h) oy oc=(,:ueV)ezx,

e=(u,v)eE veV
and the (Ising) probability measure is given by

1
(3.78) o) = e 2BHO) ey
I

where Z1 = Z1(B, h) is the required normalizing constant®. We shall be concerned

here with the random set S = S(o) = {u € V : 0, = 1}, containing all vertices
with spin +1.

Let deg(u) denote the degree of the vertex u in the graph G, and let

A = max{deg(u) ‘u € V}.

SThe fraction ; in the exponent is that appearing in (1.7).
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(3.79) Theorem [15]. Let B € (0,00), p =1 — e P, q € [2,00), and let R be
the random ‘red’ set of the random-cluster model, governed by the law given in
(3.76). Let B’ € (0, 00) and h' € (—o0, 00) be given by

380) = (1727 N a1
g—1 qg—1

’

and let S be the set of vertices with spin +1 under the Ising measure mg jr. Then
(3.81) R <4« S.
Inequality (3.81) is to be interpreted as
Ppq(f(R) < 7p w(f(S))

for all increasing functions f : {0, 1}V — R. Its importance lies in the deduction
that R is small whenever S is small. The Ising model allows a deeper analysis
than do general Potts and random-cluster models (see, for example, the results
of Chapter 9). Particularly relevant facts are known for the set of + spins in the
Ising model when the external field /4’ is negative, and thus it becomes important
to obtain conditions under which A’ < 0.

Letq > 2 and assume that G is such that A > 3. Setting 4’ = 0 and eliminating
B’ in (3.80), we find that 8 = B where

Ba _ q-2
(3.82) ePd = (¢ — D=8 _1°

By (3.80) and an elementary argument using monotonicity,
(3.83) h' <0 ifandonlyif B < fBa.

We make one further note in advance of proving the theorem. By (3.82),
Ba — 0as A — oo;ifthe maximum vertex degree is large, the field of application
of the theorem is small. In an important application of the theorem, we shall take
G to be abox A of the lattice L.¢ with so-called ‘wired boundary conditions’ (see
Section 4.2). This amounts to identifying all vertices in the boundary d A, and
thus to the introduction of a single vertex, w say, having large degree. The method
of proof of Theorem 3.79 is valid in this slightly more general setting with

A = max{deg(u) : u € V \ {w}},

under the assumption that the open cluster containing w is automatically desig-
nated red. That is, we let R be the union of the cluster at w together with all other
clusters declared red under the above randomization, and we let S be the set of +
spins in the Ising model with parameters 8’, #’ and with o, = +1. The conclusion
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(3.81) is then valid in this setting, with A given as above. An application to the
exponential decay of connectivity in two dimensions will be found in Section 6.3.

Further work on stochastic domination inequalities for the set S of + spins of
the Ising model may be found in [236].

Proof. We present a direct proof based on the Holley inequality, Theorem 2.1.
For A C Vandu, v € V with u # v, we write

A" =AU{u}, A,=A\{v}, AY=(A"),, andsoon.
Let 1 (respectively, u2) denote the law of R (respectively, §), so that
wi(A) =Py g(R=A), A =rngyS=4), ACV.

The measures u; are strictly positive, and it therefore suffices by Theorem 2.3 to
prove that

(3.84) wn2(AU B)u1(AN B) = 1 (A)pz(B),

for incomparable sets A, B with |A A B| = 1, 2. The interesting case is when
|A A B| =2, andthe case |A A B| = 1 may be treated similarly.

Suppose that

(3.85) A=C" B=C" whereCCV,uveV\C, u#nv.
We shall assume for the moment that u < v. Letr = |{c € C : a ~ u}|, the
number of neighbours of # in C. By (3.77)—-(3.78),
(3.86) Z?ﬁ;?:zeqwﬂxzr—ay+ﬁ%q
where § = deg(u). Also, by (3.76) and Theorem 3.66,
w(©

= (- p)zr_,; Zc(l]’q -1
u1(C*) Zeu(pyog—1)
— —176—
=(1=p" @ =-D[I=p+pa-D7']".

Substituting p = 1 — e# and setting x = ¢f, we obtain by multiplying (3.86)
and (3.87) that

wn2(AU B)u1(AN B)

m1(A)pua(B)

(3.87)

> exp(B'2r — 8) + B — B2r —3))

x(@-De P+ -ePyg-D"
= x'9/2 (61 —2+x)r_6/2 (6] —2+x>_A/2 XA/
qg—1 g—1 qg—1

q _2+xT—r

8—=2r ,
X ”[x(q—l)

x(g — 1)\ 47”2
:<q—2+x> ’
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e
u v w
Q . . .
‘ 7
7

Figure 3.2. Two edges e and f in parallel and in series.

by (3.80). Now 6 < A,andx(q¢ — 1)/(¢ —2 + x) > 1 forx > 1, whence

H2(AUB)ui(ANB)

(3.88)
n1(A)ua2(B)

as required at (3.84).

In the case when u ~ v, the quantity r in (3.86) is replaced by r + 1, and (3.88)
remains valid. We deduce by Theorem 2.3 that R < S as claimed. O

3.8 Series and parallel laws

Kasteleyn observed® in the 1960s that electrical networks, percolation, and the
Ising and Potts models satisfy the series/parallel laws, and this gave inspiration
for the random-cluster model. The series/parallel laws will be used later, and they
are described briefly here in the context of the random-cluster model.

Let G = (V, E) be a finite graph (possibly with parallel edges). Two distinct
edges e, f € E are said to be in parallel if they have the same endvertices. They
are said to be in series if they share exactly one endvertex, v say, and in addition
v is incident to no further edge of E. See Figure 3.2.

Let e, f be in either parallel or series. In either case, we may define another
graph G’ as follows. If e, f are in parallel, let G’ = (V’, E’) be obtained from G
by replacing e and f by a single edge g with the same endvertices. If e and f are
in series, say e = (u, v), f = (v, w), we obtain G’ = (V’, E’) by deleting both ¢
and f (together with the vertex v) and inserting a new edge g = (1, w). We have
in either case that E' = (E \ {e, f}) U {g}.

Letz : [0,1]> — [0, 1]and o : [0, 1] x (0, 00) — [0, 1] be given by

7x,y)=1-(10-x)1A-y),
xy
1+ (@—-DA—-x)(1-y)

(3.89) 5.y, q) =

Letp = (pn : h € E) € [0, 11€ and q € (0,00). We write ¢p 4 for the
random-cluster measure on Q = {0, 1}¥ in which each edge / has an associated
parameter-value pj, see (1.20). We shall see that ¢y, , is invariant (in a manner
to made specific soon) when two edges e, f in parallel (respectively, series) are

6See the Appendix.
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replaced as above by a single edge g having the ‘correct’ associated parameter-
value p, given by

, if e, f are in parallel,
(3.90) Pg:{ﬂ(pe Py ife, f mnp

o(pe, pr.q) ife, f arein series.

Let Q' = {0, I}E/ be the configuration space associated with the graph G’ given
above. We define a mapping 7 : @ — Q' by 7, (h) = w(h) for h # g, and

1—(1—-w(e)(—w(f)) Iife, f arein parallel,
w(e)w(f) if e, f are in series.

Tw(g) = {

When e, f are in parallel (respectively, series), g is open in 7,, if and only if either
e or f is open (respectively, both e and f are open) in w. The mapping t maps
open connections to open connections; in particular, for x,y € V/, x <> yin 1,
ifand only if x <> y in w.

The measure ¢ , on Q2 induces a measure (;5;,’ q On Q' defined by

Pp.qg(@) = Pp.q (710, w e,

and it turns out that this new measure is simply a random-cluster measure with an
adapted parameter-value for the new edge g, as in (3.90).

(3.91) Theorem. Let e, f be distinct edges of the finite graph G.
(a) Parallel law. Let e, f bein parallel. The measure ¢1/), q is the random-cluster
measure on G' with parameters py, for h # g, pg = 7w (pe, ps).
(b) Series law. Let e, f be in series. The measure ¢;,’ q is the random-cluster
measure on G" with parameters py, for h # g, pg = 0 (pe, Pr. q).

There is a third transformation of value when calculating effective resistances
of electrical networks, namely the ‘star—triangle’ (or ‘star—delta’) transformation.
This plays a part for random-cluster models also, see Section 6.6 and the discussion
leading to Lemma 6.64.

Proof. (a) The edge g is open in t,, if and only if either or both of e, f is open in
w. Therefore, the numbers of open clusters in w and 7, satisfy k(w) = k(7,). It
is a straightforward calculation to check that, for »’ € €/,

' (h PN ’ . /
Ppg (@) oc Y { [T P a—-pw' “’(h)}[n“’(g)(l—n)l @ ]gke,

w: Ty=w' “h:h#g

where 7 = pepr + pe(l — pr) + pr(1 = pe) = 7(pe, py).

(b) Write e = (u, v), f = (v, w), so that g = (u, w). Recall that  and 7, agree
off the edges e, f, g, and hence the partial configurations (w(h) : h # e, f) and
(tw(h) : h # g) have the same law. Let K be the set of all w € 2 such that there
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exists an open path from u to w not using e, f; let K’ be the corresponding event
in Q' with e, f replaced by g. Note that K’ = 7K.

By the remarks above and Theorem 3.1(b), it suffices to show that

(3.92) bp (@ (@) =11K)=0,

(3.93) pq@ @ =11K)= tel—o)

where 0 = o (pe, pr, q). The edge g is open in 1, if and only if both e and f are
open in w. Therefore,

By (@(@) =11 K') = ¢py(w(e) = o(f) = 1| K),
which is easily seen to equal

PePf
pers + pe(1 — pe) + pr(1 — pr) +q(1 — po)(1 — py)’

in agreement with (3.92). Similarly,
D (@' (2) =11 K") = dp4(wle) =o(f) =1|K),
which in turn equals

PePf
pePf +ape(1 — pp) +qpr(1 — pe) +q>(1 — p)(1 — py)’

in agreement with (3.93). O

3.9 Negative association

This chapter closes with a short discussion of negative association when g < 1.
Let E be a finite set, and let u be a probability measure on the sample space
Q = {0, 1}£. There are four relevant concepts of negative association, of which
we start at the ‘lowest’. The measure u is said to be edge-negatively-associated if

(3.94) wlde N Jyp) < n(Je)pu(Jy), e,fekE e#f
Recall that J, = {w € Q : w(e) = 1}.
There is a more general notion of negative association, as follows. For w € ©

and F C E we define the cylinder event QF ,, generated by @ on F by

Qr.o=1{0 €Q:0(e) =wle)fore € F}.
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For E’ C E and an event A C Q, we say that A is defined on E’ if, for all w € €,
we have that w € A if and only if QF , C A. We call u negatively associated if

w(ANB) < u(A)u(B)

for all pairs (A, B) of increasing events with the property that there exists E' C E
such that A is defined on E’ and B is defined on its complement E \ E’. An
account of negative association and its inherent problems may be found in [268].

Our third and fourth concepts of negative association involve so-called ‘disjoint
occurrence’ (see [37, 154]). Let A and B be events in 2. We define A [ B to be
the set of all vectors w € €2 for which there exists aset ¥ € E suchthat Qr , € A
and Fo S B, where F = E\ F. Note that the choice of F is allowed to depend
on the vector w. We say that p has the disjoint-occurrence property if

(3.95) pn(AUB) < u(A)u(B), A, BCQ,

and has the disjoint-occurrence property on increasing events if (3.95) holds under
the additional assumption that A and B are increasing events.

It is evident that:

1 has the disjoint-occurrence property
=> u has the disjoint-occurrence property on increasing events
=> W is negatively associated

= u is edge-negatively-associated.

It was proved by van den Berg and Kesten [37] that the product measures ¢,
on 2 have the disjoint-occurrence property on increasing events, and further by
Reimer [283] that ¢, has the more general disjoint-occurrence property. Itis easily
seen’ that the random-cluster measure ¢p,q cannot in general be edge-negatively-
associated when g > 1. It may however be conjectured that ¢, , satisfies some
form of negative association when ¢ < 1. Such a property would be useful in
studying random-cluster measures, particularly in the thermodynamic limit (see
Chapter 4), but no such property has yet been proved.

In the absence of a satisfactory approach to the general case of random-cluster
measures with g < 1, we turn next to the issue of negative association of weak
limits of ¢, 4 as g | 0; see Section 1.5 and especially Theorem 1.23. Here is a
mild conjecture, as yet unproven.

(3.96) Conjecture [156, 165, 199, 268]. For any finite graph G = (V, E),
the uniform-spanning-forest measure USF and the uniform-connected-subgraph
measure UCS are edge-negatively-associated.

A stronger version of this conjecture is that USF and UCS are negatively asso-
ciated in one or more of the senses described above.

TConsider the two events J, J in the graph G comprising exactly two edges e, f in parallel.
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Since USF and UCS are uniform measures, Conjecture 3.96 may be rewritten
in the form of two questions concerning subgraph counts. For simplicity we shall
consider only graphs with neither loops nor multiple edges. Let V = {1, 2, ..., n},
and let K be the set of N = ('2’) edges of the complete graph on the vertex set
V. We think of subsets of K as being graphson V. Let E € K. For X C E,
let MX = MX(E) be the number of subsets E’ of E with E/ D X such that the
graph (V, E’) is connected. Edge-negative-association for connected subgraphs
amounts to the inequality

(3.97) M M2 < mem/, e,f€E, e f.

Here and later in this context, singleton sets are denoted without their braces, and
any empty set is suppressed.

In the second such question, we ask if the same inequality is valid with M*
re-defined as the number of subsets E’ C E containing X such that (V, E’) is a
forest. See [199, 268].

With E fixed as above, and with X,Y C E, let Mff = Mff (E) denote the
number of subsets E/ C E of the required type suchthat E’ 2 X and E‘'NY = @.
Inequality (3.97) is easily seen to be equivalent to the inequality

(3.98) MM,y <MiM{, e feE e#f

The corresponding statement for the uniform spanning tree is known.

(3.99) Theorem. The uniform-spanning-tree measure UST is edge-negatively-
associated.

The stronger property of negative association has been proved for UST, see
[116], but we do not discuss this here. See also the discussions in [31, 241]. The
strongest such conclusion known currently for USF appears to be the following,
the proof is computer-aided and is omitted.

(3.100) Theorem [165]. If G = (V, E) has eight or fewer vertices, or has nine
vertices and eighteen or fewer edges, then the associated uniform-spanning-forest
measure USF has the edge-negative-association property.

Since forests are dual to connected subgraphs for planar graphs, this implies
a property of edge-negative-association for the UCS measure on certain planar
graphs having fewer than ten faces.

The conjectures of this section have been expressed in terms of inequalities
involving counts of connected subgraphs and forests, see the discussion around
(3.97). Such inequalities may be formulated in the following more general way.
Let p = (p. : e € E) be acollection of non-negative numbers indexed by E. For
E' CE,let

HEY =TT pe

ecE’
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We now ask whether (3.97) holds with M* = MX (p) defined by

(3.101) M*(p) = > Fo(ED),
E':XCE'CE
(V,E’) has property I1

where I1 is either the property of being connected or the property of containing no
circuits. Note that (3.97) becomes a polynomial inequality in | E| real variables.
Such a formulation is natural when the problem is cast in the context of the Tutte
polynomial, see Section 3.6 and [308].

Proof® of Theorem 3.99. Consider an electrical network on the connected graph
G in which each edge corresponds to a unit resistor. The relevant fact from the
theory of electrical networks is that, if a unit current flows from a source vertex s
to a sink vertex t (£ s), then the current flowing along the edge ¢ = (x, y) in the
direction xy equals N(s, x, y, t)/N, where N is the number of spanning trees of
G and N (s, x, y, t) is the number of spanning trees whose unique path from s to
t passes along the edge (x, y) in the direction xy.

Lete = (x, y), and let u be the UST measure on G. By the above, i (J,) equals
the current flowing along e when a unit current flows through G from source x
to sink y. By Ohm’s Law, this equals the potential difference between x and y,
which in turn equals the effective resistance Rg(x, y) of the network between x
and y.

Let f € E, f # e,anddenote by G. f the graph obtained from G by contracting
the edge f. There is a one—one correspondence between spanning trees of G. f
and spanning trees of G containing f. Therefore, i (J, | Jr) equals the effective
resistance Rg.y(x, y) of the network G. f between x and y.

The so-called Rayleigh principle states that the effective resistance of a network
is a non-decreasing function of the individual edge-resistances. It follows that
Re.(x.y) < Rg(x, y), and hence u(Je | Jp) < p(Je). O

The usual proof of the Rayleigh principle makes use of the Thomson/Dirichlet
variational principle, which in turn asserts that, amongst all unit flows from source
to sink, the true flow of unit size is that which minimizes the dissipated energy. A
good account of the Kirchhoff theorem on electrical networks and spanning trees
may be found in [59]. Further accounts of the mathematics of electrical networks
include [106] and [241], the latter containing also much material about the uniform
spanning tree.

8When re-stated in terms of counts of spanning trees with certain properties, this is a con-
sequence of the 1847 work of Kirchhoff [215] on electrical networks, as elaborated by Brooks,
Smith, Stone, and Tutte in their famous paper [71] on the dissection of rectangles. Indeed, the
difference u(Je N Jf) — u(Je)u(Jy) may be expressed in terms of a certain ‘transfer current
matrix’. See [74] for an extension to more than two edges, and [31, 241] for related discussion.



Chapter 4

Infinite-Volume Measures

Summary. Random-cluster measures on infinite graphs may be defined
either by passing to infinite-volume limits or by using the approach of
Dobrushin, Lanford, and Ruelle. The problem of the uniqueness of infinite-
volume measures is answered in part by way of an argument using the
convexity of ‘pressure’. The random-cluster and Potts measures in infinite
volume may be coupled, thereby permitting a study of the Potts model on
the lattice 1.9,

4.1 Infinite graphs

Although there is interesting theory associated with random-cluster measures on
finite graphs, the real action, seen from the point of view of statistical mechanics,
takes place in the context of infinite graphs. On a finite graph, all probabilities are
polynomials in p and g, and are therefore smooth functions, whereas singularities
and ‘phase transitions’ occur when the graphis infinite. These singularities provide
most of the mathematical and physical motivation for the study of the random-
cluster model.

While one may define random-cluster measures on a broad class of infinite
graphs using the methods of this chapter, we shall concentrate here on finite-
dimensional lattice-graphs. We shall, almost without exception, consider the
(hyper)cubic lattice L¢ = (Z¢, E?) in some number d of dimensions satisfying
d > 2. This restriction enables a clear exposition of the theory and open problems
without suffering the complications that arise through allowing greater generality.
We note however that many of the basic properties of random-cluster measures on
lattices are valid on a much larger class of graphs. Interesting further questions
arise in the non-finite-dimensional setting of non-amenable graphs, to which we
return in Section 10.12.

There are two ways of defining random-cluster measures on an infinite graph

G = (V, E). The first is to consider weak limits of measures on finite subgraphs
A, in the limit as A 1 V. This will be discussed in Section 4.3, following the
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introduction in Section 4.2 of the notion of boundary conditions. The second way
is to restrict oneself to infinite-volume measures whose conditional marginal on
any given finite sub-domain A is the finite-volume random-cluster measure on
A with the correct boundary condition. This latter route is inspired by work of
Dobrushin [102] and Lanford—Ruelle [226] for Gibbs states, and will be discussed
in Section 4.4. In preparation for the required arguments, we summarize next the
stochastic ordering and positive association of probability measures on L.

Let Q = {0, I}Ed, and let ¥ be the o-field generated by the cylinder subsets
of Q. Since 2 is a partially ordered set, we may speak of ‘increasing’ events and
random variables. Given two probability measures (11, (2 on (2, ¥), we write
1 gt po if

“4.1) w1(X) < u2(X) for all increasing continuous X : Q — R.

See Section 2.1. Note that any increasing random variable X with range R satisfies
X(0) < X(w) < X(1) forall w € €2, and is therefore bounded.

One sometimes wishes to apply (4.1) to increasing random variables X that
are semicontinuous rather than continuous!. This may be done as follows. For
w, & € Q and abox A, we write a)i for the configuration given by

S _ a)(é‘) lfe € ]EAv
4.2) wy(e) = { £(e) otherwise.

For X : @ — R, we define X?\ and le\ by
(4.3) X5 () = X(@h), weQ, b=0,1.
Assume that X is increasing. It is easily checked that, as A 1 Z¢,

) X 9\ 2 X if and only if X is lower-semicontinuous,
' X }\ J X if and only if X is upper-semicontinuous,

where the convergence is pointwise on €. The functions X, X }\ are continuous.
Therefore, by the monotone convergence theorem, w1 <g (2 if and only if

4.5) w1(X) < u2(X) for all increasing semicontinuous X.

Itis a useful fact that, when w1 <g w2, then u1 = up whenever their marginals
are equal. We state this as a theorem for future use, see also [235, Section I1.2].
Recall that J, is the event that e is open.

LAn important example of an upper-semicontinuous function is the indicator function X = 14
of an increasing closed event A.
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(4.6) Proposition. Let E be a countable set, let 2 = {0, l}E, and let F be the
o -field generated by the cylinder subsets of Q2. Let i1, o be probability measures
on (2, F) such that 1 <g W2. Then 1 = py if and only if

4.7 w1(Je) = na(Je) foralle € E.

We say that a probability measure p on (2, F) is positively associated if
4.8) w(XY) = pu(X)u(Y) for all increasing continuous X, Y.
Note from the arguments above that p is positively associated if and only if

4.9) w(XY) > u(X)u(Y) for all increasing semicontinuous X, Y.

Stochastic inequalities and positive association are conserved by weak conver-
gence, in the following sense.

(4.10) Proposition. Ler E be a countable set, let Q = {0, 1}E, and let F be the
o -field generated by the cylinder subsets of Q.
(@) Let (uni :n=1,2,...), i = 1,2, be two sequences of probability mea-
sures on (2, ) satisfying: pn; = ;i asn — oo, fori = 1,2, and
Mn,1 Sst n,2 for all n. Then 1 <gt 2.
() Let (uyn :n = 1,2,...) be a sequence of probability measures on (2, F)
satisfying w, = n asn — oo. If each u, is positively associated, then so
s \.
Proof of Proposition 4.6. If w1 = u» then (4.7) holds. Suppose conversely that
(4.7) holds. By [235, Thm 2.4] or [237, Thm I1.2.4], there exists a ‘coupled’
measure u on (2, F) x (2, F) with marginals w1 and u2, and such that

n({(r,w) € Q1w <w)) = 1.
For any increasing cylinder event A,
p2(A) = i (A) = u({(m, @) i ¢ A, o € A})
<Y u(m@ =0, 0@ =1)

eckE
= [w(e) =1) — u((e) =1)]
ecE
=Y [m20e) = mia] =0.
eckE
Since ¥ is generated by the increasing cylinders A, the claim is proved. g

Proof of Proposition4.10. (a) We have that 1, 1(X) < p, 2(X) for any increasing
continuous random variable X, and the conclusion follows by letting n — oo. Part
(b) is proved similarly. g
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4.2 Boundary conditions

An important part of statistical mechanics is directed at understanding the way in
which assumptions on the boundary of a region affect what happens in its interior.
In order to make precise such a discussion for random-cluster models, we introduce
next the concept of a ‘boundary condition’.

Let A be a finite subset of Z¢. We shall later take A to be a box, but we retain
the extra generality at this point. For & € Q, let Qf\ denote the (finite) subset of 2
containing all configurations w satisfying w(e) = £(e) for e € E \ E,; these are
the configurations that ‘agree with& off A’. Foré € Qand p € [0, 1],q € (0, 00),
we shall write ¢>i v for the random-cluster measure on the finite graph (A, Ep)

‘with boundary condition &’; this is the equivalent of a ‘specification’ for Gibbs
states, see [134]. More precisely, let q) Apog be the probability measure on the pair
(2, ) given by
(4.11)

E g 1 { 1—[ 22O — p)l- w(e)} K@D if o e Qi
¢A,p,q(0))= Z\(p,q) eckp
0 otherwise,

where k(w, A) is the number of components of the graph (Z4, n(w)) that intersect
A, and Zi (p, q) is the appropriate normalizing constant,

(4.12) Zpao=Y {T] pw(e)(l_p)l—w(e)}qk(w,A)'

& *eckE
we, A

Notethat¢APq(Q ) =1.

The boundary condition £ influences the measure ¢i’ v through the way in
which the term k(w, A) in (4.11) counts the number of w-open clusters of A
intersecting the boundary 0 A. Let x,y € dA, and suppose there exists a path
of £-open edges of E¢ \ E, from x to y. Then any two w-open clusters of A
containing x and y, respectively, will contribute only 1 to the count k(w, A).

Random-cluster measures have an important ‘nesting’ property which is best
expressed in terms of conditional probabilities. For any finite subset A of Z<,
we write as usual F, (respectively, 7 ) for the o-field generated by the states of
edges in E, (respectively, E¢ \ Ex).

(4.13) Lemma. Let p € [0, 1] and g € (0, 00). If A, A are finite sets of vertices
with A C A, then for every & € Q and every event A € F,

Orpg A1 TI@) =%, ,(A),  we

Two extremal boundary conditions of special importance are the configura-
tions 0 and 1, comprising ‘all edges closed’ and ‘all edges open’ respectively.
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One speaks of configurations in Q?\ as having ‘free’ boundary conditions, and
configurations in Q}\ as having ‘wired’ boundary conditions. The word ‘wired’
refers to the fact that, with boundary condition 1, the set of open clusters of
w € Q) that intersect d A are ‘wired together’ and contribute only 1 in all to the
count k(w, A) of clusters>. This terminology originated in the study of electrical
networks. ‘Free’ is understood as the converse: such clusters are counted in their
actual number when the boundary condition is 0.

The free and wired boundary conditions provide random-cluster measures
which are extremal (for ¢ > 1) in the sense of stochastic ordering.

(4.14) Lemma. Let p € [0, 1] and g € [1, 00), and let A C 74 be a finite set.
(a) Forevery & € Q, the probability measure q)i pg IS positively associated.

(b) For ¢, & € 2, we have that d)X’p’q <st ¢i’p’q whenever ¥ < &. In
particular,

0 & 1
¢A,p,q Sst ¢A,p,q Sst ¢A,p,q’ E € Q.

Proof of Lemma 4.13. We apply Theorem 3.1(a) repeatedly, once for each edge
inEa \Ex. O

Proof of Lemma 4.14. The key to the proof is positive association, which is valid
by Theorem 3.8 when g € [1, oo). The proofis straightforward, if slightly tedious
when written out in detail. Since p and g will be held constant, we omit them
from future subscripts. Let g € [1, oo0) and let A be a finite subset of 74. For
& € Q and for any increasing continuous function X : 2 — R, we define the
increasing random variable X i : Q2 —> Rby

X3 (@) = X (@})

where a)i is givenin (4.2). We may view X i as an increasing function on {0, I}EA.

We augment the graph (A, E,) by adding some extra edges as follows around
the boundary d A. For every distinct unordered pair x, y € d A, we add anew edge,
denoted [x, y], between x and y. If the edge (x, y) exists already in A, we simply
add another in parallel. We write IF for the set of new edges, Q2 = {0, 1}EAYF for
the augmented configuration space, and let ¢ , be the random-cluster measure on
the augmented graph (A, Ex UF). The key pointis that ¢ , satisfies the statements
in Theorem 2.24.

For & € Q, let L be the equivalence relation on dA given by: x £ y if and
only if there exists a £-open path of E¢ \ E, joining x to y. Let F¢ be the set of

§
all edges [x, y] € F such that x ~ y.
2 Alternatively, one may omit from the cluster-count all clusters that intersect 3 A. This under-

cuts k(w, A) by 1 for the wired measure ¢ }\ P and the difference, being constant, has no effect
on the measure. See also Section 10.9.
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(a) Let X, Y be increasing and continuous on €2. Then

$A(XY) = ¢ (X, Y})
= qu(Xi Yi | F$ open, F \ F closed)
> (X5 | FE open, T\ F closed)g , (Y5 | F open, F \ F¢ closed)
by strong positive-association

= ¢S (X5 (YS) = 5 (X)p5 (V).

whence qbi is positively associated.

(b) In broad terms, the ‘greater’ the connections off A, the larger is the induced
measure within A. Let v < &, whence FY C T, and let X be an increasing
random variable. Then

S (X) = o) (X))
= ¢>A(XX | FY open, F \ FY closed)
<ppX K | Fé open, F \ F* closed) by monotonicity
< q)A(Xi | Fé open, F \ i closed) since XX < Xi
= A (X)) = $,(X),

and the claim follows. |

4.3 Infinite-volume weak limits

We begin with a definition of a ‘weak-limit’ random-cluster measure on L¢. The
use of the letter A is restricted throughout this section to boxes of Z¢.

(4.15) Definition. Let p € [0, 1] and ¢ € (0, 00). A probability measure ¢ on
(2, F) is called a limit-random-cluster measure with parameters p and ¢ if, for
some £ € €2, ¢ is an accumulation point of the family {¢i’p’q : A C 7%, that is,
there exists a sequence A = (A, :n = 1,2,...) of boxes satisfying A, 1 74 as
n — oo such that

¢§\n,p,q = ¢ asn — 00.

The set of all such measures ¢ is denoted by W, ,, and the closed convex hull of
W, 4 is denoted by co W), 4.

One might at first sight consider instead the class of all weak limits of the form

(4.16) ¢ = lim ¢
n— Py
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for sequences A = (A,) of boxes and (§,) of configurations. This provides no
extra generality over Definition 4.15, as we explain next in two paragraphs which
the reader may choose to omit, [152].

The measure qbi pa is influenced by & through the connections it provides
between vertices in the boundary 0 A. By arranging for the same connections (and
no others) to be provided in a manner which is ‘more economical in the use of
space’ one discovers the following. Let A be a box and & € 2. There exists a box
A’ 2 A and a configuration ¢ such that: ¢f\,p’q(A) = ¢Kp,q (A) for any event
A € ¥, and any configuration ¥ that agrees with  onEx/ \ Ex.

Assume now that (4.16) holds for some A, £&. Let A be a cylinder event,
and assume that A is such that A € F,,. Define the increasing subsequence
(Ap :n=1,2,...) of A and the configuration £ as follows. We set A; = A
and §(e) = &j(e) for e € Ea,. Having constructed A, = A,, and the partial
configuration (§(e) : e € Ea,) forr < R, we construct A and the additional
configuration (§(e) : ¢ € Ea, \ Ea,_,) by the following rule. By the remark
above, there exists a box A’ 2 Ag_; and a configuration ¢ such that

g:)l —
Pai g B = sy D)

for any  thatagrees with onEp/\Ea,_,. Wefindm = ng suchthatm > ng_;
and A, 2 A/, and we set Ag = A,y and £(e) = ¢(e) fore € Eap \ Ea,_,. By
(4.16), ¢, ,(A) — ¢(A) asr — oo, whence ¢}, . = ¢.

The following claim is standard of its type. Part (b) is related to the so-called
‘finite-energy property’ to be discussed in the next section.
(4.17) Theorem. Let p € [0, 1] and g € (0, 00).

(a) Existence. The set W), ;4 of limit-random-cluster measures is non-empty.

(b) Finite-energy property. Let ¢ € coW, , and e € E?. We have that
p
p+qld—p

¢-almost-surely, where J, is the event that e is open.

. p
)}§¢(Je|Je)fmaX{p,erq(l_p)},

min { P,
(c) Positive association. If g € [1,00), any member of Wy 4 is positively
associated.

Proof. (a) The metric space 2 is the product of discrete spaces, and is therefore
compact. Any infinite family of probability measures on €2 is therefore tight, and
hence relatively compact (by Prohorov’s theorem, see [42]), which is to say that
any infinite subsequence contains a weakly convergent subsubsequence. We apply

this to the family {q&in,p,q :n =1,2,...} for any given £ € Q and any given
sequence A = (A, :n=1,2,...) with A, 74 as n — oo.
(b) Let ¢ € ‘W, 4, so that

(4.18) ¢

>

>

m ¢

TZd P-4
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for some £ € 2 and some sequence of boxes A. For ¥ C 74 and e € EY, let Fx\e
denote the o-field generated by {w(f) : f € Exs, f # e}. By the martingale
convergence theorem [164, eqn (12.3.10)] and weak convergence,

¢(Je | Te) = lim ¢(Je | Fx\e) ¢-a.s.
=4zd

T . 3 _
= XIDITHZId Algd D p.gJe | Fu\e) p-as.

The claim follows by Theorem 3.1(a). It is evident that any convex combination
of measures in ‘W), ; satisfies the same inequalities. A similar argument yields the
claim for weak limits of such combinations.

(c) Let g € [1, 00), and let ¢ be expressed as in (4.18). By Lemma 4.14(a), each
P, v is positively associated, and the claim follows by Proposition 4.10(b).

Let A = (A, : n = 1,2,...) be an increasing sequence of boxes such that
A 1 74 as n — o0o. When does the limit lim,_ s ¢>in, g exist, and is it
independent of the choice of the sequence A? Only a limited amount is known
when g < 1, and the reader is referred to Section 5.8 for this case. Wheng > 1, we
may use positive association to prove the existence of the limit in the extremal cases
with £ = 0, 1. The next theorem comprises the basic existence result, together
with some properties of the limit measures. It is preceded by some important
definitions.

Let G = (V, E) be a countable, locally finite3 graph, and write Qg = {0, l}E ,
and Fg for the o -field generated by the cylinder subsets of Qg. An automorphism
of Gisabijectiont : V — V such that, forallu, v € V, (u, v) € E if and only if
(t(u), T(v)) € E. We write Aut(G) for the group of all such automorphisms. The
domain of an automorphism t may be extended to the edge-set E by t((u, v)) =
(t(u), (v)). An automorphism 7 generates an operator on 2, denoted also by
T : Qp — Qf and given by tw(e) = w(t"'e) for e € E. A random variable
X : Qg — R is called t-invariant if X(w) = X(tw) forall w € Qg. A
probability measure u on (g, Fr) is called t-invariant if u(A) = u(rA) for
all A € Fg.

Let I' be a subgroup of Aut(G). A random variable X : 2 — R is called
I"-invariant if it is t-invariant for all T € I", and a similar definition holds for
a probability measure p on (2, ££). The measure u is called automorphism-
invariant if it is Aut(G)-invariant. A probability measure p on (Qf, Fg) is called
I"-ergodic if every I'-invariant random variable is p-almost-surely constant, see
[241, Chapter 6]. It is clear that, if " C T, then u is I'-ergodic whenever it is
[-ergodic. In the case when I is the group generated by a single automorphism
7, we use the term t-ergodic rather than I'-ergodic.

We turn now to the graph G = LL¢, and to a class of automorphisms termed
translations. Letx € Z4, and define the function 7, : Z¢ — Z? by 1,(y) = x + .

3 A graph is called locally finite if every vertex has finite degree.
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The automorphism t, is referred to as a translation. We denote the group of
translations by Z¢, noting that g is the identity map. A random variable X : Q —
R (respectively, a probability measure  on (€2, ¥)) is called translation-invariant
if it is Z%-invariant.

The probability measure p on (€2, ) is said to be tail-trivial if, for any tail
event A € 7, u(A) equals either O or 1. The property of tail-triviality is important
and useful for two reasons. First, tail-triviality implies mixing, see (4.22) and
Corollary 4.23. Secondly, in statistical mechanics, for a given specification, tail-
triviality is equivalent to extremality within the convex set of Gibbs states, see
[134, Thm 7.7].

(4.19) Theorem (Thermodynamic limit) [8, 63, 122, 149, 150, 152].
Let p € [0, 1] and q € [1, 00).
(a) Existence. Let A = (A, : n = 1,2,...) be an increasing sequence of
boxes satisfying A, 1+ Z%¢ as n — o0o. The weak limits

¢h,=lim ¢ . b=01, (4.20)

Pa = 2%

exist and are independent of the choice of A.

(b) Automorphism-invariance. The probability measure ¢[l;’ q s automorphism-
invariant, for b = 0, 1.
(c) Extremality. The qbf,’, q are extremal in that

¢, <P Zadp,  DE Wy (4.21)

(d) Tail-triviality. The ¢£’ g are tail-trivial.
A probability measure p on (€2, ¥) is said to be mixing if, forall A, B € ¥,

(4.22) lim p(AN7B) = pn(A)u(B),

|x|—o00
which is to say that, for € > 0, there exists N = N(¢) such that
[WANTB) — (B <e if |x[=N.

(4.23) Corollary. Let p € [0,1], g € [1,00), and b € {0, 1}. The probability
measure f,’, o Is mixing, and is T-ergodic for every translation t of L¢ other than
the identity.

Proof of Theorem 4.19. (a) Suppose first that b» = 0. Let A and A be boxes
satisfying A € A, and let A be the event that all edges in Ex \ Ex have state 0. By
Theorem 3.1(a), q&?\, p.q May be viewed as the marginal measure on E, of q&OA’ v
conditioned on the event A. Since A is a decreasing event, by positive association,

(4.24) PR pg(B) =%, (B1A) <R, ,(B)
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for any increasing B € ¥, . Therefore, the increasing limit
0 1 0
Fpq(B) = lim 63, ,(B)

exists for all increasing cylinder events B, and the value of the limit does not
depend on the way that A 1 Z¢. The collection of all such events B is convergence-
determining, [42, pp. 14-19], whence the limit probability measure q&g, g CXists.
For the case b = 1, we let A be the event that all edges in Ex \ E, are open, and
we reverse the inequality in (4.24).

(b) The translation-invariance of q&g’ q is obtained as follows. Let F be a finite

subset of E, and let B € FF be increasing. Let t be a translation of .. For any
box A containing all endvertices of all edges in F, we have by positive association
as in (4.24) that

¢ (B) =%, (B) =92 , (tT'B)—> ¢0 (tT'B)  asA 17

Applying the same argument with B and 7 replaced by ! B and 7!, we obtain
that ¢>[0,,q (B) = ¢2’q (B). Similar arguments are valid for ¢[1,’q.

Let C be the set of automorphisms that fix the origin. Each automorphism of
LL¢ is a combination of a translation T and an element o € C. Every element of C
preserves boxes of the form A, = [—n, n]?, and it follows by (4.20) that the ¢£, q
are automorphism-invariant.

(c) By Lemma 4.14,

0 & 1
¢A,p,q Sst ¢A,p,q Sst ¢A,p,q’ E € Q,

and (4.21) follows by Proposition 4.10(a).

(d) We develop the proof of [31, 240] rather than the earlier approach of [152].
Let b = 0, an exactly analogous proof is valid for » = 1. Let A, A be boxes
with A € A, and let A € F, be increasing, and let B € Fa\a. By strong
positive-associati0n4, Theorem 3.8(b),

PR pg(ANB) =63 , (A B} , ,(B)
> ¢R g (AR .4 (B).

Let A 1 7 to obtain that
50 (QﬂB)>fO (4)50 (B)
P.q = YA pygq P-4 ’

Since this holds for B € Fa\4, it holds for B € T}, and hence for B € 7. Let
A 1 Z4 to deduce that

(4.25) ¢ (ANB)>¢) (A)¢) (B), BeT.

4The case qﬁg, P (B) = 0 should be handled separately.
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Applying (4.25) to the complement B, we have that

(4.26) o) J(ANB) > ¢) (A)g) (B), BeT.

Since the sum of (4.25) and (4.26) holds with equality,

(4.27) o) J(ANB) =¢) (A)g) ,(B), BeT.

Since this holds for all increasing A € F4, it holds (as in the proof of part (a)) for
all A € ¥. Setting A = B yields that ¢>[0,,q (B) equals 0 or 1, which is to say that

T 1is trivial. The same proof with several inequalities reversed is valid for ¢[1,’ ¢

Proof of Corollary 4.23. Ttis a general fact that tail-triviality implies mixing, see
[134, Prop. 7.9] and the related discussion at [134, Remark 7.13, Prop. 14.9]. The
t-ergodicity of the ¢;’;’ ¢ 1s a standard application of mixing, as follows. Let y # 0
and T = 1y. Let B be a t-invariant event, and apply (4.22) with x = ny and
A = B to obtain, on letting n — oo, that ¢} (B) = ¢5 (B)*. Alternatively,
note that the o-field of t-invariant events is contained in the completion of the tail
o-field 7, see the proof for d = 1 in [222, Prop. 4.5]. Il

We close this section with the infinite-volume comparison inequalities and
b

certain semicontinuity properties of the mean ¢, , (X) of a random variable X.
(4.28) Proposition. Let p € [0, 1] and g € [1, 00).
(a) Comparison inequalities. For b = 0, 1, the measures q&g q satisfy the com-
parison inequalities:

Bh 4 Sst B4 a1 =q2 =1, and p1 < po,

. pP1 p2

o 2Oy, Fazozloand (= 7

(b) Upper-semicontinuity. Let X be an increasing upper-semicontinuous ran-
dom variable. Then q&[l,’ ¢(X) is an upper-semicontinuous function of the
vector (p, q), and is therefore a right-continuous function of p and a left-
continuous function of q.

(c) Lower-semicontinuity. Let X be an increasing lower-semicontinuous ran-
dom variable. Then 4’107, ¢(X) is a lower-semicontinuous function of the
vector (p, q), and is therefore a left-continuous function of p and a right-
continuous function of q.

Conditions for the semicontinuity of an increasing random varable are given
at (4.4). An important class of increasing upper-semicontinuous functions is pro-
vided by the indicator functions X = 14 of increasing closed events A. Itis easily
seen by (4.4) that such an indicator function is indeed upper-semicontinuous, and it
follows by part (b) above that 4)},, q (A) isright-continuous in p and left-continuous
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in g. As an important example of such an event A, consider the event {0 < oo},
that there exists an infinite open path in ¢ with endvertex 0.

Similarly, the indicator function of any increasing open event A is an increasing
lower-semicontinuous random variable, and thus part (c) may be applied. We note
that (b) and (c) apply to all increasing continuous random variables, and therefore
to the indicator function X = 1p of any increasing cylinder B.

Proof of Proposition4.28. (a) Thisis a consequence of Theorems 3.21 and 4.10(a).
(b) Let A, = [—n,n]?. Suppose X satisfies the given condition, and define Xﬁ
by Xf; (w) =X (w?\n) for b = 0, 1, where a)f\ is given in (4.2). Using stochastic
orderings of measures and (4.5), we have for m < n that

GpgX) S DN, 5 (X) S Bh, 0 (Xp)  since X < X,
— ¢[17’q(X,1n) asn — o0

—>¢[17’q(X) asm — o0,

where we have used (4.4) and the monotone convergence theorem. Also,

1 1 1 1 .
¢A”,p,q(xn) = ¢A,,+1,p,q(xn) since Ay, © Aypg
1 1 . 1 1
Z¢’A,,+1,p,q(xn+1) since X, > X, ..
By the two inequalities above, the sequence 4’11\,,, » q(X,ll), n=1,2,...,1s non-
increasing with limit qbll,, ¢ (X). Each qu]\n » q(X ,i) is a continuous function of p
and g, whence qbll,, 4(X) is upper-semicontinuous.

(c) The argument of part (b) is valid with X ,1, replaced by Xg, the boundary con-
dition 1 replaced by 0, and with the inequalities reversed. g

4.4 Infinite-volume random-cluster measures

There is a second way to construct infinite-volume measures, this avoids weak
limits and works directly on the infinite lattice. The following definition is based
upon the well known Dobrushin-Lanford—Ruelle (DLR) definition of a Gibbs
state, [102, 134, 226]. It was introduced in [111, 149, 150, 272] and discussed
further in [63, 152].

(4.29) Definition. Let p € [0, 1] and ¢ € (0, 00). A probability measure ¢ on
(2, ) is called a DLR-random-cluster measure with parameters p and q if:
(4.30)

forall A € ¥ and boxes A, ¢(A | TA)(E) = q)i’p’q(A) for ¢-a.e. &.

The set of such measures is denoted by R, ;.
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The condition of this definition amounts to the following. Suppose we are given
that the configuration off the finite box A is that of £ € 2. Then, for almost every
&, the (conditional) measure on A is the finite-volume random-cluster measure
¢i’ v It is not difficult to see, by a calculation of conditional probabilities, that
no further generality may be gained by replacing the finite box A by a general
finite subset of Z4. Indeed, we shall see in Proposition 4.37(b) that it suffices to
have (4.30) for all pairs A = {x, y} withx ~ y.

The structure of R, 4 relative to the set ‘W, , remains somewhat obscure. It
is not known, for example, whether or not W, , € R, 4, and indeed one needs
some work even to demonstrate that R, ; is non-empty. The best result in this
direction to date is restricted to probability measures having a certain additional
property. For w € €, let I (w) be the number of infinite open clusters of w. We
say that a probability measure ¢ on ($2, ) has the 0/ 1-infinite-cluster property’
if¢p(I €{0,1}) = 1.

(4.31) Theorem [152, 153, 156, 272]. Let p € [0,1] and g € (0,00). If ¢ €
co W, , and ¢ has the 0/1-infinite-cluster property, then ¢ € Rp 4.

A sufficient condition for the 0/1-infinite-cluster property is provided by the
uniqueness theorem of Burton—Keane, [72], namely translation-invariance® and
so-called ‘finite energy’. A probability measure ¢ on (€2, ¥) is said to have the
finite-energy property if

(4.32) 0<o¢p(Je | Te) <1 ¢-as., foralle e Ed,

where, as before, J, is the event that e is open.

(4.33) Theorem [152, 153, 156]. Let p € [0, 1] and g € (0, 00).

(a) The closed convex hull co'W), ; contains some translation-invariant proba-
bility measure ¢.

(b) Let p € (0, 1). Every ¢ € co W, 4 has the finite-energy property.

(¢) If ¢ € co'W, , is translation-invariant, then ¢ has the 0/1-infinite-cluster
property.

Theorems 4.31 and 4.33 imply jointly that |[R), 4| # @ when p € (0, 1) and
q € (0,00). [The cases p = 0, 1 are trivial.] We now present some of the basic
properties of the set R 4.

5The 0 /1-infinite-cluster property is linked to the property of so-called ‘almost-sure quasilo-
cality’, see Lemma 4.39 and [272].

SRather less than full translation-invariance is in fact required. The proofin [72] uses ergodicity
of the probability measure, rather than simply translation-invariance. Further comments about
the extension to translation-invariant measures may be found in [73] and [136, p. 42]. See [158]
for a general account of Burton—Keane uniqueness.
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(4.34) Theorem [152]. Let p € [0, 1] and g € (0, 00).

(a) Existence. The set R 4 is non-empty and contains at least one translation-
invariant member of co Wy, 4. Furthermore, R, 4 is a convex set of mea-
sures.

(b) Stochastic ordering. If g € [1, 00), then qﬁgﬂ € Rp,qforb=0,1, and
P, S Sy PERpg (4.35)

(c) Extremality. The qb[}; o b =0, 1, are extremal elements of Rp 4.

It is an important open problem to identify all pairs (p, g) under which qﬁg =
¢>[17,q. By (4.21) and (4.35), for g € [1, 00),

(4.36) [ Wpgl = |Rpql =1 ifandonlyif ¢) =g, ..

so this amounts to asking for which pairs (p, ¢) there exist (simultaneously) a
unique DLR-random-cluster measure and a unique limit-random-cluster measure.
Various partial answers are known, see Theorems 4.63 and 5.33, and a conjecture
appears at (5.34).

Let g € [1, 00). Since the extremal measures qbz q are translation-invariant,
they have the 0/ 1-infinite-cluster property, see Theorems 4.19(b) and 4.33(c). The
ergodicity of the qb[}; 4 Was proved in Corollary 4.23. We note two further properties
of DLR-random-cluster measures, namely the finite-energy property, and positive
association when g € [1, 00). Let e = (x, y) be an edge, and let K, be the event
that x and y are joined by an open path of E4 \ {e}.

(4.37) Proposition. Let p € [0, 1] and g € (0, 00).
(a) Finite-energy property. Let ¢ € R 4. For ¢-almost-every w,

p ifw e Ke,
d(Je | Te)(w) = p ifo ¢ K. (4.38)
p+q(—p)

(b) Conversely, if ¢ is a probability measure on (2, ) satisfying (4.38) for all
e € B4 and ¢-almost-every w, then ¢ € R 4.

(c) Positive association. If g € [1,00) and ¢ € R, 4 is tail-trivial, then ¢ is
positively associated.

We shall use the following technical result in the proof of Theorem 4.31.
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(4.39) Lemma [152]. Let ¢ be a probability measure on (2, ) with the finite-
energy property (4.32) and the 0/1-infinite-cluster property. For any box A and
any cylinder event A € ¥, the random variable g(w) = ¢‘;\”p’q (A) is ¢p-almost-
surely continuous.

Proof. Let A be a finite box and A € Fx. The set D, of discontinuities of the
random variable g(w) = qu v (A) is a subset of the set

(4.40) D (M) = [ {w: sup Ig(é“)—g(w)|>0}

A: ADA {:f=won A

where the intersection is over all boxes A containing A, and we write ‘¢ = @ on
A’ if¢(e) = w(e) fore € En. Let Dy a be the set of all w € €2 with the property:
there exist two points u, v € d A such that both # and v are joined to d A by paths
using w-open edges of Ex \ Ex, but u is not joined to v by such a path. If Dy a
does not occur, then k(¢, A) = k(w, A) for all { € Q such that ¢ = w on A,
implying that g(¢) = g(w). It follows that

Dg(A) S () Daa-
A: ADA

It easily seen that [ A Da,a ={Ia > 2}, where I, is the number of infinite open
clusters of E4 \ E4 intersecting d A. Therefore,

(4.41) #(Dg) < ¢(Dg(N)) < p(In = 2).
By the finite-energy property (4.32),
(4.42) oI >2)>0 if ¢(p=>2)>0.

By the 0/1-infinite-cluster property, ¢ (I > 2) = 0, and therefore ¢(D,) = 0 as
required. g

Proof of Theorem 4.33. (a) Since q)gﬂ € Wp 4 for g € [1, 00), we shall consider
the case when g € (0, 1) only. By Theorem 4.17(a), we may find ¢ € W), ;. Let

1
(4.43) Y = ™ Y nog

XEA,

where A,, = [—m, m]d, and 1, o ¢ is the probability measure on (€2, ) given
by 7, 0 ¢(A) = ¢(14A) for the translation 7, (y) = x + y of the lattice. Clearly,
o € W, , forall x, whence v, belongs to the convex hull of ‘W, ,. Let ¢ be
an accumulation point of the family (v, : m = 1, 2, ...) of measures.

Let e be a unit vector of Z9. By (4.43), for any event A,

444 [Yn(A) — teo Y (A)] < 'fAA"“" S0 asmo oo
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whence 1 is te-invariant. Certainly v € co'W,, 4, and the proof of (a) is complete.
(b) This follows by Theorem 4.17(b).

(o) If p = 0 (respectively, p = 1), then ¢ is concentrated on the configuration 0
(respectively, 1), and the claim holds trivially. If p € (0, 1), it follows from (b)
and the main theorem of [72]. See also the footnote on page 79. 0

Proof of Theorem 4.31. The claim is trivial when p = 0, 1, and we assume that
p € (0, 1). The proof is straightforward under the stronger hypothesis that ¢ €
W, 4, and we begin with this special case. Supposethat A = (A, :n=1,2,...),
¢ € Q,and ¢ € W, 4 are such that

¢ = lim ¢f\mp~51’

and assume that ¢ has the 0/1-infinite-cluster property. Let A be a box and let
A € Fp. By Lemma4.13,

(445) ifAC An 0%, (M) =05, (AlT) () forgy , -ae o

Let B be a cylinder event in 5. By Theorem 4.33(b) and Lemma 4.39 applied
to the measure ¢, the function 1 B(a))¢>x » q(A) is ¢-almost-surely continuous,
whence

$(180004 p (D) = lim @5 (1506} ,4(4)
= lim ¢, ,, (180085, , (A1 T) by (445)

Lk
= nll)n;o ¢Anv[7»q(A n B)
#(AN B).

Since T is generated by its cylinder events, we deduce that

(4.46) B(ATa) =), (A) s,

whence ¢ € R, 4.

We require a further lemma for the general case. Let X : 2 — R be a bounded
random variable, set

v(X) = sup [X(®)—X()l,

0,0 e
and let Dy be the discontinuity set of X, that is,

4.47) Dy = {a) € Q: X is discontinuous at a)}.
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(4.48) Lemma. Let u,, u be probability measures on (2, F) such that jt, = i
as n — oo. For any bounded random variable X : 2 — R,

lim sup | pn (X) — pn(X)] = v(X)u(Dx).

n—oo

Proof. By [107, Thm 11.7.2], there exists a probability space (X, §, P) and ran-
dom variables p,, p : ¥ — Qsuch that: p, haslaw u,, p haslaw u, and p,, — p
almost surely. Therefore,

X(on)lc(p) = X(p)lc(p) P-ass.,

where C = Q2 \ Dx. By the bounded convergence theorem,

ln (X) — n(X)| = [P(X (on) — X (0))I
< PIX(pn) — X (p)|
=P(IX(on) — X(0)[1c(p)) +P(1X (on) — X (0)1(p))
<P(IX(pn) — X (0)I1c(p)) + v(X)P(1:(p))
—> 04+ vX)u(C) = v(X)u(Dyx) asn — oo. O

Let ¢ € co W, , have the 0/1-infinite-cluster property, and write ¢ as ¢ =
lim,,— 5o ¢, Where

>~

n

1 . Sn,i
(4.49) o= D buis fui= Jim 95 p.q

i=1

The latter is actually a shorthand, since A will in general approach Z¢ along some
sequence of boxes which depends on the values of n and i, but this will not be
important in what follows.

Let A be abox, and let A € F,. Let B be a cylinder event in 7. Since £,
are T are generated by the classes of such cylinders, it is enough to prove that

(4.50) $(15()b, 4 (A) = (AN B).
Let D a be the event given after (4.40), noting as before that
(4.51) Daad{In>2) asAtz4,

where [, is the number of infinite open clusters of E4 \ E, that intersect d A.
By (4.49) and Lemma 4.48,

(4.52) limsup|gn.i(15dy 4 (A) = G3"  (Lsdy 4 (A))] < bnilla = 2),

Atzd
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asin (4.41). By Lemma 4.13,
$ut, (Lpdi g (A) = 63" (ANB)  foralllarge A,
and therefore, on taking the limit as A 1 Z¢,

(4.53) |60, 1B} p o (A) = G i(ANB)| < pni(In > 2).

By (4.49) and Lemma 4.39,
Kn
. .1 _
P(1Bd) pq(A) = lim X, ;¢n,i(1B¢A,p,q(A)),

K
N
$(ANB)= lim ;j%,im NB),
whence
[@(1B¢) . 4(A) —P(AN B)|

K
1 n

< lim sup K E |¢>n,i(13¢)\,p,q(z‘\)) — ¢n,i(ANB)|
=1

n—oo

K
1 n
< lim sup K E Gn.i(Ip >2) by (4.53)

n— 00 n’
i=1

K
1 n
< lim sup K E Gn.i(Da.A) if A D A, by (4.51)

n— 00 n’
i=1

= lim sup ¢, (D, a)

n—oo
= ¢(Da,n)
— ¢(Ix >2) as A — 74,
The final probability equals O as in (4.42), and therefore (4.50) holds. Il

Proof of Theorem 4.34. (a) By Theorem 4.33, there exists ¢ € co W, , with the
0/1-infinite-cluster property. By Theorem 4.31, ¢ € R, ,. Convexity follows
immediately from Definition 4.29: for ¢, ¥ € R, 4 and « € [0, 1], the measure
a¢p + (1 — a)y satisfies the condition of the definition.

(b) Assume g € [1, 00). By Theorem 4.19(b) the ¢>I;, g are translation-invariant,
whence by Theorem 4.33(c) they have the 0/1-infinite-cluster property. By The-
orem 4.31, each belongs to R, ;. Inequality (4.35) follows from Lemma 4.14(b)
and Definition 4.29, on taking the limit as A — Z¢.
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(c) The ¢b g Are tail-trivial by Theorem 4.19(d), and tail-triviality is equivalent to
extremality, see [134, Thm 7.7]. There is a more direct proof using the stochastic
ordering of part (b). If qbg 4 18 not extremal, it may be written in the form ng, q

agy + (1 — a)¢, for some a € (0,1) and ¢1, ¢ € R, 4. For any increasing
cylinder event A, ¢2’q (A) < min{¢1(A), p2(A)} by (4.35), in contradiction of the

above. A similar argument holds for ¢11,, g |

Proof of Proposition 4.37. (a) This is a consequence of Definition 4.29 in con-
junction with (3.3).

(b) Let ¢ satisfy (4.38) forall e € E, and let A be a finite box. For ¢-almost-every
£ € Q, the conditional measure 1% (-) = ¢(- | Ta)(€) may be thought of as a
probability measure on the finite set 25 = {0, 1}*A with an appropriate boundary
condition. By (4.38) and Theorem 3.1(b), ut = (;Siy pa for ¢-almost-every &,
whence (4.30) holds and the claim follows.

(c) Let g € [1,00), and let X, Y : Q — R be increasing, continuous random
variables. For ¢ € R 4,

P(XY) = $(¢(XY | Tn))

¢(
(¢A,p,q(XY))
(¢A’p’q (XD p.q (Y)) by positive association

=¢(p(X | TA)P(Y | Th))
= ¢@X | T)p(Y | T))  asA 1z,

by the bounded convergence theorem and the backward martingale convergence
theorem [107, Thm 10.6.1]. If ¢ is tail-trivial,

X [T)=¢X), ¢ |T)=0¢), ¢-as.,

and the required positive-association inequality follows. O

4.5 Uniqueness via convexity of pressure

We address next the question of the uniqueness of limit- and DLR-random-cluster
measures on ¢ for given p and g. The main result of this section is the following.
There exists a (possibly empty) countable subset £, of the interval [0, 1] such
that qbg g = q&;’ 4» and hence there exists a unique random-cluster measure in that
[Wpql = |Rpgl = 1,if and only if p ¢ D,. Further results concerning the
uniqueness of measures may be found at Theorems 5.33, 6.17, and 7.33.

The ‘almost everywhere’ uniqueness of random-cluster measures will be proved
by showing that the asymptotic behaviour of the logarithm of the partition func-
tion does not depend on the choice of boundary condition, and then by relating
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the differentiability of the limit function to the uniqueness of measures. A certain
convexity property of the limit function will play a role in studying its differentia-

bility. Rather than working with the usual partition function Z i (p, q) of (4.12),
we shall use the function Yf\ : R? — R given by

(4.54) Yi(rk) = Y exp{n[Ex N (@) + ko, A)},
wEQi

and satisfying

(4.55) Zi(p.q) = (1= p)EalY (60,
where 7 = w(p) and k¥ = k(g) are given by

(4.56) 7(p) = log <1 fp) . k() =logq.
Note that

(4.57) Zp. =1, Ya(r,0) = (1 — p)~IBal,

We introduce next a function G (7, k) which describes the exponential asymp-
toticsof Y i (m,k)as A 1 74 . In line with the terminology of statistical mechanics,
we call this function the pressure. All logarithms will for convenience be natural
logarithms.

(4.58) Theorem [145, 150, 152]. Let A be a box of L. The finite limits

1

(4.59) G(m, k) = lim { log Yf\(n, K)}, (m, k) € ]Rz,
arzd | [Eal

exist and are independent of € € Q2 and of the way in which A + Z4. The

‘pressure’ function G is a convex function on its domain R>.

In the proof, we shall see that G may be approximated from below and above to
any required degree of accuracy by smooth functions of (7, «), see (4.68)—(4.70).

We shallidentify the set £, mentioned at the start of this section as D, = D, @)
a set given in the next theorem with «(q) = logg. This set corresponds to the
points of non-differentiability of the convex function G. Recall that, by convexity,
G is differentiable at (7, «) if and only if G has both its partial derivatives at this
point.

Let O’ be the set of all (77, k) at which G is not differentiable when viewed as a
function from R? to R. Since G is convex, D’ has Lebes gue measure 0, and indeed
D’ may be covered by a countable collection of rectifiable curves (see [115, Thm
8.18], [291, Thm 2.2.4]). For any line [ of R2, the restriction of G to [ is convex,
whence G restricted to / is differentiable along [ except at countably many points.
Each such point of non-differentiability on [ lies in £’, but the converse may not
generally be true.

The two partial derivatives of G have special physical significance for the
random-cluster model, and one may show when g > 1 (thatis, k > 0) that G has
one partial derivative at any given point (7, k) if and only if it has both.
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(4.60) Theorem.
(a) Foreachk € R, there exists a (possibly empty) countable subset D, of reals
such that G(w, k) is a differentiable function of 7 if and only if & ¢ Dj.
(b) Foreachw € R, there exists a (possibly empty) countable subset D] of reals
such that G(w, k) is a differentiable function of « if and only if k ¢ D..
(c) For(m, k) € R x (0, 00), exactly one of the following holds:
(1) (m, k) € D', and G has neither partial derivative at (7, k),
(ii) (m, k) ¢ D', and G has both partial derivatives at (7, K).

Parts (a) and (b) follow from the remarks prior to the theorem. The proof of
part (c) is deferred until later in this section. With D, given in (a), we write
Dy = JD,Q( 0"

For given g € (0, 00), one thinks of D; = !D,i(q) as the set of ‘bad’ values
of p. The situation when g € (0, 1) is obscure. When g € (1, 00), the set Dy
is exactly the set of singularities of the random-cluster model in the sense of the
next theorem. Here is some further notation. Let ¢ € [1, 00), and

(4.61) Wp,q)=¢p,Je),  b=01,

where J, is the event that e is open. Since the ¢[’§’ g are automorphism-invariant’,

h?(p, q) does not depend on the choice of ¢, and therefore equals the edge-density
under qb[}; q- We write

(4.62) F(p,q) =G(m, «)

where (p, q) and (m, k) are related by (4.56), and G is given in (4.59). We shall
use the word ‘pressure’ for both F and G.

(4.63) Theorem. Let p € (0,1) and g € (1, 00). The following five statements
are equivalent.

(@ p ¢ Dy

(b) () h%(x, q) is a continuous function of x at the point x = p.
(i) h'(x, q) is a continuous function of x at the point x = p.

(c) It is the case that h°(p, q) = h'(p, q).

(d) There is a unique random-cluster measure with parameters p and q, that is,
[Wp.ql = |Rpgl = 1.

What is the set £,;? We shall return to this question in Section 5.3, but in
the meantime we summarize the anticipated situation. Let d > 2 be given, and
assume g € [1, 0o). It is thought to be the case that O, is empty when g — 1 is

TThere is an error in [152, Thm 4.5] in the case g € (0, 1). The correct condition there is that
the measure ¢ be automorphism-invariant rather than translation-invariant.
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small, and is a singleton point (that is, the critical value p.(q), see Section 5.1)
when ¢ is large. It is conjectured that there exists Q = Q(d) > 1 such that

(4.64) y = { g iftg =0,

{pe(q@)) ifqg> Q.

This would imply in particular that |Rp 4| = 1 unless ¢ > Q and p = p.(q).
A further issue concerns the structure of R, 4 in situations where | R, 4| > 1.
For further information about the non-uniqueness of random-cluster measures, the
reader is directed to Sections 6.4 and 7.5.

Proof of Theorem 4.58. Let p € (0,1) and g € (0, 00), and let (i, k) be given
by (4.56). We shall use a standard argument of statistical mechanics, namely the
near-multiplicativity of Yi (m, k) viewed as a function of A. The irrelevance to
the limit of the boundary condition £ hinges on the fact that [0 A|/|A| — oo as
IR AR

We show first that the limit (4.59) exists with & = 0, and shall for the moment
suppress explicit reference to the boundary condition. Letn = (n1,na, ..., ng) €
N9, write In| = nny - --ng, andlet A, be the box ]_[?:1 [1, n;]. By the translation-
invariance of Z A (p, q), we may restrict ourselves to boxes of this type.

We fix k € N4, and write

n; . n n;
K = (K i=1,2,....d), L J: .
n 10 (l{kiJl ) k E{kiJ
By Theorem 3.63, for n > Kk,
d

n k
(4.65) LkJ |:10g Zp, — d(Z |k-|) log(1 v q):| +10g ZA\ A
1

i=1
<logZa,

n <N
= LkJ |:log Zay —d<z 3 ) log(1 Aq)] +102 ZA\Aqui»
i=1

and furthermore,

(In] — K| - [n/k]) log ((1 qu)d> <102 Zan\ Ao

q
< (In] — |k| - [n/k]) log ((1 /\q)d)'
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Divide by |n| and let the n; tend to oo to find that, for all k,

d
1 1
4.66 logZa, —d log(1 v
(4:66) | logZn, (; ki) og(1V q)
o 1 . 1
< lim mf{ log ZA,,} < lim sup { log ZA.,}
n—oo | [n| n—oo ([0

d

1 1
< log Za, — d(z k_) log(1 A q).

i=1 "
Assume that ¢ > 1, a similar argument is valid when ¢ < 1. Therefore, the limit

1
(4.67) H(p,q) = lim { logZAn}
n In|

— 00

exists, and furthermore

d
1 1
(4.68) H(p,q) = Slll(p{ k| log Za, — d(Z k.> log(1 v q)}
i=1 "
d

. 1 1
= lﬁf{ k| log Z —d(z k')log(l /\q)}.

i=1 "

Since Z,, is a continuous function of p and g, these equations imply that H (p, q)
may be approximated from below and above to any degree of accuracy by con-
tinuous functions, and is therefore continuous. We will obtain greater regularity
from the claim of convexity to be proved soon. Evidently, as A 1 Z<,

1 1
4.69 log Z H(p,q),
(4.69) N 0gZa—> (P, q)

and, by (4.55) and (4.62),

1 1
4.70) logYp(w,k) > —logl — p)+ H(p,q)
[Eal d

= F(p,q) = G(r, k).

We show next that the same limit is valid with a general boundary condition.
Let A be a finite box, and let

4.71) G5 (. k) = log Y5 (7, ).

[Eal
Forw, & € Q, let 0}, € Q5 beas in (4.2). Clearly,

k@Y, A) — [9A] < k(wh, A) < k(@h, A) < k@, A),
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whence

YO, i)e N < ¥E (7, 0) < Y@, k), k€0, 00),
and the same holds with the inequalities reversed when k € (—oo, 0). Therefore,
|OA]
|Eal
and with the inequalities reversed if k € (—o00,0). Since |d0A|/|Ex| — 0 as

AT 74, the limit of Gi exists by (4.70), and is independent of the choice of &.

It is clear from its form that Gi (7, k) is a convex function on its domain RZ.
Indeed, Theorem 3.73(b) includes a representation of its second derivative in an
arbitrary given direction as the variance of a random variable. We note from
Theorem 3.73(a) for later use that

GO, k)—k < Gh(mK) < GO, k), K €0,00),

@472) VG mx) = (95 ,,(n@) NEAD, ¢}, Kk, A).

1
|]EA|(

Since, for any £ € , the Gi (7, k) are convex functions of (7, k) which
converge to the finite limit function G (rr, k) as A 1 74, G is convex on RZ. [0

Proof of Theorem 4.63.

(c) <= (d). By (4.36), |'W, 4| = |Rp4| = 1 if and only if ¢g,q = ¢;,,q.
By Proposition 4.6 and the fact that ¢2,q Sst ¢;,q, qbg,q = qb;q if and only if
hO(p, q¢) = h'(p, ¢). Therefore, (c) and (d) are equivalent.

(a) <= (b) <= (c). This is inspired by a related computation for the Ising
model, [233]. Let p € (0, 1), g € (1, 00), and let (7, k) satisfy (4.56). Recall the
functions Gi given in (4.71), and note from (4.72) that

£
dG
(4.73) A=

L
NEA).
dn = P (7@ NEAD

Since G is convex, &, is countable. By the convexity of the GS ,

dG5,  dG J
(4.74) - asA1Z!,  £eQ, p¢D,
dm dn

For any box A and any edge e € Ep,

(4.75) B2 g (N@) NEAD < ¢, (Je)
<y,

1 1
< NEA,
< |5y Phra (1@ NEAD

1
[Eal
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where we have used the automorphism-invariance of qﬁg 4 and q&ll,, ¢ together with

the stochastic ordering of measures. We deduce on passing to the limit as A 1 Z¢
that

dG
(4.76) i =P =800, e€El p¢ Dy
In particular, (a) implies (c).

Since G(m, «) is a convex function of m, it has right and left derivatives
with respect to 7, denoted respectively by dG/dn*. Furthermore, dG/dn

(respectively, dG/dm ™) is right-continuous (respectively, left-continuous) and
non-decreasing. We shall prove that

dG  dG |

4.77) gt~ g = P () = b (o),
and that
“78) ¢ ,(Je) = lim ¢ (), By (Je) = ’};w},,,que).

In advance of proving (4.77) and (4.78), we note the following. By (4.77),
(a) and (c) are equivalent. By (4.77)—(4.78), the following three statements are
equivalent for any given 7:

L. p ¢ Dy,

2. ho(x, q) is right-continuous at x = p,

3. h'(x, q) is left-continuous at x = p.
By Proposition 4.28, 1o, q) (respectively, h'(-, q)) is left-continuous (respec-
tively, right-continuous), and therefore (a) is equivalent to each of (b)(i) and (b)(ii).

It remains to prove (4.77) and (4.78). We concentrate first on the first equation
of (4.78). By Proposition 4.28(b), h'(, q) is right-continuous, whence

h'(p,q) = lim h'(p’, ¢).
pip
Now D, is countable, whence ¢2, ¢ = ¢117, o and in particular ho(p’,q) =
h'(p’, q), for almost every p’. By the monotonicity of h°(-, g),
h'(p.q) = lim B°(p'. ).
pip

as required. The second equation of (4.78) holds by a similar argument.
By the semicontinuity of the dG /dn*, (4.76), and Proposition 4.28,

dG _ . d Y
dﬂ+ xlf}:[l dx G(xyK) _¢p’q(‘]€)’
x¢ Dy,

G . d 0
dﬂ_ = lxlg dx G(xyK) =¢p’q(‘]€)’

¢ Dy
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and (4.77) follows. O

Proof of Theorem 4.60. Parts (a) and (b) follow by the remarks prior to the state-
ment of the theorem, and we turn to part (c). Recall first that G is differentiable
at (7, k), that is (7, k) ¢ D', if and only if G possesses both partial derivatives
at (7, k). It remains to show therefore that, for « € (0, 00), 7 € ;’D,Q if and only
if « € D. Letk € (0, 00). Since, by Theorem 4.63, D, is exactly the set of
m = n(p) such that qﬁg 7 q&},, ¢ it suffices to show the following.

4.79) Lemma. Let p € (0,1), g € (1, 00), and let (7, ) satisfy (4.56). Then
k € DY if and only lfqbgﬂ #+ qﬁ;’q.

Proof. The function Gi of (4.71) is convex in k, whence

dG%,  dG d ”
(4.80) N asA1 7,  EeQ, kgD,
dk dk

as in (4.74). Inequalities (4.75) become

1

4.81
451 [Eal

B p k@, N) = = @0 (k(ew, A))

1
[Eal
bp o k(@, A))

[EAl

Ly
> k(w, N)),
_|EA|¢A,p,q( (w, A))

since k(w, A) is decreasing in w. Therefore, by Theorem 3.73(a),

dG", k(w, A)
4.82 A > g0 ’
(*+52) dk _¢”’q< [Eal )
k(w, A) dG!
1 > A fDN
- ”( [Eal )‘ ac KEO

Forw € Q and x € Z¢, let C, = Cy(w) be the w-open cluster at x, and |Cy|
the number of its vertices. As in [154, Section 4.1],

1 1
k(w, A) = > ,
); [Cx N A ); |Cx|
and

1

1 1
CONSED ST 3] PRI
e Z\IGnAl |Gl
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The qbg 4 are T-ergodic for all translations  other than the identity. By the ergodic
theorem applied to the family {|C,|™' : x € 7%} of bounded random variables,

k(w, A)

(4.83) ¢, ( Al

> - ¢/€,q(|c0|_l) ¢,€’q-a.s. andin L', as A 1 Z9.

By (4.80), (4.82), and (4.83),

dG

(4.84) .

1 _ 1 _
= 9 (CTh = 6y, (CI™H,  x ¢ D

This implies by the next proposition that ¢2, = ¢;’ g fork ¢ Dy,

(4.85) Proposition. Let p € (0, 1) and g € [1, 00). If
(4.86) ¢ ,(1Col™) = ¢ ,(ICoI ™
then q)gﬂ = q&},gq.

Proof. Suppose that (4.86) holds. There are two steps, in the first of which we
show that the law of the vertex-set of C is the same under ¢2’ q and ¢ 11, g AS in the
proof of Proposition 4.6, there exists a probability measure p on (2, ) x (2, ),
with marginals ¢2, q and ¢11,’ pr and such that

(4.87) 1({(wo, 01) € Q% :wp < n}) = 1.
By (4.87), Cx(wp) € Cy(wy) forall x € Z¢, p-almost-surely. Let

E= [ {(, o) € Q:|Crlwp)| ™" =C(@)|™"}.

xezd

By (4.86),
u(E) < > u(ICe(@)| ™" > [Ce(@) ') =0,

xezd

whence u(E) = 1.
If the vertex-set of Co(wp) is a strict subset of that of Cy(w;), one of the two

statements following must hold:

(i) Co(wo) is finite and | Co(wo)| ™! > [Co(w1)| ",

(i) Co(wo) is infinite, |Co(wo)|~! = |Co(w1)|~! = 0, and there exists x €

Co(w1) \ Co(wo).
By (4.86), the p-probability of (i) is zero. By considering the two sub-cases of (ii)
depending on whether Cy (wp) is finite or infinite, we find that the p-probabiltiy
of (ii) is no larger than
(E) + u(l (wo) = 2),
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where I (w) is the number of infinite open clusters of w. By Theorem 4.33(c),
w(l(wg) > 2) = ¢2’ q(I > 2) = 0. We conclude as required that the vertex-sets
of Co(wp) and Cp(w1) are equal, p-almost-surely. Therefore, by the translation-

invariance of the ¢>§ pe

(4.88) bpg(x b )=y (xFy),  x,yezl

We turn now to the second step. Let J, be the event that edge e = (x, y) is
open, and let K, be the event that x and y are joined by an open path of E¢ \ {e}.
By Proposition 4.37(a),

p
p+q(l—p)

P
- <p+q<1 - p) _”> Bpg(Ke):

¢h (o) = pdh (K.) + ¢h 4 (Ke)

and
¢pq(JeNKe) Op(x < ¥)

b
K,) = = :
a8 = p 1k T (= p)/lp+a(l - p)]

Hence, by (4.88),
¢, () =¢) ,(Je).  eeE

whence, by Proposition 4.6, ¢2, = ¢13u 7 O

We return now to the proof of Lemma 4.79. Suppose conversely that q&g’ g =

qulL 4> and let ¢' < g < g". By Proposition 4.28(a) applied to the decreasing

function |C|~!,
¢, (CIT) < ¢, ,(CITH =6 ,(CI™H < 90 . (ICI7H.

Take the limits as ¢’ 1 g and ¢” | ¢ along sequences satisfying « (q"), k(¢") ¢
D!, and use the monotonicity of these functions to find from (4.84) and Proposition
4.28 that

dG dG

1
dict ~ die— d[¢’2,q(ICI“) — ¢, (CI™H] =0.

Therefore, G has the appropriate partial derivative at the point (i, «), which is to
say that k ¢ D] as required. oo
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4.6 Potts and random-cluster models on infinite graphs

The random-cluster model provides a way to study the Potts model on finite graphs,
as explained in Section 1.4. The method is valid for infinite graphs also, as
summarized in this section in the context of the lattice L¢ = (24, E%).

Let p € [0,1),q € {2,3,...},and p = 1 — e~ # as usual, and consider
the free and wired random-cluster measures, q&g, q and qﬁé’ 2 respectively. The
corresponding Potts measures on ¢ are the free and ‘1’ measures,

(4.89) g = IPTHZld TTA,B.q>
1 _ 1
(4.90) g4 = ngnZld TN B

The measure 75 g 4 is the Potts measure on A givenin (1.5). The measure 7 }\ f.q
is the corresponding measure with ‘1’ boundary conditions, given as in (1.5) but
subject to the constraint that o, = 1 for all x € dA. It is standard that the limits
in (4.89)—(4.90) exist. Probably the easiest proof of this is to couple the Potts
model with a random-cluster model on the same graph, and to use the stochastic
monotonicity of the latter to prove the existence of the infinite-volume limit.

We explain this in the wired case, and a similar argument holds in the free case.
Part (a) of the next theorem may be taken as the definition of the infinite-volume
Potts measure né e

(4.91) Theorem [8].

(a) Let w be sampled from Q with law ¢[1,’ q- Conditional on w, each vertex
x € Z4 is assigned a random spin o € {1,2, ..., q} in such a way that:
(1) ox =1if x < oo,

(1) oy is uniformly distributed on {1, 2, ..., q} if x <> oo,

(iii) oy =0y ifx <y,

(iv) Ox,,Ox,, ..., Ox, are independent whenever x1, x2, . .., X, are in diff-
erent finite open clusters of w.

The law of the spin vectoro = (o : x € Z%) is denoted by ”é,q and satisfies

(4.89).

(b) Let 0 be sampled from ¥ = {1,2, ..., q}Zd with law né’q. Conditional on
o, each edge e = (x,y) € E? is assigned a random state w(e) € {0, 1} in
such a way that:

(i) the states of different edges are independent,
(i) w(e) =0if ox # oy,
(iii) if ox = oy, then w(e) = 1 with probability p,
The edge-configuration » = (w(e) : e € E?) has law qbll,’q.

A similar theorem is valid for the pair ¢>2’ ¢ TB.a> with the difference that infinite
open clusters are treated in the same way as finite clusters in part (a).
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The Potts model has a useful property called ‘reflection-positivity’. It is natural
to ask whether a similar property is satisfied by general random-cluster measures.
It was shown in [43] that the answer is negative for non-integer values of the
parameter q.

Proof of Theorem 4.91. (a) Of the possible proofs we select one using coupling,
another approach may be foundin [142]. Let A, = [—n, n]¢ and write Q,, = Q}\n
and ¢,1 = ¢11\n,p,q. Let € be the set of all vectors @ = (w1, w3, ...) such that:
w, € Qpand w, > w,4+1 forn > 1. Recall from the proof of Theorem 4.19(a) that
$n Zst Gny1 forn > 1, and that ¢, = ¢, , asn — oc. By [237, Thm 6.1], there
exists a measure i on 2 such that, for each n > 1, the law of the nth component
wy 18 ¢. For w € R, the limit ws, = lim,— o w, exists by monotonicity and,
by the weak convergence of the sequence (¢>,1, tn=1,2,...), wx has law ¢[1,’ g
Note that

(4.92) fore € Ed, wy(e) = wso(e) for all large n.

Let S = (Sy : x € Z% be independent random variables with the uniform
distribution on the spin set {1, 2, ..., g}. The S, are chosen independently of the
®, and we abuse notation by writing w for the required product measure on the
product space £ x X.

Let w € , and let the vector 7(w) = (ty(w) : w € Z%) be given by

1 if w <> oo in the configuration w,

(W) = {

S, otherwise,

where z, = z, () is the earliest vertex in the lexicographic ordering of Z¢ that
belongs to the (finite) w-open cluster at w.

Let us check that:
(4.93) forw e Z4, 1, (wp) = ty(weo) for all large n.

If w < 00 in w, then w < o0 in w, for all large n, whence 7 (w,) =
1 = 1y (wxo) for all n. If, on the other hand, w <+ 00 in wy then, by (4.92),
Cy(wy) = Cy(wo) for all large n. Therefore, Ty, (w,) = Ty (wso) for all large n,
and (4.93) is proved.

Let W be a finite subset of Z¢ and, for @ € , define the vector Ty (w) =
(tw(w) : w € W). By Theorem 1.13(a), for n sufficiently large that W C A,,,
(4.94)

uCw(wp) =a) = n}\n’ﬁ’q(aw = oy forw € W), ae{l,2,..., q}W.

By (4.93), the vector Ty (wy,) is constant for all large (random) n. Therefore,

Tw (W) = Tw (W) asn — 00,
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and so, fora € {1,2, ..., ¢}V,
n(w(wn) = o) = u(tw(ws) = a) asn — oo,

by the bounded convergence theorem. By (4.94), the vector Ty (wx) has as law
the infinite-volume limit of the finite-volume measure 7111\’ g and the claim is
proved.

(b) We continue to employ the notation of the proof of part (a), where it was proved

that the vector 7(weo) = (Tx (o) @ x € Z4) has law né’q. Since wso has law

qb}L Pr it suffices to show that the conditional law of w«, given 7 (wso) is that of the
given recipe.

By the definition of 7 (w), the edge e = (x, y) satisfies wso(¢) = 0 whenever
Ty (W) # Ty(woo). Lete; = (x;,yi), 1 = 1,2,...,n, be a finite collection of
distinct edges, and let D be the subset of 2 x X given by

D ={(®,8): (@) =1y, (w) fori =1,2,...,n}.

For any event A defined in terms of the states of the edges ¢;, we have by (4.92)—
(4.93) that

(wos € A | (@0, §) € D) = lim pu(wn € A | (wp., S) € D).
n—>oo
The law of w, is ¢, and, by Theorem 1.13(a), the vector (7 (w;,) : x € A,) has

law ﬂ}\m .q By Theorem 1.13(b), the last probability equals v, (A) where ¥, is
product measure on {0, 1}" with density p. The claim follows. |



Chapter 5

Phase Transition

Summary. When g € [1, 00), there exists a critical value p¢(q) of the edge-
parameter p, separating the phase with no infinite cluster from the phase
with one or more infinite clusters. Partial results are known for both phases,
but important open problems remain. In the subcritical phase, exponential
decay is proved for sufficiently small p, and is conjectured to hold for
all p < pc(qg). Much is known for the supercritical phase subject to the
assumption that p exceeds a certain ‘slab critical point’ p¢(q), conjectured
to equal pc(g). The Wulff construction is a high point of the theory of the
random-cluster model.

5.1 The critical point

The random-cluster model possesses an infinite open cluster if and only if p is
sufficiently large. There is a critical value of p separating the regime in which all
open clusters are finite from that in which infinite clusters exist. We explore this
phase transition in this chapter. With the exception of the final Section 5.8, we shall
assume for the entirety of the chapter thatg € [1, co), and we shall concentrate on
the extremal random-cluster measures ¢>1(3, 4 and ¢11,, 4+ The quantities of principal

interest are the 4’1};, g-percolation-probabilities,

(5.1) 0"(p.q) =9}, (0 00),  b=0,1

We define the critical points

(5.2) pl@) =sup{p:6°(p,q) =0},  b=0,1.

By Proposition 4.28(a), the 6b(., q) are non-decreasing functions, and therefore

=0 ifp< pf(q),

5.3 6°
(5-3) (p,q){>0 ifp>p§(q).
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By Theorem 4.63, qbgﬂ = qbé’q for almost every p € [0, 1]. Therefore,

Qo(p,q) = Gl(p,q) for almost every p, and hence pg(q) = pé(q). Hence-
forth, we use the abbreviated notation

(5.4) pe(q) = p2(q) = pl@),

and we refer to p.(q) as the critical point of the random-cluster model.

It is almost trivial to prove that p.(¢) = 1 in the very special case when
the number d of dimensions satisfies d = 1. In contrast, it is fundamental that
0 < pc(g) < 1 whend > 2. Not a great deal is known in general' about the
way in which p(g) behaves when viewed as a function of g. The following basic
inequalities are consequences of the comparison inequalities of Proposition 4.28.

(5.5) Theorem [8]. We have that

/
L _ b _a4/e _q

(5.6) < < —
pe(@) ~ pelg) T pelq) g

+1, 1<q =<gq.

From (5.6) we obtain that

(@ —q"pe(q) (A = pelq))

57) 0 (@) — pe(q)) =
(5.7 0= pe(q) — pe(q’) < q"+(q—q")pc(q")

whence, on setting ¢’ = 1,

(g = Dpe(D(d = pe(1))
8 0=plg)=p ="~ G-Dpy ° 9% L.

Since 0 < pc(1) < 1ford > 2, [154, Thm 1.10], we deduce the important fact
that

(5.9 0 < pelq) <1, g > 1.

By (5.7), pc(q) is a continuous non-decreasing function of g. Strict mono-
tonicity? requires the further comparison inequality of Theorem 3.24.

(5.10) Theorem [151]. Let d > 2. When viewed as a function of q, the critical
value p¢(q) is Lipschitz-continuous and strictly increasing on the interval [1, 00).

In advance of proving Theorems 5.5 and 5.10, we state and prove two facts of
independent interest.

1Except for its behaviour for large ¢, see Theorem 7.34.
2The strict monotonicity of pc(g) as a function of the underlying lattice was proved in [39],
see also [148].
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(5.11) Proposition [8]. For p € [0, 1]and g € [1, c0),
Ohp g0 0N >0 (p.g)  asA1Z

There is no ‘elementary’ proof of the corresponding fact for the 0-boundary-
condition measure qu T and indeed this is unproven for general pairs (p, g).

(5.12) Proposition. Let pp, A C Z2, be probability measures on (Q, F ) indexed
by boxes A and satisfying gp = ¢ as A + Z¢. If ¢ has the 0/ 1-infinite-cluster
property, then

Pr(x < y) = P(x <), x,yezd

Proof of Proposition 5.11. It is clear that
¢y 0 < IA) <y , (0 dA) <¢) , (0 dA)  for ACA,

by positive association and the fact that {0 <> dA} C {0 <> A} when A C A.
We take the limits as A 1 Z¢ and A 1 Z¢ in that order to obtain the claim. O

Proof of Proposition 5.12. Let x and y be vertices in a box A. Then,

PrA(x <> y) = Pa(x <> yin A)
— ¢(x < yinA) asA1Z¢
— o(x < y) as A 1 Z4.

Furthermore,

Pa(x <>y, x 4 yinA) < Pa(x,y < A, x <> yin Q)
- p(x,y < A, x <+ yinA)  asA 4t 2z¢
— P(x,y <> 00, X ¥ y) as A 1 7.

The last probability equals O since ¢ has the 0/1-infinite-cluster property. d

Proof of Theorem 5.5. Let1 < g’ < g and

/

p p

(5.13) = )
qg(1—-p) q(l-p)

We apply Theorem 3.21 to the probability q&[]\, p.q(0 < 9A). By Proposition 5.11,
on letting A 1 74,

o' (p'.q) <0' (v, q) < 0'(p, 9.
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If p' < pe(q’), then 81 (p’, g') = 0, so that 8! (p’, g) = 0 and therefore p’ <
pc(q). This implies that p.(¢") < pc(g), the first inequality of (5.6). Similarly, if
P < pe(q) then p' < pc(q’), whence

pe(q)  _ pe(q)
q(1 = pc(q) ~— ¢’ = pe(qg")’

and hence the second inequality of (5.6). U

Proof of Theorem 5.10. By (5.7),

_ Pe(@) - pe(q) _ 1

0 < <
q-q 4q’

lfq/<q,

whence pc.(gq) is Lipschitz-continuous on the interval [1, o). Turning to strict
monotonicity, let y be given as in Theorem 3.24 with A = 2d, and let
1 < g2 < q1. Recall that y(p, q) is continuous, and is strictly increasing in
p and strictly decreasing in g. We apply Theorem 3.24 to the graph obtained from
A by identifying all vertices of d A, with spanning set W = A \ 9 A satisfying
deg(W) = 2d, to obtain that

Oh g O B8 <k, (0« dA) if y(pi.q1) < y(p2q2).
Let A 1 Z4 and deduce by Proposition 5.11 that

(5.14) 0'(p1,q1) <0 (P2, q2) it ¥(p1,q1) < v (P2, q2).

We claim that

(5.15) v(pc(q1), q1) = v(pe(q2), q2).

Suppose on the contrary that y (pc(q1), 1) < ¥(pe(q2), q2). By the continuity

of y, there exist p; > pc(q1) and p2 < pc(q2) such that y (p1, g1) < y(p2, q2).
By (5.14),

' (p1,q1) < 6" (p2, q2).
However, 8'(p1, ¢1) > 0 and 6'(p2, ¢2) = 0, a contradiction, and thus (5.15)

holds. If pc(g1) = pc(q2), then the strict monotonicity of y (-, -) and the fact that
g2 < qi are in contradiction of (5.15). Therefore p.(q2) < pc(q1) as claimed. [
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5.2 Percolation probabilities

The continuity of the percolation probabilities ” (p, ¢) is related to the uniqueness
of random-cluster measures, in the sense that the 67 (-, g) are continuous at p if
and only if there is a unique random-cluster measure at this value.

(5.16) Theorem. Letd > 2 and g € [1, 00).
(a) The function 0°(-, q) is left-continuous on (0, 11\ {pc(q)}.
(b) The function 0'(-, q) is right-continuous on [0, 1).
() 0%p,q) = 0\ (p,q) ifand only if p ¢ Dy, where Dy is that of Theorem
4.63.
(d) Let p # pe(q). The functions 6°(-, q) and 6'(-, q) are continuous at the
point p ifand only if p & D,.

Clearly, 0°%(p, q) = 0'(p,q) = 0if g € [1,00) and p < pc(g), and hence
D,NI0, pc(q)) = @, by part(c). Itis presumably the case that0°(-, ¢) and 0! (-, ¢)
are continuous except possibly at p = pc(g). In addition it may be conjectured
that 6°(-, ¢) is left-continuous on the entire interval (0, 1]. A verification of this
conjecture would include a proof that

0°(pe(q),q) = lim 6°%p,q) =0.
prpe(q)

c

This would in particular solve one of the famous open problems of percolation
theory, namely to show that 6 (p.(1), 1) = 0, see [154, 161].

The functions 0°(p, g) and 6'(p, ¢) play, respectively, the roles of the mag-
netizations for Potts measures with free and constant-spin boundary conditions.
We state this more fully as a theorem. As in Section 1.3, we write o, for the
spin at vertex u of a Potts model with g local states (where ¢ is now assumed to
be integral). We denote by 7 , (respectively, né’ q) the ‘free’ (respectively, ‘1°)

q-state Potts measure on L4 with parameter 3, see (4.89)—(4.90).

(5.17) Theorem. Let d > 2, p € (0,1), g € {2,3,...}, and let B satisfy
p=1—eP. We have that:

(5.18) (1—gH0(p.¢)* = lim {mp4(00 =0.,) —q~ '},
|u|—o00
(5.19) A=q H'(p.q)=mj co=1)—q".
Equation (5.19) is standard (see [8, 108, 150]). Equation (5.18) is valid also

with %(p, ¢) and 7g,q replaced, respectively, by 6'(p, q) and néqq, and the proof
is similar.

Proof of Theorem 5.16. We shall prove part (a) at the end of Section 8.8. Part (b)
is a consequence of Proposition 4.28(b) applied to the indicator function of the
increasing closed event {0 <> oco}. Part (d) follows from (a)—(c) and Theorem 4.63,
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on noting that the 6”(-, ¢) are non-decreasing. It remains to prove (c). Certainly
¢, = ¢y, if p & Dy (by Theorem 4.63), whence 6°(p, q) = 6'(p, q) for
p & D,. Suppose conversely that ¢ > 1 and

(5.20) 0°(p. q) =6"(p, q).

We shall now give the main steps in a proof that

(5.21) 1(p.q) =h"(p, q).

This will imply by Theorem 4.63 that p ¢ D,.

Let e = (u, v) be an edge, and J, the event that e is open. For w € 74 let
I, = {w < o0}, and let H,, be the event that w is in an infinite open path of
E? \ {e}. As in the proof of Proposition 4.6, there exists a probability measure v
on (2, £)? with marginals qbg, 4 and (;5;1,’ 4» and assigning probability 1 to the set
of pairs (wg, w1) € Q2 satisfying wg < w;. Let F(w) be the set of vertices that
are joined to infinity by open paths of the configuration w € 2. We have that

(522)  0<y(F(wo)# Flo)) < Y | ,(w) =) ()} =0,

wezd
by (5.20). The event J, N I, N I, is increasing, whence
(5.23) ¢y T NL,NL) <¢) (Je NI, N ).
Also,

(524) @0 (JeN1,N 1) =¢0 (Je N Hy N Hy)
= ¢0 e | Hy N Hy)S , (Hy N Hy).

However,
¢0 4 (Je | Hi N Hy) =) ,(Je | Hy N Hy)

by Proposition 4.37(a) and the fact (Theorem 4.34) that ¢2,q, ¢11,’q € Rpgy- In
addition, ¢2’q(Hu NH,) < 4’117,(1 (H, N H,) since H, N H, is an increasing event.
Therefore (5.24) implies that

(5.25) ¢y ,(Je N1, N L) < @) (Jo | Ho N Hy)y ,(Hy N Hy)
= ¢pg(Je N Hy N Hy) = ¢y, (Je N LN 1)

Adding (5.23) and (5.25), we obtain that

¢ LN L) <) (I, N 1)
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Equality holds here by (5.22), and therefore equality holds in (5.23), which is to
say that

(5.26) ¢ e NLNL) =¢)  (Je NI, N ).
It is obvious that
(5.27) $pg (e N IO 1) =y (Je N 1y N 1)

since both sides equal O; the same equation holds with 1, N I, replaced by 1, N [,,.
Finally, we prove that

(5.28) $pgUe NI V1) =y (Je O 1y O 1)

which, in conjunction with (5.26), (5.27), and the subsequent remark, implies the
required (5.21) by addition. Let € > 0. Let A be a box containing # and v, and
let Ax = {u <> 0A, v <4 dA}. We have that

0<¢0,(Ar) — ) (An)
= @0, (N1~ AN L) asAtzZd
< ¥(F(a0) # F(w) =0,

by (5.22). Therefore,
0= ¢2,q(AA) - ¢11,,q(AA) <e  foralllarge A,

and we pick A accordingly. The events {u <~ dA} and {v <4 9 A} are cylinder
events, whence

(5.29) 0< ¢ pg(Ar) — A, (An) <2¢  foralllarge A,

and we pick A 2 A accordingly. We now employ a certain coupling of ¢0A, o
and ¢>1A, P Similar couplings will be encountered later.

(5.30) Proposition. Let p € (0, 1) and q € [1, 00), and let A, A be finite boxes
of 7¢ satisfying A € A. Forw € Q,let G = G(w) = {x € A : x <6 dA}.
There exists a probability measure Y on Q% X QIA, with marginals q&OA,p,q and
¢>1A’p’q, that assigns probability 1 to pairs (wo, w1) satisfying wy < w1, and with
the additional property that, conditional on the set G = G(w1), both marginals
of Ya on Eg equal the free random-cluster measure ¢¢ p 4.
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Writing § for the class of all subsets of A that contain both u and v, we have
by the proposition that

PN pg(JeNAN =D 7 ,,Uey G=8) =) Ya(wr € Je, Glw1) =g)

8<§ 8<§

= Ya(wr € | G@1) = g)¥a(Gw) = g)
8<§

= Ya(wo € Jo | Gl1) = g)¥a(Gw) = g)
8€$

=Ya(wo € Jo, w1 € Ap)

< Yalwo € Jo, o € An) = @R, ,(Je N An).

Therefore,
0< @R (e NAN) =), ,(Je N Ap)
=Yalwo € Jo, wo € Ap, @1 ¢ Anp)
< Ya(wo € A, w1 & Ap) < 2e,
by (5.29). Let A 1 Z%, A 4 Z¢, and € | 0 in that order, to obtain (5.28). O

Proof of Proposition 5.30. Let ¢* = ¢Z pa Since ¢° < ¢!, there exists

a coupled probability measure on QOA X QlA with marginals ¢°, ¢!, and that
allocates probability 1 to the set of pairs (wp, 1) with wg < ;. This fact is
immediate from the stochastic ordering, but we require in addition the special
property stated in the proposition, and to this end we shall develop a special
coupling not dissimilar to those used in [38] and [259, p. 254]. We do this by
building a random configuration (wg, w1) € Q% X QIA in a sequential manner,
and we shall speak of wq (respectively, w1) as the lower (respectively, upper)
configuration. We shall proceed edge by edge, and shall check the (conditional)
stochastic ordering at each stage.

After stage n we will have found the (paired) states of edges belonging to some
subset S, of Eo. We begin with So = @, and we build inwards starting at the
boundary of A. Let (¢; : I = 1,2, ..., L) be a deterministic ordering of the edges
in Ea. Let ¢, be the earliest edge in this ordering that is incident to some vertex
in dA, and let

Ié’ = {every edge outside Ex has state b}, b=0,1.
By the usual stochastic ordering,
(5.31) ¢°(ej, isopen | 1Y) < @' (e;, is open | I}).

Therefore, we may find {0, 1}-valued random variables wo(e}, ), w1 (e;, ) with mean
values as in (5.31) and satisfying wo(ej,) < wi(ej,). We set S1 = {e;, } and

If’ = Ié’ N {ej, has state wp (e;,)}, b=0,1.



106 Phase Transition [5.2]

We iterate this process. After stage r, we will have gathered the information 1,0
(respectively, I,l) relevant to the lower (respectively, upper) process, and we will
proceed to consider the state of some further edge e;, ,. The analogue of (5.31),
namely

(]50(ejr+1 is open | Iro) < ¢>1(ejr+1 is open | Irl),

is valid since, by construction, wy(ej,) < wi(ej) fors = 1,2,...,r. Thus we
may pick a pair of random states wo(ej, ), wi(ej,,,) for the new edge, these
having the correct marginals and satisfying wo(ej,,) < wi(ej, ).

Next is described how we choose the edges ej,, ¢j,, .... Suppose the first r
stages of the above process are complete, and write S, = {ej, : s = 1,2,...,r}.
Let K, be the set of vertices x € A such that there exists a path 7 joining x to
some z € dA, with the property that w;(e) = 1 for all e € w. (This requires that
every edge e in 7 has been considered in the first r stages, and that the w;-value
of each such e was found to be 1.) We let e;,,, be the earliest edge in the given
ordering of Ex that does not belong to S, but possesses an endvertex in K.

Let us call a temporary halt at the stage when no new edge can be found. At
this stage, R say, we have revealed the states of edges in a certain (random) set
Sr. Let Fg be the set of edges in E that are closed in the upper configuration.
By construction, Fg contains exactly those edges of Ex that have at least one
endvertex in K and that have been determined to be closed in the upper configu-
ration. By the ordering, the edges in Fr are closed in the lower configuration also.
By construction, the lower (respectively, upper) configuration so far revealed is
governed by the measure ¢° (respectively, ).

Suppose for the moment that A = A, in which case G(w1) = A \ Kr. When
extending the upper and lower configurations to edges in Eg, the only relevant
information gathered to date is that all edges in the edge-boundary A.G are closed
in both configurations. We may therefore complete wy, w; at one stroke by taking
them to be equal, with (common) law q&g, i This proves the proposition in the
special case when A = A. Consider now the general case A C A.

We explain next how to re-start the process at stage R. We began above with the
‘seed’” dA and we built a set of edges connected to d A by paths of open edges in
the upper configuration, together with its closed edge-boundary. Having reached
stage R, we choose a vertex x € A satisfying x ¢ Kg U (A \ dA) that is incident
to some edge of Fr. We then re-start the process with x as seed, and we continue
until we have revealed the open cluster C,(w1) at x in the upper configuration.
We add the vertex-set of Cy (w1) to K g to obtain a larger set K’. To Fg, we add all
edges incident to vertices in this cluster that are closed in the upper configuration,
obtaining thus a larger set F’. Next, we find another seed y ¢ K’ U (A \ dA)
incident to some edge in F’. This process is iterated until no new seed may be
found.

At the end of all this, we have revealed the paired states of all edges in some

set S. Let T be the union of the vertex-sets of the open clusters of all seeds. Since
no further seed may be found, it is the case that G(w;) = A\ T. As before, the
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lower and upper configurations may be completed at one stroke by sampling the
states of edges in E¢ according to the free measure ¢¢, p 4. u

Proof of Theorem 5.17. Let u be the (coupled) probability measure on Q2 x X
given by the recipe of Theorem 4.91(a). We have that

g0 = 1) = uloo =110 < 008" (p. q)
+ (00 =110 00)[1 =6 (p.q)]

_ Lo
—Q(P’Q)-i-q[l 0" (p, 9l

and (5.19) follows.
Turning to (5.18), we have similarly to the above that

_ 1
(=g, 0 oW =mpg@o=0)— . ue

The claim is proven once we have shown that
(5.32) ¢, 0= u)—>0%p.q)°  as|ul > oc.
By the 0/1-infinite-cluster property of ¢2’ ¢ see the remark after (4.36),
¢) (0 u)=¢) (0« 00, u < 00)+¢) ,(ueC, |C|< o).
The last probability tends to zero as |u| — oo. Also,
¢2’q(0<—>oo, u<—>oo)—>¢2’q(0<—>oo)2 as |u| — oo,

since qbg, 4 18 mixing, see Corollary 4.23. g

5.3 Uniqueness of random-cluster measures

We record in this section some information about the set of values of p at which
there exists a unique random-cluster measure.

(5.33) Theorem [8, 152]. Let g € [1,00) and d > 2. There exists a unique
random-cluster measure, in that |'Wy 4| = |Rp 4| = 1, if either of the following
holds:

@) 0%p, q) =60 (p, q), which is to say that p ¢ Dy,

(b) p > p/, where p' = p'(q,d) € [pc(q), 1) is a certain real number.

By part (a), there is a unique random-cluster measure for any p such that
ol (p,q) = 0, [8, Thm A.2]. In particular, there exists a unique random-cluster
measure throughout the subcritical phase, that is, when 0 < p < pc(g). Itis an
important open problem to establish the same conclusion when p > pc(q).
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(5.34) Conjecture. Let g € [1,00) and d > 2. We have that ¢)) , = ¢, ,, and
therefore |['Wy 4| = |Rp 4| = 1, if and only if either of the following holds:

(i) either p < pc(q) or p > pc(q),

(i) p = pe(q) and 6" (pe(q), q) = 0.

Slightly more is known in the case of two dimensions. It is proved in Theorem
6.17 that there is a unique random-cluster measure when d = 2 and p # ps(q),
where psa(q) = 4/q/(1 + /q) is the ‘self-dual’ value of p. It is conjectured that
pe(q) = psa(q) for g € [1, 00).

Proof of Theorem 5.33. The sufficiency of (a) was proved in Theorem 5.16(c).

We sketch a proof that ¢2, g = qﬁll,, q if p is sufficiently close to 1. There
are certain topological complications in this®, and we refrain from giving all the
relevant details, most of which may be found in a closely related passage of [211,
Section 2]. We begin by defining a lattice £ with the same vertex set as L¢ but
with edge-relation

x~y if |xj—y|<1lforl <i <d.

For w € 2, we call a vertex x white if w(e) = 1 for all e incident with x in L4, and
black otherwise. For any set V of vertices of £, we define its black cluster B(V') as
the union of V together with the set of all vertices x¢ of £ for which the following
holds: there exists a path xg, eo, x1, €1, ..., en—1, X, of alternating vertices and
edges of £ such that xo, x1,...,x,—1 ¢ V, x, € V, and xo, X1, ..., X,—1 are
black. Note that the colours of vertices in V have no effect on B(V), and that
V € B(V). Let

d
IBO)I =sup i) Ixi—yil:x eV, yeB(V)¢.
i=1
When V is a singleton, V = {x} say, we abbreviate B(V) to B(x).

For an integer n and a vertex x, the event {|| B(x)|| > n} is a decreasing event,
whence

(535 ¢y (B =n) <¢} ,,(I1Bx)| =n)  foranybox A
< pax(IB@) = n),

where ¢, r is product measure on E5 with density # = p/[p + q(1 — p)],
and we have used the comparison inequality of Proposition 4.28(a). By a Peierls
argument (see [211, pp. 151-152]) there exists «(p) such that: the percolation
(product) measure ¢, = lim IRV ¢ 7 satisfies

(5.36) ¢z (IBX)| = n) < eV, n>1,

3 An alternative approach may be based on the methods of Section 7.2.
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and furthermore a(p) > 0 if p is sufficiently large, say p > p’ for some
p' € [pe(@), D).

Let A be an increasing cylinder event, and find a finite box A suchthat A € F,.
Let A be a box satisfying A € A. For any subset S of A = Z¢ \ A containing
dA, we define the ‘internal boundary’ D(S) of S to be the set of all vertices x of
L satisfying:

(@) x ¢85,
(b) x is adjacent in £ to some vertex of S,
(c) there exists a path of L¢ from x to some vertex in A, this path using no

vertex of S.
LetS = SU D(S), and denote by 7(S) the set of vertices xo for which there exists
a path xo, eg, X1, €1, ..., €n—1,Xn of LY with x,, € A, x; ¢ S for all i. Note that

every vertex of d7(S) is adjacent to some vertex in D(S). We shall concentrate
on the case S = B(dA).

Lete > Oand p > p/, where p’ is given after (5.36). By (5.35)—(5.36), there
exists a box A’ sufficiently large that

(5.37) P (Kan)=1—€,  ADA,

where Kx o = {B(0A) N A = @}. We pick A accordingly, and let A D A/

Assume that K a occurs, so that [ = I (B(dA)) satisfies I D A. Let J# be
the set of all subsets 4 of A such that /i C A. We note three facts about B(dA)
and D(B(0A)):

(a) D(B(3A)) is L9-connected in that, for all pairs x,y € D(B(dA)), there
exists a path of ¢ joining x to y using vertices of D(B(dA)) only,

(b) every vertex in D(B(dA)) is white,

(c) D(B(0A)) is measurable with respect to the colours of vertices in I =
74 \ I, in the following sense: for any h € #,, the event {B(0A) = h,
D(B(0A)) = D(h)} lies in the o-field generated by the colours of vertices
in I(h).

Claim (a) may be proved by adapting the argument used to prove [211, Lemma
2.23]; claim (b) is a consequence of the definition of D(B(dA)); claim (c) holds
since D(B(dA)) is part of the boundary of the black cluster of £ generated by
dA. Full proofs of (a) and (c) are not given here. They would be rather long, and
would have much in common with [211, Section 2].

Leth € #5. The q&g’q-probability of A, conditional on { B(d A) = h}, is given
by the wired measure ¢ }(h) v This holds since: (a) every vertex in 9/ (h) is

adjacent to some vertex of D(h), and (b) D(h) is LL¥-connected and all vertices in
D(h) are white. Therefore, by conditional probability and positive association,

(5.38) 30, (A) = 60, (8] ,.0 (D1, )
z 2,q(¢lA,p,q(A)1KA_A) since I C A

> Gp g (A) —€ by (5.37).
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Let A 4 Z? and € | 0 in that order, and deduce that ¢2, q st q&ll,, q- Since
qbgﬂ <gt qbll,,q, we conclude that ¢2,q = q)é’q. O

5.4 The subcritical phase

The random-cluster model is said to be in the subcritical phase when p < p¢(q),
and this phase is the subject of the next three sections. Letg € [1, 00),d > 2, and
P < pe(q). By Theorem 5.33(a), ) , = ¢, ,» and hence | W, 4| = |Rp 4 = 1.
We shall denote the unique random-cluster measure by ¢2’ g

The subcritical phase is characterized by the (almost-sure) absence of an infi-
nite open cluster. Thus all open clusters are almost-surely finite, and one seeks
estimates on the tail of the size of such a cluster. As described in [154, Chapter 6],
one may study both the ‘radius’ and the ‘volume’ of a cluster C. We concentrate
here on the cluster C = Cj at the origin, and we define its radius* by

(5.39) rad(C) = max{||y|| : y € C} = max{||y|| : 0 < y}.

It is immediate that rad(C) > n if and only if 0 <+ dA,, where A, = [—n, nld.
We note for later use that there exists a positive constant 8 = 8(d) such that

(5.40) BIC|"4 < rad(C) +1 < |C|.

It is believed that the tails of both rad(C) and |C| decay exponentially when
p < pc(q), but this is currently unproven. It is easy to prove that the appropriate
limits exist, but the non-triviality of the limiting values remains open. That is, one
may use subadditivity to show the existence of the constants

1

(5:41) v(p.q) = lim {—n logg}, (0 < aAn)},
1

(5.42) £(p.q) = lim {—n log g} ,(IC| = n)}.

It is quite another matter to show as expected that

(5.43) ¥(p,q) >0, t(p,qg) >0 for p < pc(q).

We confine ourselves in this section to ‘soft” arguments concerning the existence
of ¥ and ¢; the ‘harder’ arguments relevant to strict positivity are deferred to the
next two sections. We begin by considering the radius of the cluster at the origin.
The existence of the limit in (5.41) relies essentially on positive association. We
write ¢, = (n,0,0, ...,0).

4Note the use of the distance function || - || rather than the function | - | of [154].
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(5.44) Theorem. Let u be an automorphism-invariant probability measure on
(2, F) which is positively associated. The limits

1
v(p) = lim {— log u(0 < en)} ,
n—oo n
1
V() = lim {— log u(0 < 8An)} ;
n—oo n
exist and satisfy 0 < v(u) = ¥ () < oo, and
pO e <e™W w0 o A, <on? e >,
where o = 2d*6%.

(5.45) Corollary. Let p € (0, 1] and g € [1, 00). The limit
. 1 . 1
¥(p,q) = lim {— log ¢ ,(0 < e,,)} = lim {— log ¢y ,(0 < aA,,)}
n—o00 n n—0o0 n
exists and satisfies 0 < ¥ = ¥ (p, q) < o0o. There exists a constant 6 = o (d)

such that

(5.46) ¢p (0 e)) <e "V, ¢) (0« dA) <on’le™, nx1

Proofs of Theorem 5.44 and Corollary 5.45. The proof of Theorem 5.44 follows
exactly that of the corresponding parts of [ 154, Thms 6.10, 6.44], and the details are
omitted. For the second proof, it suffices to check that q&g’ q satisfies the conditions
of Theorem 5.44. g

We turn next to the volume |C| of the open cluster at the origin.

(5.47) Theorem. Leta € (0, 1), B8 € (0, 1], and let i be a translation-invariant
probability measure on (2, F) satisfying the ‘uniform insertion-tolerance condi-
tion’

o < u(l. | T2) < B, u-almost-surely, for e € Ed,

where J, is the event that e is open. The limit
. 1
(5.48) ¢(n) = lim {— log n(IC| = n)}
n—00 n
exists and satisfies
1— 2
(5.49) w(Cl=my < 17D pemmecwr 5y
o

Furthermore, 0 < ¢ () < —logla(1 — g)>@=Dj,

It is an easy consequence of (5.48)—(5.49) that

1
(5.50) — logu@m < |C| < o00) = ¢(1) asn — oQ.
n
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(5.51) Corollary. Let p € (0,1) and g € [1, 00). The limit
. L.
¢(p,q) = lim {—n loge, ,(IC| = n)}
exists and satisfies

1
Bpg(Cl=m = (1= pPlp+q(=ple™,  nzl.

Proofs of Theorem 5.47 and Corollary 5.51. These are obtained by following the
proof of [154, Thm 6.78], and the details are omitted. O

Since ¢2, ¢(0 <> 00) > 0 when p > pc(g), itis elementary that

(5.52) Y(p,q) =0 for p > pc(q).

It is rather less obvious that

(5.53) ¢(p,q) =0 for p > pc(q),

and this is implied (for sufficiently large p) by Theorem 5.108. It is an important
open problem to prove that ¥ (p, g) > 0 and {(p, g) > 0 when p < p.(q).

(5.54) Conjecture (Exponential decay). Letg € [1, o0). Then ¥ (p, q) > 0 and
¢(p, q) > 0 whenever p < pc(q).

A partial result in this direction is the following rather weak statement; related
results may be obtained via Theorem 3.79 as in Theorem 6.30.

(5.55) Theorem. Let g € [1,00) and 0 < p < pc(1). Then ¥ (p,q) > 0 and
¢(p,q) > 0.

Proof. Let g € [1, 00), while noting in passing that the method of proof is valid
even when g € (0, 1), using the comparison inequalities of Theorem 3.21 as in

(5.118). By Proposition 4.28(a), ¢2,q <st ¢p. Therefore,

$5 (0 <> dA,) < dp(0 <> DA,

whence ¥ (p, q) > ¥ (p, 1), and the strict positivity of ¢ follows by the corre-
sponding statement for percolation, [154, Thm 6.14].

Similarly,

$9,(CI =n) < ¢0,(Cl = n) < ¢,(IC| = n).
By [154, eqn (6.82)],

1
— log¢p,(ICl = n) — ¢(p, 1) asn — oo.
n

Furthermore, ¢(p, 1) > 0 when p < pc(1), by [154, Thm 6.78]. Il
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5.5 Exponential decay of radius

We address next the exponential decay of the radius of an open cluster. The
existence of the limit

1
(5.56) ¥(p.g) = lim {—n log ¢}, (0 < azm}

follows from Corollary 5.45, and the problem is to determine for which p, g it is
the case that ¥ (p, g) > 0. See Conjecture 5.54.

In the case of percolation, a useful intermediate step was the proof by Ham-
mersley [177] that ¥ (p, 1) > 0 whenever the two-point connectivity function is
summable, that is,

¢p(ICh =D $p(0 < x) < 0.

xezd
Similarly, Simon [300] and Lieb [234] proved the exponential decay of the two-
point function of Ising and other models under a summability assumption on this
function, see Section 9.3. Such conclusions provoke the following question in the
current context: if ¢2’ ¢(0 < 9A,) decays at some polynomial rate as n — o0,
then must it necessarily decay at an exponential rate? An affirmative answer is
provided in the discussion that follows.

We concentrate here on the quantity

(5.57) L(p.q) = limsup{n?~'¢) (0 < dA,)}.

n—oo

By the comparison inequality, Proposition 4.28, L(p, g) is non-decreasing in p,
and therefore,

< oo if p < pe(q),
L(p,q) ) -
=o0 if p> pc(q),
where
(5.58) Pe(q) = sup{p : L(p, q) < oo}.

Clearly p.(q) < pc(q), and equality is believed to hold.
(5.59) Conjecture [163]. If g € [1, 00), then p.(q) = pc(q).

Certainly pc(q) = pc(q) when g = 1, see [154], and we shall see at Theorem
7.33 that this holds also when ¢ is sufficiently large. It is in addition valid for
q = 2, see Theorem 9.53 and the remarks thereafter.

The condition L(p, g) < oo amounts to the statement that the radius R =
rad(C) has a tail decaying at least as fastas n = ~1_ This is slightly weaker than the
moment condition q&g’q(Rd_l) < o0o. Infact, L(p,q) = 0if qﬁg,q(Rd_l) < 00,
since

o0
n?g) (0 < dA,) =n'"'¢) (R =n) < de”q)g’q(]e = k).
k=n
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There is a converse statement. If p < pc(g) then L(p, ¢) < oo, implying that
n¢ 2,(1(0 < dA,) — 0 forall ¢ satisfyinge < d — 1.

This in turn implies, as in [164, Exercise 5.6.4], that ¢2,q(RC) < oo for all
c<d-—1.

We state next the main conclusion of this section. A related resultis to be found
at Theorem 5.86.

(5.60) Theorem. Let g € [1, 00). The function v in (5.56) satisfies ¥ (p, q) > 0
whenever 0 < p < pc(q).

The proof, which is delayed until later in the section, uses the method of ex-
ponential steepness described in Section 3.5. Let A be an event, and recall from
(2.51) the definition of the random variable H 4,

Hy(w) = inf{Z|w’(e) —w(e)|: o € A}, w e Q.

We shall consider the event A, = {0 <> dA,}, and we write H, for H4,. The
question of ascertaining the asymptotics of H, may be viewed as a first-passage
problem. Imagine you are travelling from O to dA,; travel along open edges
is instantaneous, but along each closed edge requires time 1. The fastest route
requires time H,, and one is interested in the time-constant n, defined as n =
lim;, s o {n_l H,}.

(5.61) Theorem (Existence of time-constant). Let i be a probability measure on
(R, F) that is automorphism-invariant and 7. -ergodic. The deterministic limit

n(u) = lim {lHn}
n

n—oo
exists (i-almost-surely and in LY ().
The constant 1 () is called the time-constant associated with .

Proof. See the comments in [119, 211], and the later paper [58]. The existence
of the limit 7 is a consequence of a theorem attributed in [119, p. 748, Erratum]
and [211, p. 259] to Derrienic. O

We apply this to the measure u = 4)2, 4 to deduce the existence, ¢>2, g-almost-
surely, of the associated (deterministic) time-constant

. 1
(5.62) n(p,q) = lim { Hn} :
n—o | n
By Proposition 4.28, n(p, q) is non-increasing in p, and we define

(5.63) Pre(q) = sup{p : n(p. q) > 0}.

We seek a condition under which n(p, g) > 0. As usual, C denotes the vertex set
of the open cluster at the origin.
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(5.64) Theorem (Positivity of time-constant) [163]. Ler p € (0,1) and g €
[1, 00). If¢2’q(|C|2d+e) < 00 for some € > 0, then n(p, q) > 0.

We define the further critical point

(5.65) pe(q) = sup{p : ¥(p,q) > 0},

with ¥ (p, q) as in (5.56). The correlation length £(p, q) is defined by

Ep,q) =¥ (p, )",

subject to the convention that 0~! = oco. Note that £(p, ¢) is non-decreasing in p.
Thus ¢2’q (0 < 0A,) decays exponentially asn — ooifand only if€(p, q) < oo.

(5.66) Theorem. Let g € [1, 00). It is the case that pi.(q) = pg(q).

By this theorem and the prior observations,

(5.67) Pie(q) = pe(q) = pe(q) < pe(q),

with equality conjectured. From the next section onwards, we shall use the ex-
pression pc(g) for the common value of pi.(q), Pe(q), De(q).

In the percolation case (when ¢ = 1), the above first-passage problem and
the associated time-constant n(p, ¢) have been studied in detail; see [208, 211].
Several authors have given serious attention to a closely related question when
g = 2 and d = 2, namely, the corresponding question for the two-dimensional
Ising model with the ‘passage time’ H, replaced by the minimum number of
changes of spin along paths from the origin to d A, see [1, 90, 119]. The time-
constant in the Ising case cannot exceed the corresponding random-cluster time-
constant n(p, 2), since each edge of the Ising model having endvertices with unlike
spins gives rise to a closed edge in the (coupled) random-cluster model.

We turn now to the proofs of Theorems 5.60 and 5.66, and shall use the
‘exponential-steepness’ Theorems 3.42 and 3.45. Let A be an increasing cylinder
event. We apply (3.44) and (3.47) to the random-cluster measure q&?\m’ Fr noting
that

1—
q( ) <C< 4 .
s—r s—r
Let m — oo to obtain that, forO <r <s < 1,
(5.68) ¢, (A) < ¢ (A) exp{—4(s — )Y (Ha)},

—log¢? (A) c
0 8.q _
(5:69) Prq(Fa) = loglg/(s—r)] C—1

Note in passing that inequalities (5.68) and (5.69),with A = A, = {0 < dA,},
imply that the correlation length £(p, q) is strictly increasing in p whenever it is
finite, cf. [154, Thm 6.14].
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Proof of Theorem 5.66. Letr < s < p(q). Since s < pi(q), there exists
y = vy (s, q) > 0 such that

(5.70) ¢s.q(Hy) = ny, n>1.

Let A = A, = {0 <& 0A,}. In conjunction with (5.70), (5.68) implies the
exponential decay of ¢, 4(A,), whence r < pg(q). Therefore pic(q) < pg(q).

Conversely, suppose that r < s < pg(g). There exists o = a(s, g) > 0 such
that qb?’q(An) < e ¥ By (5.69) with A = A, and some 8 = B(r, s, q) > 0,

¢0 (H,) > —log(e™") o an _8
P = loglg/(s =] T loglg/s—m]
whence r < p.(q). Therefore pg(q) < pwc(q). O

There are two stages in the proof of Theorem 5.60. In the first, we apply
(5.68)—(5.69) with A = A,, and we utilize an iterative scheme to prove that
qbg, 4(An) decays ‘near-exponentially” when p < Dc(q). In the second stage, we
use Theorems 5.64 and 5.66 to deduce full exponential decay. The conclusion of
the first stage may be summarized as follows.

(5.71) Lemma. Let g € [1,00), and let 0 < p < pc(q). There exist constants
c=c(p,q) € (0,00), A= A(p,q) € (0, 1) such that

(5.72) ¢) ,(An) <exp(—cn®),  n>1.

Lemma 5.71 will be proved by an iterative scheme which may be contin-
ued further. If this is done, one obtains that qbg q(An) decays at least as fast as
exp(—axn/ logk n) for any k > 1, where ax = ok (p, ¢) > 0 and log* n is the kth
iterate of logarithm, that is,

=Yy, k>2.

log1 x = logx, logk x =log(1 Vv log
Proof of Lemma 5.71. We shall use (5.68) and (5.69) in an iterative scheme. In
the following, we shall sometimes use real quantities when infegers are required.
All terms of the form o(1) or O(1) are to be interpreted in the limit as n — oo.

Fix g € [1, 00). For p < pc(q), there exists c;(p) > 0 such that

(5.73) 0, (An) < Zld(f’l), n>l

Let0 <r <s <1 < pc(q). By (5.69),

—log¢? (A, -
og e, ,( )+0(1) . (d—1)logn +oW

0
H,) >
Ps.q(Hn) = log D log D
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where 1 < D = ¢q/(t —s) < 0o. We substitute this into (5.68) to obtain that

c(r) 0> 1

0
(5.74) DA = Tk >

for some strictly positive and finite ¢ (r) and A, (r). This holds for all r < p.(q),
and is an improvement in order of magnitude over (5.73).

We obtain next an improvement of (5.74). Let m be a positive integer, and let
Ri =imfori =0,1,..., K, where K = [n/m]. Let L; = {0Ag;, <> 0AR, .},
and let F; = Hj,, the minimal number of extra edges needed for L; to occur.
Clearly,

K—1
(5.75) Hy> ) Fi.
i=0

since every path from O to d A, traverses each annulus Ag,,, \ Ag,. There exists
a constant p € [1, 00) such that [0Ag| < pR4~! for all R. By the translation-
invariance of ¢2’ e

(5.76) bp o (L) < [0AR1Bp ,(Am) < pn? ') (An).

LetO < r <5 < pe(q), and let ¢ = ca2(s), Ay = Az (s) where the functions
c2(p) and As(p) are chosen as in (5.74). By (5.74) and (5.76),

0 (7. d—1 c2 1
(5.77) R L=t <)
if
(5.78) m = [(3pC2)nd_l]l/(d_l+A2),

and we choose m accordingly (here and later, we take n to be large). Now F; > 1
if L; does not occur, whence

K—1

(5.79) ¢ (Hy) = > [1—¢? (L)1 = 3K
i=0

by (5.75) and (5.77). Also,

(5.80) K = n/m] > an®®

by (5.78), for appropriate constants a € (0, o0) and A3z € (0, 1). By (5.68) and
(5.79),

(5.81) $rg(An) <exp(—c3n™),  n=1,
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where ¢3 = ¢3(r) € (0, 00) and Az = A3(r) € (0, 1). O

Proof of Theorem 5.64. Assume the given hypothesis. We shall use an extension
of an argument taken from [119]. Let IT, be the set of all paths of L.¢ joining the
origin to dA,. With T (7) denoting the number of closed edges in a path 7, we
have that

T +1>)

XET

|Cx N

where the summation is over all vertices x of m, Cy is the open cluster at x, and
|Cy N | is the number of vertices common to C, and 7. By Jensen’s inequality,

—1
Tm+1 1 1 1
Cy .
x| Z|7r|z|cx|z{|n|z' '}

Xemw Xemw
Therefore,
H,+1 . T(mr)+1 1
> inf > ,
n nell, |77 | K,
where

1
Ky = sup [Inl Z|cx|}.

well,

By (5.62),¢) ,(n > K~') = 1, where

(5.82) K:limsup[sup{|71T|Z|Cx|:|n|=m}:|.

—
m—00 xen

The (inner) supremum is over all paths from the origin containing m vertices. We
propose to show that q&g’ ¢(K < 00) =1, whence n > 0 as required.

Let {5x tx € 7%} be a collection of independent subsets of 7% with the

property that C, has the same law as Cx. We claim, as in [119], that the family
{ICx| : x € Z4} is dominated stochastically by {M, : x € 71}, where

M, = sup{|(~7y| cyezd xe Gy},

and we shall prove this inductively. Let vy, vz, ... be a deterministic ordering
of Z%. Given the random variables {Cy : x € Z“}, we shall construct a family
{Dy : x € Z%} having the same joint law as {Cy : x € 7%} and satisfying: for
each x, there exists y such that D, C C,. First, we set D,;, = C,,. Given
Dy,, Dy,, ..., Dy,, wedefine E = J_| Dy,. Ifvy1 € E, weset Dy, , = Dy,
for some j such that v,41 € Dy,. If va41 ¢ E, we proceed as follows. Let
AcE be the set of edges of 74 having exactly one endvertex in E. We may find
a (random) subset F of Cy,,, such that F has the conditional law of Cy,_, given

that all edges in AE are closed; we now set D,,,, = F. We are using two
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properties of qﬁg, o here. Firstly, the law of Cy, ,, given Cy,, Cy,, ..., Cy, depends
only on A¢E, and secondly, ¢2, q 18 positively associated. We obtain the required
stochastic domination accordingly.
By (5.82) (and subject to K and the Cy being defined on the same probability
space), ~ _
K < limsup | sup |71T|ZMX:|71|:m} a.s.

m—00 xemr

By [119, Lemma 2],

_ X -
K <2limsup | sup I 2:|CX|2 T =m :| a.s.

m— 00
L xel

where the (inner) supremum is over all animals I" of L¢ having m vertices and
containing the origin. By the main result of [97], the right side is almost-surely
finite so long as each |5 |? has finite (d 4+ €)th moment for some € > 0. The
required conclusion follows. g

Proof of Theorem 5.60. Let g € [1,00) and p < pc(g). Find r such that p <
r < pc(q). By Lemma 5.71, there exist ¢, A > 0 such that

¢y, (An) <exp(—cn™),  n=> 1L

This implies that ¢2q(|C|2d+1) < o0o. By Theorem 5.64, (r, g) > 0, and so
r < pie(q). By Theorem 5.66, r < py(q), and the claim follows. O

5.6 Exponential decay of volume

For percolation, there is a beautiful proof of the exponential decay of volume
using only that of radius. This proof hinges on the independence of the states of
different edges, and may therefore not be extended at present to general random-
cluster models, see [154, Thm 6.78]. We shall instead make use here of the block
arguments of [209], obtaining thereby the exponential decay of volume subject to
a condition on p believed but not known to hold throughout the subcritical phase.
This condition differs slightly from that of the last section in that it involves the
decay rate of certain finite-volume probabilities.

Leta > 1, and let

(5.83) L%(p.q) =limsup{n’~'¢) (0 < dA,)}.

n—0oo
As at (5.57), L*(p, q) is non-decreasing in p, and therefore,

=0 if p < pi(q).

L (p’q){ € (0,00] if p> pi(q).
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where

(5.84) Pe(q) = sup{p: L*(p,q) = 0}.

Clearly p¢%(q) is non-decreasing in a, and furthermore p?(g) < p.(g) for all
a > 1. We set

P&(g) = lim pi(q).
It is elementary that pg°(g) < pc(q), and we conjecture that equality holds.
(5.85) Conjecture. If g € [1, 00), then p°(q) = pc(q).
Here is the main result of this section.

(5.86) Theorem. Let g € [1, 00). There exists p(p, q), satisfying p(p,q) > 0
when p < p°(q), such that

¢) (CI = n) < e, n>1.

The hypothesis p < pg°(g) is slightly stronger than that of Theorem 5.60, and
so is the conclusion, since ¢107,q (rad(C) > n) < ¢2’q(|C| >n).

Proof. We adapt the arguments of [209, Section 2], from which we extract the
main steps. For N > landi = 1,2, ..., d, we define the box

Ty (@) = [0,3N]~! x [0, N] x [0, 3N]¢7%.

For w € Q, an i-crossing of Ty (i) is an open path xg, eg, x1, €1, . .., ey of alter-
nating vertices and edges of T (i) such that the ith coordinate of xq (respectively,
Xxm) is O (respectively, N). Such crossings are in the short direction. For b > 3,
we define

(5.87) b = 4’11\;,N,p,q (Tn (i) has an i-crossing),

noting by rotation-invariance that r}\’, does not depend on the value of i.

Let N be a fixed positive integer. From L.¢ we construct a new lattice £ as
follows. First, £ has vertex set Z¢. Two vertices X, y of £ are deemed adjacent in £
ifand onlyif |x; —y;| < 3foralli =1, 2, ..., d. Thebetter to distinguish vertices
of LY and £, we shall use bold letters to indicate the latter. Let w € Q. Vertex x of
L is coloured white if there exists i € {1, 2, ..., d} such that Nx 4+ T (i) has an
i-crossing, and is coloured black otherwise. The event {x is white} is increasing,
and is defined in terms of the states of edges in the box A(x) = Nx + [0, 3N,

The following lemma relates the size of the open cluster C at the origin of L

to the sizes of white clusters of £. For x € Z9, we write Wy for the connected
cluster of white vertices of /£ containing X.
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(5.88) Lemma [209]. Let w € Q. Assume that C contains some vertex v with
d
NS 1_[ [xjN, (xj + DN — 1],
j=1

for some X = (x1,x2,...,Xxq) € 74 satisfying
(5.89) |xj| =2 forsome jel{l,2,...,d}.

There exists a neighboury of the origin 0 of L such that

oa (1€ — 4N)?
(5.90) |Wy| > 7 2d( Jor :
Proof. This may be derived from that of [209, Lemma 2]. t

Since 0 has fewer than 7¢ neighbours on £,
(5.91) ¢9 4 (IC1 = n) <7%9) (IWo| = An — 1),
where A = 724 N—4_ Therefore,

(5.92) ¢ ,(CI=n) <7 D" anM, 4(m),

m>An—1
where a,, is the number of connected sets w of m vertices of £ containing 0, and
M, 4(m) = max{qbgﬂ (all vertices in w are white) : |w| = m}
By the final display of the proof of [209, Lemma 3],
(5.93) am < 7 (14e)",

and it remains to bound ¢2’ q (all vertices in w are white).

Fix b > 3, to be chosen later. Let w be as above with |w| = m. There exists a
constantc = c¢(b) > Osuchthat: w contains atleast # verticesy(1), y(2), ..., y()
such that > cm and the boxes Ny(r) + Apn,r = 1,2,...,¢, 0of L4 are disjoint.
We may choose such a set {y(r) : r = 1,2,...,t}in a way which depends only
on the set w. Then

(5.94) qbgﬂ (all vertices in w are white) < q&g’q (y(r) is white, r = 1,2, ..., t).
The events {y(r) is white}, r = 1, 2, ..., ¢, are dependent under 4)2, 7 However,
by positive association,

(5.95)

¢) ,(y(r) is white, r = 1,2,....1) < ¢  (y(r) is white,r = 1,2, ..., 1| E),
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where E is the event that every edge e having both endvertices in Ny (r)+9 Apy, for
any givenr € {1,2,...,1t}, is open. Under the conditional measure ¢2’q(~ | E),
the events {y(r) is white},r = 1, 2, ..., ¢, are independent, whence by symmetry

(5.96) ¢, (v(r)is white,r = 1,2,....1) < {¢}, ., o0 is white)}'

< dty)'.
By (5.92)-(5.96),

(5.97) ¢p,(ICI=m) <7 > 71y [dry)lm.

m>An—1

Leta > 1 and choose b > 3 + a, noting that x + A,y € Apy forall x € z4
lying in the region R = [0, 3N]¢~! x {0}. If Ty (d) has a d-crossing, there exists
x € Rsuchthat x < x + dAy. Since 4’11\;,N,p,q <t ¢}\aN’p’q,

(5.98) TS Bhnpg® S X+ IAN)

xeR

< RIGp,y pg 0 < IAN)
= BN+ DN, 50 dAN).

Let p < p2°(q), and choose a > 1 such that p < p%(q). With b > 3 + a, the
right side of (5.98) may be made as small as required by a suitably large choice
of N, and we choose N in such a way that 7de(d1:11\’,)c < ; Inequality (5.97)
provides the required exponential bound. g

5.7 The supercritical phase and the Wulff crystal

Percolation theory is a source of intuition for the more general random-cluster
model, but it has not always been possible to make such intuition rigorous. This
is certainly so in the supercritical phase, where several of the basic questions
remain unanswered to date. We shall work in this section with the free and wired
measures, q&g’ q and quIL pe and we assume throughout that g € [1, 00).

The first property of note is the almost-sure uniqueness of the infinite open
cluster. A probability measure ¢ on (€2, ¥) is said to have the 0/1-infinite-cluster
property if the number I of infinite open clusters satisfies ¢ (I € {0, 1}) = 1.
We recall from Theorem 4.33(c) that every translation-invariant member of the
closed convex hull of ‘W, , has the 0/1-infinite-cluster property. By ergodicity,
see Corollary 4.23, we arrive at the following.
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(5.99) Theorem (Uniqueness of infinite open cluster). Let p € [0, 1] and g €
[1, 00). We have for b = 0, 1 that

(5.100) ¢ (I =1)=1 whenever 6°(p.q)> 0.

Letg € [1,00) and p > pc(q). There exists (¢1’j, 4-almost-surely) a unique
infinite open cluster. What may be said about the shapes and sizes of finite open
clusters? One expects finite clusters to have properties broadly similar to those
of supercritical percolation. Much progress has been made in recent years to-
wards proofs of such statements, but a vital step remains unresolved. As was true
formerly for percolation, the results in question are proved only for p exceeding
a certain ‘slab critical point’ p.(g), and it is an important open problem to prove
that pe(q) = pe(q) forall g € [1, 00).

Here is an illustration. It is fundamental for supercritical percolation that the
tails of the radius and volume of a finite open cluster decay exponentially in 7 and
n@=D/d respectively, see [154, Thms 8.18, 8.65]. This provokes an important
problem for the random-cluster model whose full resolution remains open. Partial
results are known when p > p.(q), see Theorems 5.104 and 5.108.

(5.101) Conjecture. Let p € [0, 1] and q € [1, 00). There exist 0 = o(p, q),
y =v(p.q), satisfying o (p, q), y(p,q) > 0 when p > pc(q), such that

) 4(n < Tad(C) < 00) < e,

1 _yntd-1/d
¢pqn =|Cl <00) <e ,

n>1.

We turn next to a discussion of the so-called “Wulff construction’. Much atten-
tion has been paid to the sizes and shapes of clusters formed in models of statistical
mechanics. When a cluster C is infinite with a strictly positive probability, but
is constrained to have some large finite size N, then C is said to form a large
‘droplet’. The asymptotic shape of such a droplet, in the limit of large N, is pre-
scribed in general terms by the theory of the so-called Wulff crystal®. In the case
of the random-cluster model, we ask for properties of the open cluster C at the
origin, conditional on the event {N < |C| < oo} for large N. The rigorous picture
is not yet complete, but techniques have emerged through the work of Cerf and
Pisztora, [83, 84, 276], which may be expected to reveal in due course a complete
account of the Wulff theory of large finite clusters in the random-cluster model. A
full account of this work would be too lengthy for inclusion here, and we content
ourselves with a brief summary.

The study of the Wulff crystal is bound up with the law of the volume of a finite
cluster, see Conjecture 5.101. It is straightforward to adapt the corresponding
percolation proof (see [154, Thm 8.61]) to obtain that

1 _ —ynd-1/d
¢p,q(|c| - n) 2 €

)

5Such shapes are named after the author of [325]. The first mathematical results on Wulff
shapes were proved for the two-dimensional Ising model in [104], see the review [55].
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for some y satisfying y < oo when p.(q) < p < 1. It is believed as noted
above that this is the correct order for the rate of decay of ¢11,, ¢(Cl = n) when
p > pe(q).

Before continuing, we make a comment concerning the number of dimensions.
The case d = 2 is special (see Chapter 6). By the duality theory for planar
graphs, the dual of a supercritical random-cluster measure is a subcritical random-
cluster measure, and this permits the use of special arguments. We shall therefore
suppose for the majority of the rest of this section that d > 3; some remarks about
the two-dimensional case are made after Theorem 5.108.

A partial account of the Wulff construction and the decay of volume of a finite
cluster is provided in [83], where the asymptotic shape of droplets is studied in
the special case of the Ising model. The proofs to date rely on two assumptions on
the value of p, namely that p is such that ¢2, a= ¢[1,, ¢» ¢f. Conjecture 5.34, and
secondly that p exceeds a certain ‘slab critical point’ p.(g) which we introduce
next.

Fix g € [1, 00) and letd > 3. Let S(L, n) be the slab given as
S(L,n) =[0,L — 1] x [—n,n]*"",

and let %%, ’; = ¢g( L) paa be the random-cluster measure on S(L, n) with param-
eters p, g, and with free boundary conditions. We denote by I1(p, L) the property
that:

there exists o > 0 such that, for all n and all x € S(L, n), wﬁfqn 0 < x)>a.

It is not hard to see that [1(p, L) = TI(p/, L") if p < p’and L < L/, and it is
thus natural to define the quantities

(5.102)  pe(g, L) = inf{p : T(p, L) occurs}, Pe(q) = lim Pe(q, L).

Clearly, pc(q) < pc(q) < 1. Itis believed that equality holds in that p.(g) =
pc(g), and it is a major open problem to prove this®.

(5.103) Conjecture [276]. Let g € [1, 00) and d > 3. Then p.(q) = pc(q).

The case g = 1 of Conjecture 5.103 is special, since percolation enjoys a spatial
independence not shared with general random-cluster models. This additional
property has been used in the formulation of a type of ‘dynamic renormalization’,
which has in turn yielded a proof that pc(1) = pc(1) for percolation in three or
more dimensions, see [24], [154, Chapter 7], [161]. Such arguments have been
adapted by Bodineau to the Ising model, resulting in proofs that p.(2) = pc(2)
and that the pure phases are the unique extremal Gibbs states when p # p.(2), see

50One may expect the methods of Section 7.5 to yield a proof that pc(¢) = pc(g) for sufficiently
large g.
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[53, 54]. Such arguments do not to date have a full random-cluster counterpart.
Instead, in the random-cluster setting, one exploits what might be termed ‘static
renormalization’ methods, or ‘block arguments’, see [83, 276]. One divides space
into blocks, constructs events of an appropriate nature on such blocks, having
large probabilities, and then allows these events to combine across space. There
have been substantial successes using this technique, of which the most striking is
the resolution (subject to side conditions) of the Wulff construction for the Ising
model.

We state next an exponential-decay theorem for the radius of a finite cluster;
the proof is given at the end of this section. It is an immediate corollary that
the ‘truncated two-point connectivity function’ ¢>11,, ¢ <y, x < 00) decays
exponentially in the distance ||x — y||, whenever p > D.(g).

(5.104) Theorem. Let g € [1,00), d > 3, and p > pc(q). There exists o =
o(p,q) > 0 such that

)., (n < 1ad(C) < 00) < e, n>1.

We turn now to the Wulff construction. Subject to a verification of Conjecture
5.103, and of a positive answer to the question of the uniqueness of random-cluster
measures when p > p¢(g), the block arguments of Cerf and Pisztora yield alargely
complete picture of the Wulff theory of random-cluster models with g € [1, 00),
see [83, 276] and also [84]. Paper [81] is a fine review of Wulff constructions for
percolation, Ising, and random-cluster models.

The reader is referred to [81] for an introductory discussion to the physical
background of the Wulff construction. It may be summarized as follows for
random-cluster models. Let A, = [—n, n]%, and consider the wired random-
cluster measure qul\n, pa with p > pc(q). The larger an open cluster, the more
likely it is to be joined to the boundary 9 A,. Suppose that we condition on the
event that there exists in A, an open cluster C that does not intersect d A, and that
has volume of the order of the volume n¢ of the box. What can be said about the
shape of C? Since p > pc(q), there is little cost in having large volume, and the
price of such a cluster accumulates around its external boundary. It turns out that
the price may be expressed as a surface integral of an appropriate function termed
‘surface tension’. This ‘surface tension’ may be specified as the exponential rate
of decay of a certain probability. The Wulff prediction for the shape of C is that,
when re-scaled in the limit of large n, it converges to the solution of a certain
variational problem, that is, the limit shape is obtained by minimizing a certain
surface integral subject to a constraint on its volume.

For A C 74, let p(A) be the number of vertices x € A such that x <> JA.
When p > pc(q), p(A,) has order |A,|. Let C be the open cluster at the origin,
and suppose we condition on the event {|C| > an?, CNIA, = @} wherea > 0.
This conditioning implies a change in value of p(A,)/|A,| amounting to a large
deviation. The link between Wulff theory and large deviations is made more
concrete in the next theorem. The set &, is given in Theorem 4.63 as the (at most
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Figure 5.1. Images of the Wulff crystal for the two-dimensional Ising model at two distinct
temperatures, produced by simulation in time, and reproduced by courtesy of Raphaél Cerf.

The simulations were for finite time, and the images are therefore only approximations to the

true crystals. The pictures are 1024 pixels square, and the inverse-temperatures are f = §, i? .

The corresponding random-cluster models haveg =2 and p = 1 — e_4/3, 1 — 10711

countable) set of values of p at which there is non-uniqueness of random-cluster
measures with cluster-weighting factor g.

(5.105) Theorem [81, 83]. Let g € [1,00) andd > 3. Let p € (pc(q), 1) be
such that p ¢ Dy. There exists a bounded, closed, convex set W of R4 containing
the origin in its interior such that the following holds. Let 0 = 0 (p, q), and let
a € (0, 0) be sufficiently close to 0 that the re-scaled crystal

anl/d W
W(“)=<1_9> R

is a subset of the unit cube [— ; ;]d. Then, as n — o0,

1 o\ d-1)/d
a1 10288, g (p(An) = alfy)) > —d (1= 1) w1/

The set ‘W is termed the “Wulff crystal’, and |'W| denotes its d-dimensional
Lebesgue measure. For proofs of this and later theorems, the reader is referred
to the original papers. The Wulff crystal for the closely related Ising model is
illustrated in Figure 5.1.

Theorem 5.105 may be stated without explicit reference to the set ‘W. The
geometry of ‘W becomes important in the complementary theorem, following. It
is framed in terms of the convergence of random measures, and the point mass on
the point x € R is denoted by §,.
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(5.106) Theorem [81]. Let g € [1,00) andd > 3. Let p € (pc(q), 1) be such
that p ¢ D,. There exists a bounded, closed, convex set W of RY containing the
origin in its interior such that the following holds. Under the conditional measure
obtained from ¢117,q by conditioning on the event {n? < |C| < o0}, the random

measure |
nd Z Bx/n

xeC

converges in probability, with respect to the bounded, uniformly continuous func-
tions, towards the set {81y (a + x) dx : a € R} of measures, where & = 6'(p, q).
The probabilities of deviations are of order exp(—cn® ™).

The meaning of the conclusion is as follows. For k > 1, for any bounded,
uniformly continuous function f : RY — R, and for any € > 0, there exists

c=c(d,k, p,q, f,€) > 0such that
56>

1. . o
where ¢, , is the measure obtained from ¢[1,’ ¢ by conditioning on the event

1
L Zf(x/n)—@/xewf(a+x)dx

xeC

(5.107) ¢, <Ela e R s.t.

_d—1
>1—e " n>1,

’

{n? < |C| < oo}, and | - | is the Euclidean norm on R¥. This is a way of saying
that the external boundary of a large finite open cluster with cardinality approxi-
mately n? resembles the boundary of a translate of n'W. Within this boundary, the
open cluster has density approximately 6, whilst the density outside is zero. It is
presumably the case that the a in (5.107) may be chosen independently of f and
€, but this has not yet been proved.

One important consequence of the analysis of [83] is an exact asymptotic for
the probability that |C] is large.

(5.108) Theorem [81]. Let g € [1,00) andd > 3. Let p € (pc(q), 1) be such
that p ¢ D,. There exists y = y(p, q) € (0, 00) such that

1
d—1 log¢;’q(nd§|C| < 00) = —y asn — oo.

The above results are valid in two dimensions also although, as noted earlier,
this case is special. When d = 2, the slab critical point p.(g) is replaced by the
infimum of values p at which the dual process has exponential decay of connections
(see (6.5) for the relation between the dual and primal parameter-values). That is,
whend =2,

q(1 = pg(q))
Pe(q) +q(1 — pe(q))

where pg(q) is given at (5.65). Fluctuations in droplet shape for random-cluster
models in two dimensions have been studied in [17, 18].

ﬁc(‘]) =
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Proof of Theorem 5.104. We adapt the proof of [87] as reportedin [ 154, Thm 8.21].
We shall build the cluster C at the origin (viewed as a set of open edges) step by
step, in a manner akin to the proof of Proposition 5.30. First, we order the edges
of L% in some arbitrary but deterministic way, and we write e; for the ith edge in
this ordering. Let w € 2. We shall construct a sequence (Cyp, Do), (C1, Dy), ...
of pairs of (random) edge-sets such that C; € C;4; and D; € D;4 for eachi.
Every edge in each C; (respectively, D;) will be open (respectively, closed). Let
Co = Do = . Having found (Cy,, Dy,) form =0, 1, ..., n, we find the earliest
edge e ¢ C, U Dy, in the above ordering such that e has an endvertex in common
with some member of Cy; if C, = @ we take e ¢ D, to be the earliest edge
incident to the origin if such an edge exists. We now define

(Cy U{e}, Dy) if eis open,

Coits Dosl) =
(1, Dny1) {(C,,,D,,U{e}) if ¢ is closed.

This process is continued until no candidate edge e may be found, which is to say
that we have exhausted the open cluster C. If C,, = C for some n then we define
C; = C forl > n, so that

(5.109) C = lim C,.

n—oo

Let H, = {x € 74 x = n}, and let G, be the event that the origin belongs
to a finite cluster that intersects H,. The box A, has 2d faces, whence, by the
rotation-invariance of ¢2’ e

(5.110) ¢p.4(0© A, |C] < 00) <2d4) ,(G).
We shall prove that, for p > pc(q), there exists ¥ > 0 such that
(5.111) ¢y (Gn)<e™, n=1,
and the claim of the theorem is an immediate consequence.
The idea of the proof of (5.111)is as follows. Since p > p.(g) by assumption,

we may find an integer L such that p > pc(q, L). Write S(L) = [0, L) x z4-1,
and

(5.112) Si(L) = S(L)+ (i — D)Ley = [(i — DL,iL) x 27",
where e; = (1,0,0,...,0). Suppose that G,,;, occurs for some m > 1. Then
each of the regions S;(L),i = 1, 2, ..., m,is traversed by an open path = from the

origin. Since p > pc(q, L), there is ¢21(L)’p’q—probability 1 that S; (L) contains
an infinite open cluster, and 7 must avoid all such clusters fori = 1,2, ..., m.
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Figure 5.2. Any path 7 from the origin to H, (with n = 4L in this picture) traverses the
regions S; = S;(L), i =1, 2, 3, 4. The vertex vj where 7 first hits the slab S/ may be joined
(with strictly positive conditional probability) within the slab to d A py.

By a suitable coupling argument, the chance of this is smaller than «™ for some
a=u(p,q,L) <1.

We have to do a certain amount of work to make this argument rigorous.
First, we construct the open cluster C at the origin as the limit of the sequence
(Cpy : m = 1,2,...) in the manner described above. Next, we construct a
sequence vi, v2, ... of vertices in the following manner. We set v = 0, the
origin. Fori > 2, we let

m; =min{m > 1 : C, contains some vertex of S;(L)},
and we denote the (unique) vertex in question by v;. Such a v; exists if and only
if some vertex in S;(L) lies in the open cluster at the origin. We obtain thus a

sequence vi, V2, ..., vt of vertices where

T =sup{i : CNSi(L) # 2}.
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LetS(L,N) =[0,L)x[—N, N1, Since p > pc(q, L), wemay finda > 0
such that
PL oy pg 0o V) >0, vESE,N).

By positive association,
(5.113) ¢g(L,N),p,q(v < A y) > o2, veS(L,N), 0<M < N.

Let n be a positive integer satisfying n > L, and write n = rL + s where
0 <s < L. Letn < M < N, and consider the probability ¥ (G, ) where
Yy = ¢}\N’p’q and G,y = {0 <& H,, 0 <4 0Apy}. Later, we shall take the
limitas M, N — oo. On the event G, )7, we have that 7 > r, and v; <» 0 A in
S; (L), fori =1,2,...,r. Therefore,

(5.114) YN (Gnm) < YN (Ar),

where

")~

Aj =1{T > j}ﬂ{ {vi <+ 0Ay in Si(L)}}.

1

Il
MR

Now Ag = Q,and A; 2 A; 1 for j > 1, whence
r
(5.115) YN (Gum) < Un(AD) l_[ Yn(Aj | Aj-1).
j=2

Let j € {2,3, ..., r}, and consider the conditional probability ¥y (A; | Aj_1);
the case j = 1 is similar. We have that

Yn(Aj | Aj-1)
< Y v dAyinS;(L) |y =v. T = j. Aj_1)
veH (1)L xYnj =v|T > j, Ai_DYn(T = j | Aj-1).

We claim that

(5.116) Yn(v < dAy in S;(L) |vj =v, T > j, Aj—) < 1—a?.
This will imply that
UN(AjTAj-D = —a®) Y Yn=v|T =], Aj-1)
UEH(j,l)L
=1 —012,

yielding in turn by (5.114)—(5.115) that

UN(Gum) < (1 —a?).
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Let N — oo and M — oo to obtain that
<~ Hy, ) < (l —« , n=1,
$p.q(0 < Hu, 0 4 00) < (1 —aHW/H !

and (5.111) follows as required.

It remains to prove (5.116), which we do by a coupling argument. Suppose
that we have ‘built’ the cluster at the origin until the first epoch m = m; at which
Cy, touches S;(L) and, in so doing, we have discovered that v; = v, T > j,
and A;_1 occurs. The event E, = {v <4 d0Ay in §;(L)} is measurable on the
o-field generated by the edge-states in S; (L), and the configuration on S;(L) is
governed by a certain conditional probability measure, namely that featuring in
(5.116). This conditional measure on S;(L) dominates (stochastically) the free
random-cluster measure on S; (L) N Ay = S(L, N) + (j — 1) Ley. Since the last
region is a translate of S(L, N),

Yn(Ey |vj=v, T > j, Aj_1) <1—a?,
by (5.113), and (5.116) is proved. Il

5.8 Uniqueness when ¢ < 1

Only a limited amount is known about the (non-)uniqueness of random-cluster
measures on LY when g < 1, owing to the absence of stochastic ordering and
the failure of positive association. By Theorems 4.31 and 4.33, there exists at
least one translation-invariant member of co W, ,, and this measure is a DLR-
random-cluster measure. One may glean a little concerning uniqueness from the
comparison inequalities, Theorem 3.21, from which we extract the facts that, for
the random-cluster measure ¢¢, , , on a finite graph G = (V, E),

S 117) PG, py1 Sst @G, pag T g =<1, p1 < p2,

. P1 P2
(5118)  G6pt = b6 pmg I g <1, > .
P1 st P2.9 1— P 61(1 _ p2)

One may deduce the following by making comparisons with the percolation model.
(5.119) Theorem. Ford > 2, there exists p’ = p'(d) < 1 such that the following

holds. Let p € (0, 1), g € (0, 1], and write m = p/[p + q(1 — p)]. We have that
| Wp.ql = |Rp.q|l = 1 whenever either 6(, 1) =0 or p > p'.

Exponential decay holds similarly when ¢ € (0, 1) and 7 < pc(1). That is,
there exists ¥ = ¥ (p, ¢) > 0 such that ¢2’q(|C| =n) < e, see the comment
in the proof of Theorem 5.55.

Proof’. The proof is similar to that of Proposition 5.30 and is therefore only
sketched. Let p, g be such that g € (0, 1) and (s, 1) = 0, and let A and A be

7See also [8, 156, 281].
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boxes satisfying A € A. A cutset is defined to be a subset S of Ex \ E5 such
that: every path joining A to d A uses at least one edge of S, and S is minimal with
this property. For a cutset S, we write int S for the set of edges of Ea possessing
no endvertex x such that x <> 9A off S, and we write S =SuUintS. Thereisa
partial order on cutsets given by S1 < S if S1 - S2
Let A € F5. Let A, X be boxes suchthat A € A C ¥, and let&, t € Q. By
(5.118), there exists a probability measure 5 on {0, 1}*= x {0, 1}F= x {0, 1}E=
such that the following hold.
(i) The set of triples (w1, wa, 3) satisfying w; < w3 and wy < w3 has ¥y-
probability 1.
(i) The first marginal of ¥y is 4)2 o the second marginal restricted to Ex is
¢>Z’ o and the third marginal is the product measure ¢y .
(iii) Let M denote the maximal cutset of A every edge of which is closed in w3,
and note that M exists if and only if w3 € {0 A <+ dA}. Conditional on M,
the marginal law of both {w(e) : e € int M} and {wz(e) : e € int M} is the

free measure ¢, ,, ra

By conditioning on M,
(5.120) (65 g (A) = 85 (D] < b2 (0N < A).

By Theorem 4.17(a), there exists a probability measure p € W, ,, and we
choose T € 2 and an increasing sequence A = (A, : n = 1,2,...) such that
¢>Z’“p’q = pasn — oo. Supposethatp’ € W, , and p’ # p. Thereexists & € Q

and an increasing sequence X = (¥, : n = 1,2, ...) such that qbz g = o
For m sufficiently large that A C A, letn = n,, satisfy A,, € ¥,. By (5.120)
with A = A,, X =%,

(5.121) |05, g (A) = DR, pg(A)] < P52 DA < IA).

Let n — oo and m — o0 in that order. Since 6(m, 1) = 0, the right side tends to
zero, and therefore p’(A) = p(A). This holds for all cylinders A, and therefore
p’ = p, acontradiction. It follows that |'W, ,| = 1. An alternative argument uses
the method of [117].

Suppose next that ¢ € R, 4 so that, for any box A,
PA | TA)E) =¢a , (A ¢as.
By (5.120) with ¥ = A = A, and p as above,
1$(A) = p(A)] = 1im [¢(P(A | Ta,) = P, pq(A)]
m—0o0
< lim ¢p, z(0A < 0A,) =0,
m—0o0

whence R, , = {p}.

A similar proof of uniqueness is valid for large p, using (5.117) and the approach
taken for Theorem 5.33(b). O



Chapter 6

In Two Dimensions

Summary. The dual of the random-cluster model on a planar graph is a
random-cluster model also. The self-duality of the square lattice gives rise
to the conjecture that pc(q) = pgq(q) forg € [1, 00), where pyq(q) denotes
the self-dual point ,/q /(1 +,/q). Using duality, one obtains the uniqueness
of random-cluster measures for p # pgq(q) and g € [1, 00). The phase
transition is discontinuous if ¢ is sufficiently large. Results similar to those
for the square lattice may be obtained for the triangular and hexagonal lat-
tices, using the star—triangle transformation. It is expected when g € [1, 4)
that the critical process may be described by a stochastic Lowner evolution.

6.1 Planar duality

The duality theory of planar graphs provides a technique for studying random-
cluster models in two dimensions. We shall see that, for a dual pair (G, Gq) of
finite planar graphs, the measures ¢, .4 and ¢G,, p,,4 are dual measures in a
certain sense to be explained soon, where p and pq are related by pq/(1 — pq) =
q(1 — p)/p. Such a duality survives the passage to a thermodynamic limit, and
may therefore be applied also to infinite planar graphs including the square lattice
IL2. The square lattice has the further property of being isomorphic to its (infinite)
dual, and this observation leads to many results of significance for the associated
model. We begin with an account of planar duality in the random-cluster context.

A graph is called planar if it may be embedded in R? in such a way that two
edges intersect only at a common endvertex. Let G = (V, E) be a planar (finite
or infinite) graph embedded in R2. We obtain its dual graph G4 = (Vy, Eq) as
follows'. We place a dual vertex within each face of G, including any infinite face
of G if such exist. For each e € E we place a dual edge eq = (x4, yq) joining the
two dual vertices lying in the two faces of G abutting e; if these two faces are the
same, then xq4 = yq and eq is a loop. Thus, Vj is in one—one correspondence with

IThe roman letter ‘d’ denotes ‘dual’ rather than ‘dimension’.
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Figure 6.1. The planar dual of the square lattice 1% is isomorphic to L2

the set of faces of G, and E4 is in one—one correspondence with E. It is easy to
see as in Figure 6.1 that the dual ]L(zl of the square lattice L2 is isomorphic to L2.
What is the relevance of graphical duality to random-cluster measures on G.
Suppose that G is finite. A configuration w € Q = {0, 1}¥ gives rise to a dual
configuration wg € Qg = {0, 1}F4 given by wy(eq) = 1 — w(e). That is, eq is
declared open if and only if ¢ is closed?. As before, to each configuration wq there
corresponds the set n(wg) = {eq € Eq : wq(eq) = 1} of its ‘open edges’, so that
n(wq) is in one—one correspondence with E \ n(w). Let f(wq) be the number of
faces of the graph (V4, n(wq)), including the unique infinite face. By drawing a
picture, one may easily be convinced (see Figure 6.2) that the faces of (Vy, n(wq))
are in one—one correspondence with the components of (V, n(w)), and therefore

(6.1) f(wa) = k(o).
We shall make use of Euler’s formula (see [320]), namely
(6.2) k(@) =1V = n@)|+ f(o) -1, w € Q,

and we note also for later use that
(6.3) [n(@)| + In(wa)| = |E]|.

Letg € (0, 00) and p € (0, 1). The random-cluster measure on G is given by

n(w)]
p ) qk(w)’ weQ,
p

¢G,p,q(a)) X (1 _

where the constant of proportionality depends on G, p, and g. Therefore,

p

—[n(wa)l
P p) ¢’ @0 by (6.1)and (6.3)

(6.4)  ¢G,p.q(w) x (

1 — )\ 7@l
o (q( ; p)> g"@) by (6.2) applied to wg

X ¢Gd,pd,q (C!)d),

2This differs from the convention used in [154].
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Figure 6.2. A primal configuration w (with solid lines and vertices) and its dual configuration
wq (with dashed lines and hollow vertices). The arrows join the given vertices of the dual to a
dual vertex in the infinite face. Note that each face of the dual graph corresponds to a unique
component of the primal graph lying ‘just within’.

where the dual parameter pg is given by

6.5) P _ q(l—p)'
1 — pa p

Note that the dual value of pq satisfies (pg)q = p. Since (6.4) involves probability
measures, we deduce that

(6.6) DG, p.q(@) = GG 4, pa,q(@d), w € Q.

It will later be convenient to work with the edge-parameter>

_1
6.7) x=1"P
l—p
for which the primal/dual transformation (6.5) becomes
(6.8) xxg = 1.

The unique fixed point of the mapping p > pq is easily seen from (6.5) to be
the self-dual point psq(g) given by

Vv

. q
(6.9) Psd(q) = 1+ g’

‘We note that

36 po(r.q (@) 0 q 2 M@ o g3 K@) k@)

3We shall work at a later stage with the parameter y = p/(1 — p), for which the primal/dual
relation is yyq = q.
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Figure 6.3. The dual of the box A (n) = [—n, n1? is obtained from the box [—n—1, n]?+( é , é )
by identifying all vertices in its boundary.

by (6.1)—(6.2). This representation at the self-dual point psq(g) highlights the
duality of measures.

When we keep track of the constants of proportionality in (6.4), we find that
the partition function

Zc(p.q) = Z pln(w)l(l _ p)IE\ﬂ(w)qu(w)

weR
satisfies the duality relation
Wi-1 1—p |E|
(6.10) ZG(p,q) =q ( a ) Z6,(pd, q).
Therefore,
1
(6.11) Z6(psa(@). ¢) = ¢"1 7' 72 F1 26, (psa(q). @).

We consider now the square lattice L2 = (Z3,E?). Let A(n) = [—n,n]?,
viewed as a subgraph of L%, and note from Figure 6.3 that its dual graph A (n)q
may be obtained from the box [—n — 1, n]*> + (é, é) by identifying all boundary
vertices. By (6.6), and with a small adjustment on the boundary of A(n)q,

(6.12) B0, (@ = PAy,pa.g (@)

for configurations w on A(n). Let A be a cylinder event of 2 = {0, I}EQ, and
write Aq for the dual event of 24 = {0, I}Eg, that is, Aq = {wq € Q4 : w € A}.
On letting n — oo in (6.12), we obtain by Theorem 4.19(a) that

0., (A) =, (Ad),

where the notation ¢ is used to indicate the random-cluster measure on the dual
configuration space £24. By a similar argument,

() = ¢ (Ag).
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Figure 6.4. The box S(5) and its dual S(5)4. There exists no open crossing of S(5) from left
to right if and only if there exists an open dual crossing of S(5)q from top to bottom.

We summarize the above in a theorem.

(6.13) Theorem. Consider the square lattice .2, and let g € [1,00). For any
cylinder event A,

1-b
900 = bpra(A.  b=0.1,
where Aq = {wg € Q4 : w € A).

There is a key application of duality to the existence of open crossings of a box.
Let S(n) = [0, n+1]x[0, n] and let S(n)4 be its dual box [0, n] x [~ 1, n]+ (3, 3).
Let LR(n) be the event that there exists an open path of S(n) joining some vertex
on its left side to some vertex on its right side. It is standard that LR(n)q is the
event that there exists no open dual crossing from the top to the bottom of S(n)4.
This is explained further in [154, Section 11.3] and illustrated in Figure 6.4.

(6.14) Theorem. Let g € [1, 00). We have that

¢(I)'sd(q),q(LR(n)) + ¢)117sd(q)aq(LR(n)) =1 nzl

Proof. Apply Theorem 6.13 with b = 0 to the event A = LR(n), and use the fact
1
that ¢, , (LR(1)a) = ¢}, ,(LR(m) = 1 = @}, (LR(m)). =
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6.2 The value of the critical point

It is conjectured that the critical point and the self-dual point of the square lattice
are equal.

(6.15) Conjecture. The critical value p.(q) of the square lattice L% is given by

V4
1+./q

This has been proved wheng = 1,4 = 2,and wheng > 25.72. The g = 1 case
was answered by Kesten, [207], in his famous proof that the critical probability
of bond percolation on L2 is ; For g = 2, the value of p.(2) given above agrees
with the Kramers—Wannier [221] and Onsager [264] calculations of the critical
temperature of the Ising model on Z2, and is implied by probabilistic results in
the modern vernacular, see [5] and Section 9.3. The formula (6.16) for p.(g) has
been established rigorously in [224, 225] for sufficiently large (real) values of ¢,
specifically ¢ > 25.72 (see also [153]). This is explored further in Section 6.4,
see Theorem 6.35.

(6.16) pelg) = q € [1,00).

Several other remarkable conjectures about the phase transition on L> may
be found in the physics literature as consequences of ‘exact’ but non-rigorous
arguments involving ice-type models, see [26]. These include exact formulae for
the asymptotic behaviour of the partition function lima472{ZA (p, ¢)}!/1Al, and
also for the edge-densities at the self-dual point pgq(g), that is, the quantities
h? (@) = ¢>h (eis open) for b = 0, 1. These formulae are summarized in

. Psa(q).q
Section 6.6.

Conjecture 6.15 asserts that p.(q) = psa(q) for g € [1, 0c0). One part of this
equality is known. Recall that 6°(p, ¢) = ¢107,q (0 < ).

(6.17) Theorem [152, 314]. Consider the square lattice L2, and let q €[1, 00).

(a) We have that 8°(psa(q), q) = 0, whence pe(q) = psa(q)-
(b) There exists a unique random-cluster measure if p # psa(q), that is,

V4
14+ /q

The complementary inequality p.(q) < psd(q) has eluded mathematicians de-
spite progress by physicists, [183]. Here is an intuitive argument to justify the latter
inequality. Suppose on the contrary that pc(g) > psd(q),sothat pc(g)d < psd(q).
For p € (pc(q)d, pc(q)) we have also that pg € (pc(q)d, pc(q)). Therefore, for
P € (pc(q)d, pc(q)), both primal and dual processes comprise (almost surely) the
union of finite open clusters. This contradicts the intuitive picture, supported for
P # pc(q) by our knowledge of percolation, of finite open clusters of one process
floating in an infinite open ocean of the other process.

| Rpgl =1 Wpql=1 if p#

Conjecture 6.15 would be proven if one could show the sufficiently fast decay
of ¢2’ q (0 < 0A(n)) asn — oo. An example of such a statement may be found
at Lemma 6.28, and another follows. Recall from Section 5.5 the quantity p.(q).
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(6.18) Theorem [163]. Let g € [1, 00) and suppose that, for all p < pc(q), there
exists A = A(p, q) < oo with

0 A
(6.19) $,40 <« dAMN) = n>1.
n

Then pc(q) = pe(q) = psa(q).

Rigorous numerical upper bounds of impressive accuracy have been achieved
for the square lattice and certain other two-dimensional lattices.

(6.20) Theorem [15]. The critical point pc(q) of the square lattice L? satisfies

6.21) @<, % . gel2 0.

—q '+ g

For example, when ¢ = 10, we have that 0.760 < p.(10) < 0.769, to be
compared with the conjecture that p.(10) = V10/(1 + +/10) ~ 0.760. The
upper bound in (6.21) is the dual value of pgq(g — 1). See also Theorem 6.30.

Exact values for the critical points of the triangular and hexagonal lattices may
be conjectured similarly, using graphical duality together with the star—triangle
transformation; see Section 6.6.

Proof of Theorem 6.17. (a) There are at least two ways of proving this. One way is
to use the circuit-construction argument pioneered by Harris, [181], and developed
further in [47, 130], see Theorem 6.47. We shall instead adapt an argument of
Zhang using the 0/1-infinite-cluster property, see [154, p. 289]. Let p = ps(q),
so that ¢>2, q and ¢>11,, g are dual measures in the sense of Theorem 6.13.

Forn > 1, let A'(n) (respectively Af(n), Al(n), AP(n)) be the event that some
vertex on the left (respectively right, top, bottom) side of the square T'(n) =
[0, n]? lies in an infinite open path of L% using no other vertex of 7'(n). Clearly
Al(n), A"(n), A'(n), and A®(n) are increasing events whose union equals the event
{T (n) <> oo}. Furthermore, by rotation-invariance,

(6.22) forb=0,1andn >1, ¢>Ib,’q(A”(n)) is constant foru = 1,1, t, b.

Suppose that0°(p, ¢) > 0, whence by stochastic ordering 0! (p, ¢) > 0. Since
the ¢£, o have the 0/1-infinite-cluster property,

¢ (A MUA M UA' ) UA ) > 1 asn — oo.
By positive association,

¢b (T (n) <> 00) = @b (ALm)gh , (AT(m))db , (ALm)) ), (AP(m)),
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Figure 6.5. Vertices a and b lie in infinite open clusters of L2 \ T(N), and vertices x and y lie
in infinite open clusters of the dual lattice ]Lﬁ \ T(N)q. If there exists a unique infinite open

cluster of I, then there exists an open path 7 joining a to b, and thus the infinite dual clusters
at x and y are disjoint.

implying by (6.22) that

(6.23) ¢h (A“() > 1 asn— oo, foru=1r,tb.

We choose N such that

(6.24) ¢b J(A“(N) > [ foru=1r,t,bandb =0, 1.
Moving to the dual lattice, we define the dual box

(6.25) T(n)q = [0,n)* + (3, D).

Let Bl(n) (respectively, B'(n), B'(n), Bb(n)) be the event (in 24) that some vertex
on the left (respectively right, top, bottom) side of 7 (n)q lies in an infinite open
path of the dual lattice Lg using no other vertex of 7' (n)4. Clearly,

(626) ¢, ,(BY(N) =) (A“N) > ]  foru=Lrtb.

Consider now the event A = AY(N) N A"(N) N BY(N) N BY(N), viewed as a
subset of 2 and illustrated in Figure 6.5. The probability that A does not occur
satisfies

00, (A) < 60, (AIN)) + 92, (AT(N)) + 9, (BUN)) + ¢ 4 (BP(N))
<)  by(6.24) and (6.26),



[6.2] The value of the critical point 141

giving that qﬁfj# (A) > é forb=0,1.
We now use the fact that every random-cluster measure q&f,, 4hasthe 0/1-infinite-

cluster property, see Theorem 4.33(c). If A occurs, then L2\ T(N) contains two
disjoint infinite open clusters, since the clusters in questions are separated by
infinite open paths of the dual; any open path of L2 \ T(N) joining these two
clusters would contain an edge which crosses an open edge of the dual, and no
such edge can exist. Similarly, on A, the graph ]L(Zl \ T(N)q contains two disjoint
infinite open clusters, separated physically by infinite open paths of > \ T'(N).
The whole lattice 1.2 contains (almost surely) a unigue infinite open cluster, and it
follows that there exists (almost surely on A) an open connection 7 of .2 between
the fore-mentioned infinite open clusters. By the geometry of the situation (see
Figure 6.5), this connection forms a barrier to possible open connections of the
dual joining the two infinite open dual clusters. Therefore, almost surely on A,
the dual lattice contains two or more infinite open clusters. Since the latter event
has probability 0, it follows that qbg, 4(A) = 0 in contradiction of the inequality

qbg q(A) = é The initial hypothesis that 6%(p, ¢) > 0 is therefore incorrect, and
the proof is complete.
(b) By part (a), 0'(p,q) = 0 for p < ps(q), whence, by Theorem 5.33(a),
[Rp.gl =1Wpql =1 for p < psa(q).

Suppose now that p > psq(g) so that, by (6.5), P4 < paalq). By part (a) and
Theorem 4.63,

¢2d,q (eq is closed) = ¢11)d,q (eq is closed), e c E?,

and by Theorem 6.13,
q);’,q (e is open) = II,ZZ (eq is closed), b=0,1.

Therefore, ¢>2, q4(eisopen) = ¢]1,, 4 (e 1s open), and the claim follows by Theorem
4.63. O

Proof of Theorem 6.18. Under the given hypothesis, pc(¢) = pc(g). Suppose that

Psa(q) < pe(g), and that (6.19) holds with p = psa(g) and A = A(psa(q). q).

By Tlheorem 5.33, ¢gsd(q),q = ¢[1,Sd(q)’q, implying (6.19) with ¢25d(q),q replaced
by ¢psd(q),q'

If, for illustration, A < é, then, by a consideration of the left endvertex of a
crossing of S(n),

A 1
627) . LRI = b, AR < 41 "<

in contradiction of Theorem 6.14. Therefore psa(q) = pc(q).
0
Psa(q).q

as n — oo. Exponential decay holds for ¢>117‘d(q)’q also, as above, and (6.27)

follows for large n. Therefore, psa(q) = pc(g) as claimed. Il

More generally, by Theorem 5.60, ¢ (0 <> dA(n)) decays exponentially
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We precede the proof of Theorem 6.20 with a lemma.

(6.28) Lemma. Let g € [1, 00), and let p and pq satisfy (6.5). With C the open
cluster at the origin and b € {0, 1},

if ¢b ,@ad(C)) <oo then 6'7"(p.q) > 0.
In particular, p.(q) = psd(q) under the condition:
¢5 ,(rad(C)) <00, p < pa(q).

Proof*. Let A(n) = [—n,n]*,andlet 1 <r <1 < oo. By Theorem 6.13,
, ]
¢11,;]b(8A(r) 4 OA(1)) = Ppaq (U Ay (r, t)),
S=r

where Ag(r, t) is the event that (s + é é) belongs to an open circuit of the dual,
lyingin A(¢)q\ A(r)q and having A (r) in its interior. By the translation-invariance
of random-cluster measures, Theorem 4.19(b),

t—1

SILOAC) # IND) <Y ¢y, ,(rad(Co) = r +5),

s=r

where Cgq is the open cluster at the origin of the dual lattice. Letting t — oo,

(6.29) by (OA(r) 4 00) <> b (rad(C) = r +35).

s=r
Suppose that q)f,’dﬂ (rad(C)) < oo, and pick R such that

]

> b, (rad(C) = s) < 1.

s=2R
By (6.29), ¢117;]b(8A(R) < 00) < 1, whence 81 %(p, g) > 0 as required. O

Proof of Theorem 6.20. Let g € [2,00) and b € {0, 1}. By the forthcoming

Theorem 6.30, q)ll,d’q(rad(C)) < oo when pg < psa(g — 1). By Lemma 6.28,

6%(p, ¢) > 0 whenever

Va 0

P> (palg = D)y = Ja 4 Ja

4 An alternative proof appears in [141]. See also [314].
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6.3 Exponential decay

A valuable consequence of the comparison methods developed in [15] is the ex-
ponential decay of connectivity functions when g € [2, co) and

_ Va-1
1+/g—1

(6.30) Theorem (Exponential decay) [15]. Let g € [2, 00), and consider the
random-cluster model on the box A(n) = [—n, n)?. There exists « = a(p, q)
satisfying a(p, q) > 0 when p < psqa(q — 1) such that

Phw.pg© < IAM) <™ n> 1.

p < psalg — 1)

By stochastic ordering,
Bhmy.p.g O < IAGM) < G, (0 IAGM)).  m <n,
and therefore, on taking the limit as n — oo,
¢y, 0 dAM) <e™™, p<palg—1).g=2 m=>1,
by the above theorem. In summary,

Psalg — 1) < pe(q) < psa(q), q=>2,

where pc(q) is the threshold for exponential decay, see (5.65) and (5.67). We
recall the conjecture that p.(g) = pc(q).

Proof. We use the comparison between the random-cluster model and the Ising
model with external field, as described in Section 3.7. Consider the wired random-
cluster measure on a box A with ¢ € [2, 00). By Theorem 3.79 and the note
following (3.83), the set of vertices that are joined to d A by open paths is stochas-
tically smaller than the set of + spins in the Ising model on A with 4 boundary
conditions and parameters 8’, h’ satisfying (3.80). The maximum vertex degree
of L? is A = 4 and, by (3.82),

q—2

Ba _
P = =1+q-1,
Vg-1-1
so that J
_ q—1

1—e P = = —1).
Letp=1-— e B < psa(qg — 1). By (3.83), i’ < 0. By stochastic domination,
(6.31) ¢1A,p,q(o < dA) < n;\r’ﬂ/’h/(o T an),

where {0 <>T A} is the event that there exists a path of A joining 0 to some
vertex of d A all of whose vertices have spin +1. By results of [88, 182] (see the
discussion in [15, p. 438]), the right side of (6.31) decays exponentially in the
shortest side-length of A. g
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6.4 First-order phase transition

The g = 1 case of the random-cluster measure is the percolation model, with
associated product measure ¢, = ¢, 1. One of the outstanding problems for
percolation is to prove the continuity for all d of the percolation probability 6 (p) =
¢, (0 <> 00) at the critical point p. = pc(1), see [154, Section 8.3]. By a standard
argument of semi-continuity, this amounts to proving that 0 (p.) = 0, which is to
say that there exists (almost surely) no infinite open cluster at the critical point.
The situation for general g is quite different. It turns out that ' (pc(g), ¢) > 0
for all large ¢q.

(6.32) Conjecture. Consider the d-dimensional lattice ¢ where d > 2.
@ 60%pe(q), q) =0 forq € [1, 00).
(b) There exists Q = Q(d) € (1, 00) such that

1 =0 ifq<0,
0" (pc(q). q) { -0 ifg> 0
In the vernacular of statistical physics, we speak of the phase transition as
being of second order if 0'(pc(q), q) = 0, and of first order otherwise. Thus
the random-cluster transition is expected to be of first order if and only if ¢ is
sufficiently large. There are two issues: to prove the existence of a ‘sharp transition
in ¢’, and to calculate the ‘critical value’ Q(d) of g. The first problem is strangely
difficult. It is natural to seek some monotonicity, perhaps of the function f(g) =
6'(pc(q), q), but this has proved elusive even in two dimensions. As for the value
of Q(d), it is believed? that Q(d) is non-increasing in d and satisfies

6.33 ’ 4 ifd=2,
(6.33) Q()_{z ifd > 6.

A first-order transition is characterized by a discontinuity in the order-parameter
6'(p, ¢). Two further indicators of first-order transition are: discontinuity of the
edge-densities hb(p, q) = ¢[}j,q (eis open), b = 0, 1, and the existence of a so-
called ‘non-vanishing mass gap’. The edge-densities are sometimes termed the
‘energy’ functions, since they arise thus in the Potts model.

The term ‘mass gap’ arises in the study of the exponential decay of correla-
tions in the subcritical phase, in the limit as p 1 pc(g). Of the various ways
of expressing this, we choose to work with the probability q&g ¢(0 < 9A),

where A(n) = [—n, n]¢. Recall from Theorem 5.45 that there exists a function
Y = ¥ (p, q) such that

¢ ,0< dAm) ~ e asn— oo,

3See [26, 324] and the footnote on page 183.
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where ‘~’ denotes logarithmic asymptotics. Clearly, ¥ (p, ¢) is a non-increasing
function of p, and ¥ (p, g) = 0if 6%(p, ¢) > 0. It is believed that ¥ (p, g) > 0
if p < pc(q). We speak of the limit

u(g) = lim ¥(p,q)
r1re(q)

as the mass gap. Itis believed that the transition is of first order if and only if there
is a non-vanishing mass gap, that is, if u(g) > 0.

(6.34) Conjecture. Consider the d-dimensional lattice L4 where d > 2. Then

=0 ifq < Q@),
>0 ifqg> Q(),
where Q(d) is given in Conjecture 6.32.

u(q) {

The first proof of first-order phase transition for the Potts model with large g
was discovered by Kotecky and Shlosman, [220]. Amongst the later proofs is that
of [225], and this is best formulated in the language of the random-cluster model,
[224]. It takes a very simple form in the special case d = 2, as shown in this
section. The general case of d > 2 is treated in Chapter 7.

There follows a reminder concerning the number a,, of self-avoiding walks on

L2 beginning at the origin. It is standard, [244], that a,i/ " > kasn — oo, for
some constant x termed the connective constant of the lattice. Let

4
0= f1(erer 9]
We have that 2.620 < « < 2.696, see [302], whence 21.61 < Q < 25.72. Let

1 1+ )t
w<q)—24log{ gt }

noting that ¥ (¢) > O ifand only if ¢ > Q.
(6.35) Theorem (Discontinuous phase transition when d = 2) [153, 225].
Consider the square lattice L?, and let ¢ > Q.
(a) Ciritical point. The critical point is given by pc(q) = /q/(1 + /q).
(b) Discontinuous transition. We have that 0'(p.(q), ¢) > 0.
(c) Non-vanishing mass gap. For any ¥ < ¥ (q) and all large n,

D) ().q 0 < IA() < eV

(d) Discontinuous edge-densities. The functions b (p,q) = q);qu(e is open),
b =0, 1, are discontinuous functions of p at p = pc(q).

Similar conclusions may be obtained for general d > 2 when ¢ is sufficiently
large (¢ > Q(d) for suitable Q(d)). Whereas, in the case d = 2, planar du-
ality provides an especially simple proof, the proof for general d utilizes nested
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sequences of surfaces of R? and requires a control of the effective boundary con-
ditions within the surfaces. See Section 7.5.

By Theorem 6.17(b), whenever ¢ is such that the phase transition is of first
order, then necessarily p.(q) = psa(q)-

The idea of the proof of the theorem is as follows. There is a partial order on
circuits I of L given by: I' < I'’ if the bounded component of R? \ T is a subset
of that of R? \ I'". We work at the self-dual point p = pg(g), and with the box
A(n) with wired boundary conditions. Roughly speaking, an ‘outer contour’ is
defined to be a circuit I" of the dual graph A(n)q4 all of whose edges are open in
the dual (that is, they traverse closed edges in the primal graph A (n)), and that is
maximal with this property. Using self-duality, one may show that

1 g IT'|/4
| . .
qu(n)’psd(q)’q(l" is an outer circuit) < g ((1 n x/‘1)4) )

for any given circuit I of A(n)q. Combined with a circuit-counting argument of
Peierls-type involving the connective constant, this estimate implies after a little
work the claims of Theorem 6.35. The idea of the proof appeared in [225] in
the context of Potts models, and the random-cluster formulation may be found in
[153]; see also Section 7.5 of the current work.

Proof of Theorem 6.35. This proof carries a health warning. The use of two-
dimensional duality raises certain issues which are tedious to resolve with complete
rigour, and we choose not to do so here. Such issues may be resolved either by
the methods of [210, p. 386] when d = 2, or by those expounded in Section
7.2 for general d > 2. Letn > 1,let A = A(n) = [—n, n]z, and let Ay =
[—n,n— 1]2 + (% , ;) be those vertices of the dual of A that lie inside A (thatis, we
omit the dual vertex in the infinite face of A). We shall work with ‘wired’ boundary
conditions on A, and we let w € Q25 = {0, I}EA. The exterior (respectively,
interior) of a given circuit I' of either > or its dual ]Lg is defined to be the
unbounded (respectively, bounded) component of R? \ T'. A circuit I of Aq is
called an outer circuit of a configuration w € Q2 if the following hold:
(a) all edges of I" are open in the dual configuration wq, which is to say that
they traverse closed edges of A,
(b) the origin of L2 is in the interior of T,
(c) every vertex of A lying in the exterior of I', but within distance of 1/+/2 of
some vertex of I', belongs to the same component of .
See Figure 6.6 for an illustration of the meaning of ‘outer circuit’.
Each circuit I' of Aq partitions the set E5 of edges of A into three sets, namely

E = {e € E, : e lies in the exterior of '},
I = {e € E, : e lies in the interior of '},
I"={ecEp:eqeTl).
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Figure 6.6. The solid lines represent open edges of A. The dashed lines include an outer
circuit I' of the dual Aq.

The set I forms a connected subgraph of A. We write Gr < {0, 1}E for the set
of configurations of edges in E satisfying property (c) above.

Let FF C E,, and write Vg for the set of vertices incident to members of F.
For w € {0, 1}F, let

Tr(w) = pln(w)l(l _ p)IF\n(w)qu(w)’

where k(w) is the number of components of the graph (Vr, n(w)). We shall
sometimes impose a boundary condition on F' as follows. Let dexi F be the set of
vertices in V that belong to infinite paths of 1.2 using no other vertex of V. We
write

nllp(a)) = pln@l( — p)IF\U(w)qul(w), w e {0, 1}F,

where k! (w) is the number of components of (Vr, n(w)) counted according to the
convention that components that intersect dex¢ F' are counted only as one in total.

Our target is to obtain an upper bound for the probability that a given circuit I"
is an outer circuit. Let I" be a circuit of Ag with 0 in its interior. Since no open
component of @ contains points lying in both the exterior and interior of an outer
circuit, the event OC(I") = {I" is an outer circuit} satisfies

(6.36) $Ap.g(OCI)

1
| Z loc(ry (@) ()
ZA ®

1—prizlz
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Figure 6.7. The interior edges / of I" are marked in the leftmost picture, and the dual /4 in the
centre picture (the vertices marked with a cross are identified as a single vertex). The shifted
set I* = Iq + (; s ;) is drawn in the rightmost picture. Note that /* € 7 UT.

where n}\ =7 }\ . Z[l\ is the wired partition function of A, and
1 1
Zp= Y mp@).  Zi= Y m).
' €Gr w"e{0,1}

We use duality next. Let I3 be the set of dual edges that cross the primal edges
in 1, and let m be the number of vertices of A inside I'. By (6.10),

1=\
(6.37) Z=q" 1( 0 ) Z; (pa. q).

where pq satisfies (6.5), Z}d (pd, q) is the partition function for dual configurations
on (Vy, I3) with wired boundary conditions, and Vj is the set of vertices incident
to Ig (with the convention that all vertices of Vg on its boundary are identified, as
indicated in Figure 6.7).

The partition functions have the following property of supermultiplicativity
when ¢g € [1, 00). For any dual circuit I with the origin in its interior,

(6.38) 7! = PN ()
weGr x{0, 1}V’
> Z (@) Z o (@)
w'eGr w”e{O,l}lur/

S
=ZpZ; -

LetI* = I+ (é, é), where Iy is viewed as a subset of RZ. Note from Figure 6.7
that /* € I UT", and therefore

(6.39) Zior = Zis

by Lemma 3.69 and inequality (3.70). By (6.38)-(6.39),

(6.40) ZN>ZpZ1=ZpZ),.
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Set p = psa(q) = /q/(1 + /q). By (6.36)—(6.40) and (6.11),

6.41 L ocr)) = rZEZi
(6.41) P (OCI) = (1 = )]
A
zlz1
1
— (1 _p)|l"|qm—1—2|1| ;1 Id
A

< (1= pTlgm'=z1,
Since each vertex of A (inside I') has degree 4,
4m = 2|I| + ||,

whence

. | g IC|/4
| BN o511 O
(6.42)  9a,p,(OCIT) = (1 —=p)g q(<1+¢éﬂ4> '

The number of dual circuits of A having length / and containing the origin in
their interior is no greater than /a;, where ¢; is the number of self-avoiding walks
of IL? beginning at the origin with length /. Therefore,

1 > la; q I4
;m,p,q(ocm)sz <(1 N ¢q>4) :

=4 q

Now !~ !loga; — « asl — oo, where « is the connective constant of 2. Suppose
that g > Q, so that g* < (1 + Jq)“. There exists A(g) < oo such that

Z(ﬁ,l\,p,q(OC(F)) < A(g), n>1.
T

If A(q) < 1 (whichholds for sufficiently large ¢) then, by the assumption of wired
boundary conditions,

Bh p.g(0 < IA) =), (OC(T) occurs for no I')
>1—-A(g) > 0.

On letting n — 00, we obtain by Proposition 5.11 that 8'(p,q) > 0 when
P = /q/(1 + /q). By Theorem 6.17(a), this implies parts (a) and (b) of the
theorem when g is sufficiently large.
For general ¢ > Q, we have only that A(g) < oco. In this case, wefind N < n
such that
> $h,,0CMD) < ),

I': T outside A(N)
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. \/y‘f\/ \ x + (6n,0)

Figure 6.8. Six copies of a rectangle having width n and height 2n may be put together to
form a rectangle with size 6n by 2n. If each is crossed by an open path joining the images of
x and y, then the larger rectangle is crossed between its shorter sides.

where I' is said to be outside A (N) if it contains A (N) in its interior. Then
Ghpg (AN) < 9A) > .

Let n — oo to find that q&[l,’q(A(N) < 00) > 5, implying that 6'(p, g) > 0 as
required.

Turning to part (¢), let p = pg = psa(q) = /q/(1+,/q). Let A, be the event
that the annulus A,, = A(3n) \ A(n — 1) contains an open circuit with 0 in its
interior. By Theorem 6.13 and (6.42),

0 >\ map q m/4
¢A(r),P,¢](A”) = Z q <(1 + \/6])4) ’ r>3m.
m=8n

We have used the fact that, if A, occurs, there exists a maximal open circuit I of
A(r) containing 0 and with length at least 8n. In the dual of A(r), I" constitutes
an outer circuit. Let r — oo to obtain that

00 m/4
may q
(6.43) ¢2,4(An) = E q ((1 + Jq)“) ; r > 3m.

m=8n

Let LR, denote the event that there exists an open crossing of the rectangle
R, = [0, n] x [0, 2n] from its left to its right side, and set A, = ¢2, q (LR,). There
exists a point x on the left side of R, and a point y on its right side such that

An

0 .
¢p,q(x < yinRy) > 2n + 1)2~

By placing six of these rectangles side by side (as in Figure 6.8), we have by
positive association that

. )\.n 6
644) @y (x & x4 (6n,0in [0,61] x [0, 2n]) = ((Zn + 1)2) |
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Figure 6.9. If each of four rectangles with dimensions 6n by 2n is crossed by an open path
between its shorter sides, then the annulus A, contains an open circuit having the origin in its
interior.

We now use four copies of the rectangle [0, 6n] x [0, 2n] to construct the annulus
A, (see Figure 6.9). If each of these copies contains an open crossing, then the
annulus contains a circuit around 0. By positive association again,

. Ay 24
(6.45) 9.4 (An) = ( on +1)2> .

Finally, if 0 < 9dA(n), then one of the four rectangles [0, n] x [—n, n],
[—n,n] x [0, n], [-n,0] x [—n, n], [-n,n] x [—n, 0] is traversed by an open
path between its two longer sides. Therefore,

(6.46) ¢9 (0 < IA(n)) < 41y,
Combining (6.43)-(6.46), we obtain that

$9 ,(0 < dAM) <42n + 1)) (A)]'/*

~ 4y /24
54(2n+1)2{2m2m <(1+q\/q>4> } |

m=8n

Now, m ™! loga;, — k as m — 00, and part (c) follows.

By parts (b) and (c), ¢2C(q),q #+ qbllgc(q)’q. Part (d) follows by Theorem 4.63. UJ
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6.5 General lattices in two dimensions

Planar duality is an important technique in the study of interacting systems on
a two-dimensional lattice £, but it is no panacea. It may be summarized in the
two statements: the external boundary of a bounded connected subgraph of £
is topologically one-dimensional, and the statistical mechanics of the boundary
may be studied via an appropriate stochastic model on a certain dual lattice £4.
Duality provides a relation between a primal model on £ and a dual model on
£L4. In situations in which the dual model is related to the primal, or to some other
known system, one may sometimes obtain exact results. The exact calculations of
critical probabilities of percolation models on the square, triangular, and hexagonal
lattices are examples of this, see [154, Chapter 11]. Individuals less burdened by
the pulse for mathematical rigour have exploited duality to obtain exact but non-
rigorous predictions for other two-dimensional processes (see, for example, [26]),
of which a major example is the conjecture that p.(q) = /q/(1 + ,/q) for the
random-cluster model on 2. Such predictions are often beautiful and usually
provocative to mathematicians.

We shall not explore duality in general here, noting only in passing the existence
of many open problems of significance in extending known results for, say, the
square lattice to general primal/dual pairs. We discuss instead two specific issues
relating, in turn, to the critical points of a general primal/dual pair, and in the next
section to exact calculations for the triangular and hexagonal lattices.

Here is our definition of a lattice, [154, Section 12.1]. A lattice in d dimensions
is a connected loopless graph £, with bounded vertex degrees, that is embedded
in R? in such a way that:

(a) the translations x — x + e are automorphisms of /£ for each unit vector e
parallel to a coordinate axis,

(b) all edges are of non-zero length, and
(c) every compact subset of R? intersects only finitely many edges.

Let £ = (V,E) be a planar two-dimensional lattice, and let £4 be its dual
lattice, defined as in Section 6.1. We shall require some further symmetries of £,
namely that:

(d) the reflection mappings pp, py : R* — R? given by

P, ¥) = (=x,¥), p(x,y) = (x,—y),  (x,y) €R?

are automorphisms of /L.

Letp € [0, 1]and g € [1, o0). Under the above conditions, the random-cluster
measures ¢>Z’ v exist for b = 0, 1, and are invariant under horizontal and vertical
translations, and under horizontal and vertical axis-reflection. They are in addition
ergodic with respect to horizontal and vertical translation (separately), and they
are positively associated. Such facts may be proved in exactly the same manner
as were the corresponding statements for the hypercubic lattice L¢ in Chapter 4.

Let p.(q, L£) denote the critical value of the random-cluster model on L.
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(6.47) Theorem. The critical points pc(q, L), pc(q, Lq) satisfy the inequality
(6.48) pe(q. £) = (pe(q. La)) 4

Proof. Letp > pc(q, L), so that quc’ » q(O < 00) > 0. The arguments leading to

the main result of [ 130] may be adapted to the current setting® to show that all open
clusters in the dual lattice «£4 are almost-surely finite. Therefore, pg < p.(q, £L4),
whence p > (pe(q, £4)), as required. O

Equality may be conjectured in (6.48). Suppose that £ and L4 are isomor-
phic or, weaker, that p.(g, £) = pc(q, L4). Inequality (6.48) implies then that
pe(q, L) > psa(q) (see Theorem 6.17(a) for the case of the square lattice). If
(6.48) were to hold with equality, we would obtain that p.(g, £) = psqa(q).

Theorem 6.47 may be used to prove the uniqueness of random-cluster measures
for p # pc(q, L£). Some further notation must first be introduced to deal with
case when £ is not edge-transitive7. Let S =[O, 1)2 C R2. Let I be the set of
edges of £ with both endvertices in S, and Eg the set of edges with exactly one
endvertex in S. Let

(6.49) Ns(@) =Y o)+ Y jole), we Q=10 1}E,

eclg ecEg

and define the edge-density by
(6.50) W)= b (N,  b=01
' ETT Ns (T .

If £ is edge-transitive, it is easily seen that hfc (p, q) is simply the probability
under qbol& v that a given edge is open.

(6.51) Theorem. Let L, L4 be a primal/dual pair of planar lattices in two di-
mensions and suppose L satisfies (a)—(d) above. Let p € [0, 1] and q € [1, 00),
and assume that p # pc(q, £L).
(1) The edge-density hfc (x, q) is a continuous function of x at the point x = p,
forb =0, 1.
(ii) It is the case that h?c(p, q) = hic(p, q).
(iii) There is a unique random-cluster measure on L with parameters p and q,
that is, |'Wy 4 (L) = |Rp 4 (L) = 1, in the natural notation.

In the notation of Theorem 4.63, we have that D, € {pc(q, L£)}. In particularg,
if there exists a first-order phase transition at some value p, then necessarily

6Paper [130] treats vertex-models on Z2 governed by measures with certain properties of
translation/rotation-invariance, ergodicity, and positive association. The arguments are however
more general and apply also to edge-models on planar graphs with corresponding properties.
TA graph G = (V, E) is called edge-transitive if: for every pair e, f € E, there exists an
automorphism of G mapping e to f. See Sections 3.3 and 10.12 for a related notion of transitivity.
8Related matters for Potts models are discussed in [47].
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p = pc(q, L£). As in Theorem 5.16, the percolation probabilities 053(~, q) =
‘152],,(, 0 < o0),b =0,1, are continuous’ except possibly at the value p =
pC (CI» °C)'

Proof. (1) For p < pc(q, L), this follows as in Theorems 4.63 and 5.33(a). When
p > pc(q, L£), we have from (6.48) that pg < pc(q, £4). As in Theorem 6.13,

% (p. @)+ h " (pa.q) = 1.

By part (i) applied to the dual lattice £4, each hfc (x, g) is continuous at the point
x = pq. Parts (ii) and (iii) follow as in Theorem 4.63, see also the proof of
Theorem 6.17(b). g

6.6 Square, triangular, and hexagonal lattices

There is a host of exact but non-rigorous ‘results’ for two-dimensional models
which, while widely accepted by physicists, continue to be subjected to mathe-
matical investigations. Some of these claims have been made rigorous and, in so
doing, mathematicians have discovered new structures of beauty and complexity.
The outstanding contemporary example of new structure provoked by physics is
the theory of stochastic Léwner evolutions (SLE). This has had considerable im-
pact on percolation, Brownian motion, and on other systems with a property of
conformal invariance; see Section 6.7 for a short account of SLE in the random-
cluster context.

Amongst ‘exact’ but non-rigorous results for the random-cluster model is the
claim that, for the square lattice, pc(q) = /q/(1 + /q). Baxter’s 1982 book
[26] remains a good source for this and related statements, usually in the context
of Potts models but extendable to random-cluster models with g € [1, 00). Such
statements are achieved typically by following a sequence of transformations be-
tween models, arriving thus at a ‘soluble ice-type model’ on a new graph termed
the ‘medial graph’. It has proved difficult to ascertain whether such methods are
entirely rigorous, since they involve chains of argument which may seem indi-
vidually innocuous but which omit significant analytical details. We attempt no
more here than brief accounts of some of the conclusions together with a partial
mathematical commentary.

Consider the square lattice 2. Instead of working with a single edge-parameter
p, we allow greater generality by associating with each horizontal (respectively,
vertical) edge the parameter py (respectively, py), and we write p = (pn, pv).
It will be convenient as in (6.7)—(6.8) to work instead with the parameters x =

(xn, xy) given by
1

_1 —
q 2Ph q 2Dv
xh= ) xV= ’
I — pn 1 —py

9This may also be proved directly for a primal/dual pair, using the arguments of Theorems
5.33 and 6.47.
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and their dual values xp, 4, xv g satisfying
xhxh,d = l, xvxv,d = 1.

Write ¢¢ 4 for a corresponding random-cluster measure on a graph G, and
moreover

b . b b b
Pxg = 1&1&12 Prxq> 07(%, q) = ¢x 4 (0 <> 00).

The duality map of Section 6.1 maps a random-cluster model on I with param-
eterx = (xp,, xy) to arandom-cluster model on ]Lf1 with parameter Xq = (Xv,d, Xh.d)-
The primal and dual models have the same parameters whenever x, = xyg4 and
Xy = xp 4, Which is to say that

(6.52) Xpxy = 1,

and we refer to the model as ‘self-dual’ if (6.52) holds. The following conjecture
generalizes Conjecture 6.15.

(6.53) Conjecture. Let xp, xy € (0, 00) and g € [1,00). Forb =0, 1,

0% (x q){ =0 if xpxy <1,

>0 if xpxy > L.

The proof in the case of percolation (when ¢ = 1) may be found at [154, Thm
11.115]. Partial progress in the direction of the general conjecture is provided by
the next theorem.

(6.54) Theorem. Let xy, xy € (0, 00) and g € [1, 00). Then

0°x,q) =0 if xpry<1.

Proof. Letn > 1, and let
D) ={yeZ:|nl+Iyn—)l<n+)}

be the ‘offset diamond’ illustrated in Figure 6.10. The proof follows that of
Theorem 6.17(a), but working with D(n) in place of 7'(n). We omit the details,
noting only that the proof uses the 0/1-infinite-cluster property of the measures
qbfz, 4» and the symmetry of the model under reflection in both the vertical axis of

R2 and the line {1, 5) :y1 € RL O

Here are two exact but non-rigorous claims for this model. We recall from
Theorem 4.58 the ‘pressure’ function G given in the current context as

1
G(x,q) = lim logYa(P, @) f,  (x,q) € (0,00)* x [1, 00),
Atz2 | [Exl
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Figure 6.10. The diamond D(n) of the square lattice L2 when n = 2, and the associated
‘dual’ diamond D (n)q of the dual lattice ]L‘zi.

where

= —LEal —1IEal
YA(P’ 6]) - (1 — Ph) 2 (1 _ Pv) 2 ZA(p, q)
= Z (/) M@ (g fg) 11 @ gk (@)

weQA

and np (w) (respectively, ny(w)) is the set of open horizontal (respectively, vertical)
edges of the configuration w € Q4 = {0, 1}*4. By duality as in Section 6.1,

(6.55) G(x,q) = G(x4,q) + 3 log(mxy), x € (0, 00)”.

By mapping the random-cluster model onto an ice-type model as in [26, Section
12.5], one obtains the following exact computation,

G(X,q) = y¥(x) + 3¥ () + logg,  xnxy =1,

where the function ¢ : (0, co) — R is given as follows.
(i) When 0 < g < 4, choose u € (0, ;n) and y € (0, u) by

sin y
2cospu =4/q, x= | )
v sin(p — y)

and then

V(x) = 1 /oo sinh((;r — w)t) sinh(2yt)

2 J_o  tsinh(mt) cosh(ur)
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(ii)) When g = 4,lett = x/(1 + x), and then
o ,—y
Y(x) = / sechy sinh(2ty) dy.
oy

(iii)) When g > 4, choose A > 0 and 8 € (0, 1) by

sinh g8

2coshx = /g, = SinhO. — £)’

and then

o —ni
Y@ =B+ sech(nh)sinh(2nB).
n
n=1
Our second exact asymptotic relation concerns the mean density of open edges,

, 1
W, q) = Aim, { |EA|¢§’\,p,q(|nl)} ., b=0,1

By the translation-invariance of the infinite-volume measures, the mean numbers
of open horizontal and vertical edges satisfy

2

5| Phpa10D) = B (. 4) = (en s open),

(6.56)

Ea DR pg(InvD) = h2(p. q) = ¢ (ey is open),

as A 1 Z?, where ey, (respectively, ey) is a representative horizontal (respectively,
vertical) edge of 1L2. Therefore,

h*(p, @) = 3 [ (B, @) + 1Y (P, 9)]-
As before, except possibly on the self-dual curve xpx, = 1, the functions hﬁ(~, q),
h}v’(~, q) are continuous and hg,v(p, q) = hllllv(p, q). [We write h/v to indicate
that either possibility, chosen consistently within a given equation, is valid.] It is

believed that the hg 1 (+» @) are left-continuous, and the hll1 (4> @) right-continuous,
on the self-dual curve, in that

hg/v(p,q):ll)i/%hg,v(p/,q), hﬁ,v<p,q>=lg;%hﬁ,v<p/,q>, pe 1)

By duality as in Theorem 6.13,

(6.57) hY .q) +hiya,g) =1,  pe(© D2
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Figure 6.11. The triangular lattice T and its dual (hexagonal) lattice H.

It is believed when g € [1, 4) that the transition is of second order, and thus in
particular that the hﬁ/v (p, q) are continuous on the self-dual curve. This implies
that

I P @) = hiyy . @), P €0, 1)% g ell, 4.
It follows from this and (6.57) that one should have
©58) BP9 = [he.o+Ee.o]=,  b=01,
when xpxy = 1l and g € [1, 4).
The transition is expected to be of first order when g € (4, 00), and the exact

computations reported in [26, Section 12.5] yield when xpx, = 1 that

hﬁ/v(P, q) = xpn [ Genw) — S en) Po,

(6.59) 1 ,
By (P, @) = X[V (ki) + £ Ceny) Po].
where -
sinh A
= N P = t h )\. 2,
¢ 1+ x2 4 2xcoshA 0 H[an (mA)]

m=1

with A given as in case (iii) above. Since 2coshA = ,/q,

1\/ _4
_  2Vvd4
¢(x) 1+22 +x/q

a formula which underscores the relevance of the condition ¢ > 4. In the sym-
metric case x, = xy = 1, we deduce when g > 4 that the discontinuity of the
edge-density at the critical point equals

Va -

1 10
h'(p,g)—h"(p,q) = 2+ g

]_[ [tanh(mA)]2.
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Figure 6.12. In the star—triangle transformation, alternate triangles of T are replaced as shown
by stars. The triangular lattice T is thereby transformed into a copy of the hexagonal lattice
H. The shaded triangles are referred to henceforth as grey triangles.

We turn now from speculation concerning the (self-dual) square lattice towards
rigorous mathematics concerning the triangular/hexagonal pair of lattices, denoted
by T and H respectively. It is elementary that T is the planar dual of H, and vice
versa (see Figure 6.11). This fact permits a relation as in Theorem 6.13 between
the random-cluster model on T with parameters p, g and that on H with parameters
pd, g- There is a second transformation between T and H called the ‘star—triangle
transformation’ and illustrated in Figure 6.12. Alternate triangles of T are replaced
by stars, and the resulting graph is isomorphic to H. We shall henceforth refer to
the shaded triangles in Figure 6.12 as grey triangles.

We explain next the use of the star—triangle transformation'?, and this we do
with the extra generality allowed by assigning to each edge e the individual edge-
parameter p,. Rather than working with the p,, we shall work with the variables
_ De
- 1 - Pe '
see the footnote on page 135. For any finite subgraph G = (V, E) of T,

1
G.p.q(@) = { y“’(e)}qk(“’), w € {0, 1}F.
P Y6 (p.q) g ¢

Suppose that G contains some grey triangle 7 = ABC with edge-set Er =
{e1, e2, e3}, drawn on the left side of Figure 6.13. We propose to replace T' by
the star S on the right side, adding thereby a supplementary vertex, and with the
edge-parameter values y|, 5, y; as shown. We shall see that that, under certain
conditions on the y; and y/, the probabilities of a large family of ‘connection
events’ are not altered by this transformation. The conditions in question are as
follows:

(6.60) Yr(y1, y2, y3) =0,
(6.61) yiyi=¢q for i=1,2,3,

Ye

10References to the star—triangle transformation in the context of the Potts model may be
found in [26, 324]. See also [92].
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C C
3 ¥
Y2 >
V5 Y3
A " B A B

Figure 6.13. Bond parameters in the star—triangle transformation. The ‘grey’ triangle 7' on
the left is replaced by the star S on the right, and the corresponding parameters are as marked.

where

(6.62) Yr(¥1, Y2, ¥3) = Y1293 + Y1y2 + 233 + 301 — ¢.

We note for later use that ¥u(y], y5. y3) = 0 under (6.60)—(6.61), where

(6.63) (v, y2, ¥3) = 13253 — g1 + y2 + ¥3) — ¢°.

Let w € {0, 1}£, and define the equivalence (connection) relation <>, on V in
the usual way, that is, u <> v if and only if there exists a open path of @ from u to v.
We think of <>, as a random equivalence relation. Write G5 = (V5 ES) for the
graph obtained from G after the replacement of 7 by S, noting that VS is obtained
from V by the addition of a vertex in the interior of 7. Each ® € {0, 1}£ ’ gives
rise similarly to an equivalence relation on V which we denote as <> s.

(6.64) Lemma. Letqg € (0, 00). Let G = (V, E) be a finite subgraph of T and let
T = ABC be a grey triangle of G as above. Let p € (0, 1), and letpS < (0, l)ES
be such that: peS = pefore € E\ Er, and on T and S the corresponding
parameters y;, ylf satisfy (6.60)—(6.61). The law of <>, under ¢ p 4 is the same
as the law of <> s under ¢gs ps .

Proof. Let ey, e, e3 (respectively, el’.) be the edges of T (respectively, S), and
write y; (respectively, y;) for the corresponding parameters as in Figure 6.13. Let
(w(e) : e € E\{ey, e2, e3}) be given, and consider the conditional random-cluster
measures P! (respectively, P5) on the e; (respectively, on the e;). There are three
disjoint classes of configuration @ which must be considered, depending on which
of the following holds:

(a) A, B, C are in distinct open clusters of w restricted to E \ {e1, e2, €3},

(b) two members of {A, B, C} are in the same such cluster, and the third is not,

(¢) A, B, and C are in the same such cluster.

In each case, we propose to show that, under (6.60)—(6.61), the connections be-
tween A, B, C have the same conditional probabilities under both Pa{ and P¢§~
The required calculations are simple in principle, and we shall omit many details.
In particular, we shall verify the claim under case (b) only, the other two cases
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being similar. Assume then that (b) holds, and suppose for definiteness that the
configuration w is such that: A and B are joined off T, but C is joined off T to
neither A nor B. By Theorem 3.1, the probabilities of connections internal to T
are given as follows:

1
PI(A< BandB < CinT) = Yquz,
1
PI(A< Band B < CinT) = _yq,
(6.65) 11/
PI(A¢ BandA < CinT) = y V3¢
, 1
Pl(AoB<« CinT)= y 019253 + 3132 4 233 + 13914,
where

(6.66) Y = (iy2ys + y1v2 + 233 + y3y1 + 32 + y3)g + (1 + y)g>.

Note that the events in question concern the existence (or not) of open paths within
T only. The remaining term P(Z (A <4 B <+ C in T) is given by the fact that the
sum of the probabilities of all such configurations on 7 equals 1.

The corresponding probabilities for connections internal to S are:

. 1
P5(A< Band B <6 Cin §) = Y,Yé)’é‘lzy

. 1

P5(A< Band B <> Cin S) = Y,y;ygq,
(6.67) 1
P35(A< Band A < Cin S) = Y,y;ygq,

PS(A< B< CinS) = Ly

) = Y,)’]YQ)@‘I:

where

(6.68) Y’ = (V{yhyh + Y1¥h + Y1¥3)a + 55+ v+ ¥h + e + ¢’

It is left to the reader to check that, under (6.60)—(6.61), the probabilities in
(6.65) and (6.67) are equal. Similar computations are valid in cases (a) and (c)
also, and it follows that, in loose terms, the replacement of 7 by § is ‘invisible’
to connections elsewhere in the graph G. O

Lemma 6.64 allows us to replace one grey triangle of G by a star. This pro-
cess may be iterated until every grey triangle of G has been thus replaced. If G
is itself a union of grey triangles, then the resulting graph is a subgraph of the
hexagonal lattice H. By working on a square region A of T and passing to the
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limit as A 1 T, we find in particular that connections on T have the same proba-
bilities as connections on H so long as the edge-parameters on T satisfy (6.60) and
the corresponding parameters on H satisfy (6.61). In particular the percolation
probabilities are the same. We now make the last statement more specific.

Write Er (respectively, Ep) for the edge-set of T (respectively, H). Let p =
(pe 1 e € Er) € (0, 1)®r, and let y, = p,/(1 — p.). We speak of p as being of
type y if, for every grey triangle T, the three parameters y1, y2, y3 of the edges of
T satisfy Y1 (y1, ¥2, ¥3) = ¥. Suppose that p is of type 0, as in (6.60). Applying
the star—triangle transformation to every grey triangle of T, we obtain a copy H
of the hexagonal lattice, and we choose the parameters p' = (p, : e € Ep) of
edges of this lattice in such a way that (6.61) holds. By the above discussion, the
percolation probabilities 91? and 9{;[[ satisfy

(6.69) 02, q) =05 q),  b=0.1,
whenever g € [1, 00).
A labelled lattice is alattice £ together with areal vector p indexed by the edge-

set of L. An automorphism of a labelled lattice (£, p) is a graph automorphism
7 of £ such that p;() = p. for every edge e.

Equation (6.69) leads to a proposal for the so-called ‘critical surfaces’ of the
triangular and hexagonal lattices. The crude argument is as follows. Suppose that
p. P’ are as above. If 62(p, ¢) > O then, by (6.69), 6%(p’, ¢) > 0 also. If we
accept a picture of an infinite primal ocean of H encompassing bounded islands of
its dual, then it follows that Gﬁd ((p")4, g) = 0. If the initial labelled lattice (T, p)
has a sufficiently large automorphism group then it may, by (6.61), be the case
that (Hg, (p’)q) is isomorphic to (T, p), in which case

0 =0, (> 9) = 6P, 9)-

This is a contradiction, and we deduce that 91? (p, ¢) = 0 whenever p is of type 0.

On the other hand, some readers may be able to convince themselves that there
should exist no non-empty interval (¢, 8) € R such that: neither T nor its dual
lattice possesses an infinite cluster whenever the type of p lies in («, 8). One
arrives via these non-rigorous arguments at the (unproven) statement that
=0 if p is of non-positive type,

6.70 02(p,
( ) (@) { > (0 if pis of strictly positive type,

with a similar conjecture for the hexagonal lattice.

Let p1, p2, p3 € (0, 1) andlety; = p;/(1— p;). Werestrict the discussion now
to the situation in which every grey triangle of T has three edges with parameters
P1, P2, P3, in some order. The corresponding process on H has parameters p;
where the y/ = p!/(1 — p;) satisfy (6.61). The assertions above motivate the
proposals that:

T has critical surface  y;y2y3 + y1y2 + y2y3 + y3y1 —q =0,

(671) e /AW / / / 2 __
H has critical surface Yiyvays —q(y; +y, +y3) —q° =0,
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in the sense that
=0 ifyr(y) <0,

>0 ifyr(y) >0,
with a similar statement for H. It is not known how to make (6.71) rigorous,
neither is it even accepted that the above statements are true in generality, since no

explicit assumption has been made about the automorphism groups of the labelled
lattices in question.

02(p, q) {

We move now to the special case of the homogeneous random-cluster model
on T, with constant edge-parameter p, = p for every edge e. One part of the
above discussion may be made rigorous, as follows.

(6.72) Theorem. Let g € [1, 00).
(a) Consider the random-cluster model on the triangular lattice T, and let p be
such that y = p/(1 — p) satisfies y> +3y> —q = 0. Then 9%(1), q) =0,
and therefore p.(q, T) > p.
(b) Consider the random-cluster model on the hexagonal lattice H, and let p' be
suchthaty = p'/(1— p') satisfies y* —3qy —q* = 0. Then63(p', q) = 0,
and therefore p.(q,H) > p'.

Proof. This may be proved either by adapting the argument used to prove The-
orems 6.17(a) and 6.54, or by following the proof of Theorem 6.47. The former
approach utilizes the 0/ 1-infinite-cluster property, and the latter approach makes
use of the circuit-generation procedure pioneered in [181] and extended in [130].
Under either method, it is important that the labelled lattices be invariant under
translations and possess axes of mirror-symmetry. g

It is generally believed that the critical values of T and H are the values given
in Theorem 6.72. To prove this, it would suffice to have a reasonable upper bound
for qb%lw (0 < dA(n)), where A(n) = [—n, n]>. See the related Theorem 6.18
and Lemma 6.28.

We close this section with an open problem. Arguably the simplest system on
the triangular lattice which possesses insufficient symmetry for the above proof is
that in which every horizontal (respectively, vertical, diagonal) edge of T has edge-
parameter py, (respectively, py, pq). The ensuing labelled lattice has properties of
translation-invariance but has no axis of mirror-symmetry. Instead, it is symmetric
under reflections in the origin. We conjecture that the equivalent of Theorem 6.72
holds for this process, namely that

(6.73) 02(p,q) =0 if Yr(ph, pv, pa) =O.

Indeed, one expects that the critical surface is given by ¥r(pn, pv, pa) = 0. The
proof of the corresponding statement for the percolation model may be found at
[154, Thm 11.116].
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6.7 Stochastic Lowner evolutions

Many exact calculations are ‘known’ for critical processes in two dimensions,
but the required physical arguments have sometimes appeared in varying degrees
magical or revelationary to mathematicians. The recently developed technology
of stochastic Lowner evolutions (SLE), discovered by Schramm [294], promises
a rigorous underpinning of many such arguments in a manner consonant with
modern probability theory. Roughly speaking, the theory of SLE informs us of
the correct weak limit of a critical process in the limit of large spatial scales, and in
addition provides a mechanism for performing calculations for the limit process.

Let U = (—o00, 00) x (0, oo0) denote the upper half-plane of R2, with closure
U. We view U and U as subsets of the complex plane. Consider the ordinary
differential equation

2 , z €U\ {0},

d
Z =
a*'9= )~ By,

subject to the boundary condition go(z) = z, where ¢ € [0, 00), k is a positive
constant, and (B; : t > 0) is a standard Brownian motion. The solution exists
when g;(z) is bounded away from B,;. More specifically, for z € U, let t, be the
infimum of all times t such that O is a limit point of gs(z) — By in the limit as
s 1 1. Welet

H={z€U: 1, >t} Ki={zeU:t, <t},

so that H; is open, and K, is compact. It may now be seen that g; is a conformal
homeomorphism from H, to U.

We call (g; : t > 0) a stochastic Lowner evolution (SLE) with parameter «,
written SLE,, and we call the K; the hulls of the process. There is good reason
to believe that the family K = (K, : ¢ > 0) provides the correct scaling limit of a
variety of random spatial processes, the value of x being chosen according to the
process in question. General properties of SLE,., viewed as a function of «, have
been studied in [284, 316], and a beautiful theory has emerged. For example, the
hulls K form (almost surely) a simple path if and only if « < 4. If ¥ > 8§, then
SLE, generates (almost surely) a space-filling curve.

Schramm [294, 295] has identified the relevant value of x for several different
processes, and has indicated that percolation has scaling limit SLE¢. Full rigorous
proofs are not yet known even for general percolation models. For the special case
of site percolation on the triangular lattice T, Smirnov [304, 305] has proved the
very remarkable result that the crossing probabilities of re-scaled regions of R>
satisfy Cardy’s formula, and he has outlined a connection to a ‘full scaling limit’
and to the process SLE¢. (This last statement is illustrated and partly explained in
Figure 6.14.) The full scaling limit for critical percolation on T as an SLEg-based
loop process was announced by Camia and Newman in [75] and the proofs may
be found in [76].
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Figure 6.14. Site percolation on the triangular lattice with p equal to the critical point %,
and with a mixed boundary condition along the lower side. The interface traces the boundary
between the white and the black clusters touching the boundary, and is termed the ‘exploration
process’. In the limit of small lattice-spacing, the interface converges in a certain manner to
the graph of a function that satisfies the Lowner differential equation driven by a Brownian
motion with variance parameter k = 6.

It is possible to perform calculations for stochastic Lowner evolutions, and in
particular to confirm, [230, 307], the values of many critical exponents associated
with site percolation on the triangular lattice. The outcomes are in agreement
with predictions of mathematical physicists considered previously to be near-
miraculous, see [154, Chapter 9]. In addition, SLE¢ satisfies the appropriate
version of Cardy’s formula, [80, 227].

The technology of SLE is a major piece of contemporary mathematics which
promises to explain phase transitions in an important class of two-dimensional
disordered systems, and to help bridge the gap between probability theory and
conformal field theory. It has in addition provided complete explanations of
conjectures made by mathematicians and physicists concerning the intersection
exponents and fractionality of frontier of two-dimensional Brownian motion, see
[228, 229].

Further work is needed to prove the validity of the limiting operation for other
percolation models and random processes. Lawler, Schramm, and Werner have
verified in [231] the existence of the scaling limit for loop-erased random walk and
for the uniform spanning-tree Peano curve, and have shown them to be SLE, and
SLEg respectively. It is believed that self-avoiding walk on L2, [244], has scaling
limit SLEg/3. Schramm and Sheffield have proved that the so-called harmonic
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explorer and the interface of the discrete Gaussian free field have common limit
SLE4, see [296, 297].

We turn now to the random-cluster model on L> with parameters p and q.
For g € [1,4), it is believed as in Conjectures 6.15 and 6.32 that the percolation
probability 6(p, q), viewed as a function of p, is continuous at the critical point
pc(q), and furthermore that pc(g) = /q/(1 + /q). It seems likely that, when
re-scaled in the manner similar to that of percolation, the cluster-boundaries of
the model converge to a limit process of SLE type. It will remain only to specify
the parameter « of the limit in terms of ¢g. It has been conjectured in [284] that
k = k(q) satisfies

cos(dm/k) = —é\/q, Kk € (4,8).

This value is consistent with the above observation that ¥ (1) = 6, and also with
the finding of [231] that the scaling limit of the uniform spanning-tree Peano curve
is SLEg. We recall from Theorem 1.23 that the uniform spanning-tree measure is
obtained as a limit of the random-cluster measure as p, g | 0.

There are uncertainties over how this programme will develop. For a start, the
theory of random-cluster models is not so complete as that of percolation and of the
uniform spanning tree. Secondly, the existence of spatial limits is currently known
only in certain special cases. The programme is however ambitious and promising,
and may ultimately yield a full picture of the critical behaviour, including the
numerical values of critical exponents, of random-cluster models with g € [1, 4),
and hence of Ising/Potts models also. There is good reason to expect early progress
for the case ¢ = 2, for which the random-cluster interface should converge to
SLE1¢,3, and the Ising (spin) interface to SLE3, [306]. The reader is referred to
[295] for a survey of open problems and conjectures concerning SLE.



Chapter 7

Duality in Higher Dimensions

Summary. The boundaries of clusters in d dimensions are (topologically)
(d — 1)-dimensional and, in their study, one encounters new geometrical
difficulties when d > 3. By representing the random-cluster model as a
sequence of nested contours with alternately wired and free boundary con-
ditions, one arrives at the proof that the phase transition is discontinuous for
sufficiently large g. There is a random-cluster analysis of non-translation-
invariant states of Dobrushin-type when d > 3, ¢ € [1,00), and p is
sufficiently large.

7.1 Surfaces and plaquettes

Duality is a fundamental technique in the study of a number of stochastic models on
a planar graph G = (V, E). Domains of G which are ‘switched-on’ in the model
are surrounded by contours of the dual graph G4 which are ‘switched-off”. We
make this more concrete as follows. We take as sample space the set Q = {0, 1}
where, as usual, an edge e is called open in w € Q2 if w(e) = 1. There exists no
open path between two vertices x, y of G if and only if there exists a contour in the
dual graph that separates x and y and that traverses closed edges only. Such facts
have been especially fruitful in the case of percolation, because the dual process
of closed edges is itself a percolation process. We saw similarly in Section 6.1 that
the dual of a random-cluster model on a planar graph G is a random-cluster model
on the dual graph G, and this observation led to a largely complete theory of the
random-cluster model on the square lattice. When d = 2, one may summarize
this with the facile remark that 2 = 1 4 1, viewed as an expression of the fact that
the co-dimension of a line in R? is 1. The situation in three and more dimensions
is much more complicated since the co-dimension of a line in RYisd — 1, and
one is led therefore to a consideration of surfaces and their geometry.

We begin with a general description of duality in three dimensions (see, for
example, [6, 139]) and we consider for the moment the three-dimensional cu-
bic lattice 3. The dual lattice Lg is obtained by translating I3 by the vector
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Figure 7.1. A unit cube of the primal lattice .3, and a plaquette of the dual lattice. The open
circles are vertices of the dual lattice ]L?i placed at the centres of the primal unit cubes. Each

edge e of L3 passes through the centre of some face common to two unit cubes of the dual
lattice, illustrated here by the shaded region, and this face is the ‘plaquette’ associated with e.

é = (é, é, é); each vertex of Lg lies at the centre of a unit cube of the primal
lattice I°>. We define a plaquette to be a (topologically) closed unit square in
R3 with corners lying in the dual vertex set Z> + é That is, plaquettes are the
bounding faces of the unit cubes of the dual lattice ]Lg. Each edge ¢ of L3 passes
through the centre of a dual plaquette, namely the plaquette that is perpendicular
to e and passes through its centre, see Figure 7.1.

.. . 1 .
Two distinct plaquettes /1 and h, are called 1-connected, written h1 ~ hy, if:
either A1 = hy, or h1 N hy is homeomorphic to the unit interval [0, 1]. A set of
plaquettes is called 1-connected if they are connected when viewed as the vertex-

set of a graph with adjacency relation “1' Consider a finite, connected, open cluster
C of 3. It has an external edge-boundary A.C comprising all closed edges with
exactly one endvertex in C. Edges in A.C correspond to plaquettes of the dual
Lg, and it turns out that this set of plaquettes contains a 1-connected surface that
separates C from oco. Thus, connectivity in the primal lattice is constrained by the
existence of 1-connected ‘surfaces’ of dual plaquettes.

Here is a plan of this chapter. There appears in Section 7.2 a topological
argument which is fundamental to the study of the random-cluster model with
d > 3. This extends the two-dimensional duality results of [210, Appendix] to
three and more dimensions. There are two principal components in the remain-
der of the chapter. In Sections 7.3-7.5, a representation of the wired and free
random-cluster models as polymer models (in the sense of statistical mechan-
ics) is established and developed. This leads to the famous result that the phase
transition of the random-cluster model is discontinuous when d > 2 and q is suff-
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iciently large, [224]. The second component is the proof in Sections 7.6-7.11 of
the existence of ‘Dobrushin interfaces’ for all random-cluster models withd > 3,
q € [1, 00), and sufficiently large p. This generalizes Dobrushin’s work on non-
translation-invariant Gibbs states for the Ising model, [103], and extends even to
the percolation model. A considerable amount of geometry is required for this,
and the account given here draws heavily on the original paper, [139].

7.2 Basic properties of surfaces

The principal target of this section is to study the geometry of the dual surface
corresponding to the external boundary of a finite connected subgraph of L¢. The
results are presented for d > 3, but the reader is advised to concentrate on the
case d = 3. We write Lg for the dual lattice of L., being the translate of L. by
the vector é = (é, é el é).

Letd > 3 and let Bp = [0, l]d, viewed as a subset of R?. The elementary
cubes of Lg are translates by integer vectors of the cube By — ; =[— ;, ;]d . The
boundary of By — ; is the union of the 2d sets P; , given by

(7.1) Piu=1—b, 517 x{u— 2y x (=4, 3197,

fori =1,2,...,d andu = 0, 1. A plaquette (in ]Rd) is defined to be a translate
by an integer vector of some P; ,,. We point out that plaquettes are (topologically)
closed (d — 1)-dimensional subsets of R4, and that plaquettes are lines whend = 2,
and are unit squares when d = 3 (see Figure 7.1). Let H denote the set of all pla-
quettes in R?. The straight line-segment joining the vertices of an edge e = (x, y)
passes through the middle of a plaquette denoted by %(e), which we call the dual
plaquette of e. More precisely, if y = x +¢; wheree; = (0,...,0,1,0,...,0)is
the unit vector in the direction of increasing ith coordinate, then h(e) = P;;1 + x.

Lets € {1,2,...,d — 2}. Two distinct plaquettes /1 and h; are said to be

s-connected, written h ~ ha, if h1 N hy contains a homeomorphic image of the
s-dimensional unit cube [0, 1]°. We say that &1 and &, are O-connected, written

hi 2 ho,ifhiNhy # &. Notethat by a2 hy if and only if #1Nh7 is homeomorphic
to [0, 11972, A set of plaquettes is said to be s-connected if they are connected
when viewed as the vertex-set of a graph with adjacency relation <. of particular
importance is the case s = d — 2. The distance ||/11, h2]|| between two plaquettes
hi, hy is defined to be the L° distance between their centres. For any set H of
plaquettes, we write E (H) for the set of edges of L4 to which they are dual.

We consider next some geometrical matters. The words ‘connected’ and ‘com-
ponent’ should be interpreted for the moment in their topological sense. Let
T C RY, and write T for the closure of T in R?. We define the inside ins(T") to be
the union of all bounded connected components of R4\ T'; the outside out(T) is
the union of all unbounded connected components of R? \ T'. The set T is said to
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separate R? if R? \ T has more than one connected component. Foraset H C H
of plaquettes, we define the set [H] € R? by

(7.2) [H]:{xeRd:xehforsomeheH}.

We call a finite set H of plaquettes a splitting set if it is (d — 2)-connected and
R4 \ [H] contains at least one bounded connected component.

The two theorems that follow are in a sense dual to one another. The first
is an analogue! in a general number of dimensions of Proposition 2.1 of [210,
Appendix], where two-dimensional mosaics were considered.

(7.3) Theorem [139]. Let d > 3, and let G = (V, E) be a finite connected
subgraph of 1.4, There exists a splitting set Q of plaquettes such that:
1) vV < ins([QD),
(i) every plaquette in Q is dual to some edge of E? with exactly one endvertex
inV,
(i) if W is a connected set of vertices of L such that V. \'W = @, and there

exists an infinite path on LY starting in W that uses no vertex in V, then
W < out([ QD).

For any set § of plaquettes, we define its closure § to be the set
(7.4) §=38U{h eH: his (d — 2)-connected to some member of §}.

Let 6§ = {h(e) : e € D} be a (d — 2)-connected set of plaquettes. Consider
the subgraph (Z¢, E¢ \ D) of ¢, and let C be a component of this graph. Let
Ay 5C denote the set of all vertices v in C for which there exists w € 74 with
h({v, w)) € §,andlet A sC denote the set of edges f of C for which i(f) € §\$.
Note that edges in A¢ sC have both endvertices belonging to Ay sC.

(7.5) Theorem [139]. Letd > 3. Let § = {h(e) : e € D} be a (d — 2)-connected
set of plaquettes, and let C = (V¢, Ec) be a finite connected component of the
graph (Z4 B4 \ D). There exists a splitting set Q = Q¢ of plaquettes such that:
@) Ve < ins([QD),
(i) Q <,
(iii) every plaquette in Q is dual to some edge of E with exactly one endvertex
in C.
Furthermore, the graph (Ay sC, Ae sC) is connected.
This theorem will be used later to show that, for a suitable (random) set & of
plaquettes, the random-cluster measure within a bounded connected component

of R? \ [8] is that with wired boundary condition. The argument is roughly as
follows. Let w € 2, and let § = {h(e) : e € D} be a maximal (d — 2)-connected

IThis answers a question which arose in 1980 during a conversation with H. Kesten.
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set of plaquettes that are open (in the sense that they are dual to w-closed edges
of L4, see (7.9)). Let h = h(f) € 8\ 8. It must be the case that f is open,
since if f were closed then A ( f) would be open, which would in turn imply that
h(f) € 8, acontradiction. That is to say, for any finite connected component C of
(z4,E4\ D), every edge in A, sC is open. By Theorem 7.5, the boundary A, sC,
when augmented by the set A sC of edges, is a connected graph. The random-
cluster measure on C, conditional on the set §, is therefore a wired measure.

We shall require one further theorem of similar type.

(7.6) Theorem. Letd > 3andlet§ = {h(e) : e € D} be afinite (d—2)-connected
set of plaquettes. Let C = (V, E) be the subgraph of (Z¢, E \ D) comprising all
vertices and edges lying in out([8]). There exists a subset Q of 8 such that:
(1) Q is (d — 2)-connected,
(ii) every plaquette in Q is dual to some edge of E¢ with at least one endvertex
in C.
Furthermore, the graph (Ay sC, Ae 5C) is connected.

Proofof Theorem 7.3. Related results may be found in [82, 101, 159]. The theorem
may be proved by extending the proof of [159, Lemma 7.2], but instead we adapt
the proof given for three dimensions in [139]. Consider the set of edges of L4
with exactly one endvertex in V, and let P be the corresponding set of plaquettes.

Let x € V. We show first that x € ins([P]). Let U be the set of all closed unit
cubes of R? having centres in V. Since all relevant sets in this proof are simplicial,
the notions of path-connectedness and arc-connectedness coincide. Recall that an
unbounded path of R? from x is a continuous mapping y : [0, 00) — R¢ with
y (0) = x and unbounded image. For any such path y satisfying |y ()| — oo as
t — 00, y has a final point z(y) belonging to the (closed) union of all cubes in
U. Now z(y) € [P] for all such y, and therefore x € ins([ P]).

Let A; denote s-dimensional Lebesgue measure, so that, in particular, Ao(S) =
|S|. A subset S of RY is called:

{ thin  if A4_3(S) < o0,
fat if Ag—2(S) > 0.

Let Py, P>, ..., P, be the (d — 2)-connected components of P. Note that
[P;]1 N [P;] is thin, for i # j. We show next that there exists i such that x €
ins([P;]). Suppose for the sake of contradiction that this is false, which is to say
that x ¢ ins([P;]) for alli. Thenx ¢ P; = [P;]Uins([P;]) fori =1,2,...,n.
Note that each P; is a closed set which does not separate RY.

Leti # j. We claim that:

(7.7) either P; N P; is thin, or one of the sets P;, P; is a subset of the other.

To see this, suppose that P; N P; is fat; we shall deduce as required that either
P; C Pjor P; 2 Pj.
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Suppose further that P; N[ P;]is fat. Since [ P;] is a union of plaquettes and P;
is a union of plaquettes and cubes, all with corners in 74 + é , there exists a pair 1,

hy of plaquettes of]Lg such that /; 2 ha,and g = h1Nhy satisfies g € P; N[ F;].
We cannot have ¢ C [P;] since [P;] N [P;] is thin, whence int(g) C ins([P;]),
where int(g) denotes the interior of g viewed as a subset of R?~2. Now, [Pi]is
(d — 2)-connected and [ P;] N [P;] is thin, so that [ P;] is contained in the closure
of ins([ ;]), implying that [P;] € P; and therefore P; C P;.

Suppose next that P; N [P;] is thin but P; N ins([P;]) is fat. Since [P;] is
(d — 2)-connected, it has by definition no thin cutset. Since [P;] N [P;] is thin,
either [P;] € P; or [P;] is contained in the closure of the unbounded component
of R4 \ [P;j]. The latter cannot hold since P; Nins([ P;]) is fat, whence [P;] C P;
and therefore P; € P;. Statement (7.7) has been proved.

By (7.7), we may write R = [ J/_, P; as the union of distinct closed bounded
sets Fi, i =1,2,...,k, where k < n, that do not separate R9 and such that
f~’,- N 1’51 is thin for i # j. By Theorem 11 of [223, §59, Section 1112, R does not
separate R?. By assumption, x ¢ R, whence x lies in the unique component of
the complement R? \ R, in contradiction of the assumption that x € ins([P]). We
deduce that there exists k such that x € ins([ P¢]), and we define Q = P.

Consider now a vertex y € V. Since G = (V, E) is connected, there exists a
path in ¢ that connects x with y using only edges in E. Whenever u and v are
two consecutive vertices on this path, 2 ({u, v)) does not belong to P. Therefore,
y lies in the inside of [Q]. Claims (i) and (ii) are now proved with Q as given,
and it remains to prove (iii).

Let W be as in (iii), and let w € W be such that: there exists an infinite path
on ¢ with endvertex w and using no vertex of V. Whenever u and v are two
consecutive vertices on such a path, the plaquette 2 ({«, v)) does not lie in P. It
follows that w € out([ P]), and therefore w € out([Q]). [l

Proof of Theorem 7.5. Let H = (A, sC, AesC). Letx € A, sC, and write H,
for the connected component of H containing x. We claim that there exists a
plaquette iy = h({y, z)) € § such thaty € H,.

The claim holds with y = x and h, = h({x, z)) if x has a neighbour z with
h({x, z)) € 8. Assume therefore that x has no such neighbourz. Sincex € Ay sC,
x has some neighbour u in L4 with h((x, u)) € 8 \ 6. Following a consideration

. s L~ ~d—2
of the various possibilities, there exists & € § such thath ~ h({x, u)), and

either (a) h = h({u,z)) for some z,
or (b) h=h({v,z)) for some v, z satisfying v ~ x, z ~ u.
2This theorem states, subject to a mild change of notation, that: “If none of the closed sets F{

and F; cuts 8, between the points p and ¢ and if dim(Fy N Fy) < d — 3, their union Fy U Fy
does it neither”. Here, 4, denotes the d-sphere.
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If (a) holds, we take y = u (€ Hy) and hy = ENIf (a) does not hold but (b) holds
for some v, z, we take y = v (¢ Hy) and h, = h.

We apply Theorem 7.3 with G = H, to obtain a splitting set O, and we claim
that

(7.8) 0xN3s # .

This we prove as follows. If i, € Q,, the claim is immediate. Suppose that
hy ¢ Qx, sothat [h,] Nins([Q]) # @, implying that § intersects both ins([Q])
and out([Q,]). Since both § and Q, are (d — 2)-connected sets of plaquettes, it
follows that § U Q, is (d — 2)-connected. Therefore, there exist b’ € 8, h” € Q,

such that i’ <> 0. It i’ e 8, then (7.8) holds, so we may assume that 2 ¢ §,
and hence h”” € § \ 8. Then h” = h({v, w)) for some v € Hy, and therefore
w € Hy, a contradiction. We conclude that (7.8) holds.

Now, (7.8) implies that O, € §. Suppose on the contrary that O, < 8, so that

there exist i’ € 8, k"' € Qy \ & such that 4’ e~ h". This leads to a contradiction
by the argument just given, whence O, C 8.

Suppose now that x and y are vertices of H such that H, and H are distinct
connected components. Either Hy lies in out([Qy]), or Hy lies in out([Q]).
Since Oy, Qy C 4, either possibility contradicts the assumption that x and y are
connected in C. Therefore, Hy = H, as claimed. Part (i) of the theorem holds
with O = Q. O

Proof of Theorem 7.6. This makes use the methods of the last two proofs, and
is only sketched. Let Q C H be the set of plaquettes that are dual to edges of
E? \ E with at least one endvertex in V. By the definition of the graph C =
(V,E), Q € é. Let Q1, Q2, ..., On be the (d — 2)-connected components of
Q. If m > 2, there exists a non-empty subset H C § \ Q such that Q U H is
(d — 2)-connected but no strict subset of Q U H is (d — 2)-connected. Each
h = h(e) € H must be such that at least one vertex of e lies in out(Q), in
contradiction of the definition of Q. It follows that Q is (d — 2)-connected.

The connectivity of (A, sC, Ae sC) may be proved in very much the same way
as in the proof of Theorem 7.5. U

7.3 A contour representation

The dual of a two-dimensional random-cluster model is itself a random-cluster
model, as explained in Chapter 6. The corresponding statement is plainly false
in three or more dimensions, since the geometry of plaquettes differs from that of
edges. Consider an edge-configuration w € 2 = {0, I}Ed, and the corresponding
plaquette-configuration # = (s (h) : h € H) given by

(7.9) 7(h(e)) =1 — w(e), e cEY,
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Thus, & (e) is open if and only if e is closed. The open plaquettes form surfaces,
or ‘contours’, and one seeks to understand the geometry of the original process
through a study of the probable structure of such contours. Contours are objects of
some geometrical complexity, and they demand a proper study in their own right,
of which the results of Section 7.2 form part.

The study of contours for the random-cluster model has as principal triumph
a fairly complete analysis of the model for large g. The central feature of this
analysis is the proof that, at the critical point p = pc(g) for sufficiently large
q, the contour measures of both free and wired models have convergent cluster
expansions. This implies a discontinuous phase transition, the existence of a mass
gap, and a number of other facts presented in Section 7.5.

Cluster (or ‘polymer’) expansions form a classical topic of statistical mechan-
ics, and their theory is extensive and well understood by experts. Rather than
developing the theory from scratch here, we shall in the next section abstract those
ingredients that are relevant for the current application. Meanwhile, we concen-
trate on formulating the random-cluster model in a manner resonant with polymer
expansions. The account given here is an expansion and elaboration of that found
in [224]. A further treatment may be found in [65, 66].

Henceforth in this chapter we shall assume, unless otherwise stated, thatd = 3.
Similar results are valid whenever d > 3, and stronger results hold when d = 2.
A plaquette is taken to be a closed unit square of the dual lattice L3, and each
plaquette 1 = h(e) is pierced by a unique edge e of 3.

Since the random-cluster model involves probability measures on the set of
edge-configurations, we shall consider functions on the power set of the edge-
set E3 rather than of the vertex-set Z3. Let E be a finite subset of E3, and let
Lg = (Vg, E) denote the induced subgraph of 3. We shall consider the partition
functions of the wired and free random-cluster measures on this graph, and to this
end we introduce various notions of ‘boundary’. Let D be a (finite or infinite)
subset of E3, and write D = E3 \ D for its complement.

(i) The vertex-boundary 9D is the set of all x € Vp such that there exists an
edge e = (x, z) withe ¢ D. Note thatdD = dD.

We shall require three (related) types of ‘edge-boundaries’ of D.
(ii) The 1-edge-boundary d.D is defined? to be the set of all edges e € D such
that there exists f ¢ D with the property that 4 (e) A h(f).

(iii) The external edge-boundary Aexi D is the set of all edges e ¢ D that are
incident to some vertex in 0 D.

(iv) The internal edge-boundary AjyD is the external edge-boundary of the
complement D, that is, Ajy D = AexD. In other words, Ajy D includes
every edge e € D that is incident to some x € dD.

3When working with L4 for general d, d. D would be taken to be the (d — 2)-edge-boundary,
given similarly but with 1 replaced by d — 2.
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Let p e (0,1),q € (0,00),andr = p/(1 — p). Asis usual in classical statis-
tical mechanics, it is the partition functions which play leading roles. Henceforth,
we take E to be a finite subset of E3. We consider first the wired measure on L,
which we define via its partition function*

(7.10) ZY(E) = Z rIDqul(D,E)’

D:DCE
D20 E

where k!(D, E) denotes the number of connected components (including the
infinite cluster and any isolated vertices) of I after the removal of edges in E \ D.
This definition (7.10) differs slightly from that of (4.12) with £ = 1, but it may
be seen via Theorem 7.5 that the corresponding probability measure amounts to
the wired measure on the edge-set E \ d¢E. It is presented in the above manner
in order to facilitate certain relations to be derived soon.

We define similarly the free partition function on Lg by

(7.11) 2By = Y Pl VEVED)

D:DCE
DNA;jwE=

where k%(G) denotes the number of connected components of a graph G including
isolated vertices®. Since AjnE includes every edge e € E that is incident to
some vertex x € J0E, every x € 0F is isolated for all sets D contributing to
the summation in (7.11), and these vertices are not included in the cluster-count
k(VeE \ 0E, D). The measure defined by (7.11) differs slightly from that given at
(4.11)—(4.12) with & = 0, but it may be seen that the corresponding probability
measure amounts to the free measure on the graph (Vg, E \ A E).

By an argument similar to that of Theorem 4.58, there exists a function F,
termed the pressure, such that

1 1
7.12 F = li log Z'(E) ¢ = li log Z(E
(7.12) P, ) EITI]IE13{|E| 0gZ ( )} EITI}E13{|E| og Z*( )},

where the limit is taken in a suitable ‘van Hove’ sense.

We introduce next the classes of ‘wired” and ‘free’ contours of the lattice LL3.
Fors € {0, 1} ande, f € E3, we write e ~ fifh(e) R h(f). A subset D of E3 is
said to be s-connected if it is connected when viewed as a graph with adjacency
relation ~. Thus, D is s-connected if and only if the set {h(f) : f € D} of

plaquettes is s-connected. Let D C E3, and consider its external edge-boundary
y = AextD. We call the set y a wired contour (respectively, free contour) if it is

It is convenient in the present setting to think of a configuration as a subset of edges rather
than as a 0/1-vector. We adopt the convention that Z l@)=1.
SWe set ZO(E) = 1if E \ AjpE =@. In particular, Z0(@) = 1.
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Figure 7.2. Examples of wired and free contours in two dimensions. The solid lines comprise
D, the dashed lines are the contours, and the dotted lines the dual plaquettes. A wired con-
tour resembles an archipelago joined by causeways, a free contour resembles a single island
traversed by canals.

1-connected and E3 \ D is finite (respectively, it is 1-connected and D is finite).
Ilustrations of wired and free contours are presented in Figure 7.2. For any (wired
or free) contour y, the unique infinite connected component of E3 \ y is denoted
by ext(y) (orexty), and we define also y = E3\ ext(y) andint(y) = y \ y. Note
by Theorem 7.5 that every finite connected cluster C of E? \ y lies in the inside
of some splitting set 0 = Q¢ of plaquettes drawn from {h(e) : e € y}.

The set of all wired (respectively, free) contours of L> is denoted by Cy
(respectively, Cr), and we write yy, (respectively, y¢) for a typical wired (respec-
tively, free) contour. The length ||y || of a contour is defined as

, y € Cy,

. y) 1 x €y, (x,y) ey}
|{()C, ¥) 1 x € Vinty, (x,y) ¢ il’lt)/}
For y € Gy N Gy, the appropriate choice of ||y || will be clear from the context. In
each case, we count the number of ordered pairs (x, y); for example, for y € Cy,

if x,y € dy and e = (x, y) € y, then e contributes a total of 2 to ||y |. We note
for later use that, by elementary counting arguments,

(7.13) vl = {

, y € Cr.

(7.14) 2d|Vy, \ oyl = 2|yl = llyll, y € Cw,
(7.15) 2d|Viney | = 2linty | + [yl y € Gy,
and furthermore®,

(7.16) [a(inty)| < Iyl < vl y € Cy,
(7.17) [a(inty)| < [y, y € Cr.

The second inequality of (7.16) follows from the fact that every edge in a wired contour y is
incident to some vertex in dy. See (7.18).
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It may be seen by Theorem 7.5 that
(7.18) Ainty =7, y € Cw.

Two contours yy, y» of the same class are said to be compatible if y1 U y» is not
1-connected. We call the pair y1, y» externally compatible if they are compatible
and in addition y; C ext(y2) and y» C ext(yy). If ' = {y1, y2, ..., ¥n} is afamily
of pairwise externally-compatible contours of the same class, we write I' = _J; y;,
ext(I') = E3\ I, and int(I") = I" \ I". Here, we have used I to denote the set of
edges in the union of the y;.

LetI'y, = {y1, 2, - .., Ym} be afamily of pairwise externally-compatible wired
contours. It may be seen that

m
Ain = Ainyi,

i=1

and, by (7.11),

m
(7.19) 2wy =[12°w.
i=1
Similarly, if 't = {y1, v2, ..., v} is a family of pairwise externally-compatible

free contours, then

n
3e(int Tp) = ] dc(int ys),
i=1

and, by (7.10),

n
(7.20) q"' 2" (intTp) = [ [ 2" (int ).

i=1

A key step in the transformation of the random-cluster model to a polymer
model is the derivation of recursive expressions for Z!(E) and Z°(E) in terms of
partition functions of subsets of E. We describe this first for the wired partition
function Z! (E). The subset E C E3 is called co-connected if |E| < oo and E3\ E
is connected. Let E be co-connected. Let D C E be such that . E € D. Let
Dy be the set of edges in the unique infinite connected component of D U E€,
and let I'(D) = AextDoo. The set I'(D) may be expressed as a union of maximal
1-connected sets y;, i = 1,2, ..., m, which are pairwise externally-compatible
wired contours, and we write I'y (D) = {y1, 2, ..., Ym}. Note that every edge
in ['(D) belongs to E \ d.E. Thus, to each set D there corresponds a collection
I'w(D), and the summation in (7.10) may be partitioned according to the value
of I'y (D). For a given family I'y, = {y1, 2, ..., ¥} of pairwise externally-
compatible wired contours in E \ 9. E, the corresponding part of the summation
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in (7.10) is over sets D with I'y, (D) = I'y, and the constraints on such D are as
follows:

1. D contains no edge in any y;,
2. D contains every edge of E not belonging to I'y,.
This leads via (7.18) and (7.19) to the formula

(7.21) ZYEy= Y rFgzOmy)
I CE\dE

where the summation is over all families I'y, of pairwise externally-compatible
wired contours contained in E \ d. E. By Theorems 7.3 and 7.5, each such I'y, is
co-connected.

We turn now to the free partition function ZO(E ). Let D € E\ AintE. Let DS
be the set of edges in the unique infinite 1-connected component of D¢ = E3 \ D,
and let I' (D) = AjnDS,. The set I'(D) may be expressed as a union of maximal
1-connected sets y;, i = 1,2, ..., n, which are pairwise externally-compatible
free contours, and we write ['¢(D) = {y1, y2, ..., ¥»}. We note that every edge
in I'(D) belongs to E. Thus, to each set D there corresponds a collection ['¢(D),
and the summation in (7.11) may be partitioned according to the value of I'¢(D).
For a given family I't = {y1, y2, ..., ¥a} of pairwise externally-compatible free
contours in E, one sums over sets D with I'f(D) = I'¢, and the constraints on such
D are as follows:

1. D CintTYy,

2. fori = 1,2,...,n, D contains every edge in int y; that is 1-connected to

some edge in y;.

This leads by (7.11), (7.20), and Theorem 7.5 to the formula

(7.22) Z%E) = Y qlVEVEIVierdgn =l 71 Gint Iy,
I'tCE

where the summation is over all families I'f of pairwise externally-compatible
free contours y contained in E. By Theorems 7.3 and 7.5, each such int [y is
co-connected.

The next step is to transform the random-cluster model into a so-called polymer
model of statistical mechanics. To the latter model we shall apply certain standard
results summarized in the next section, and we shall return to the random-cluster
application in Section 7.5.
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7.4 Polymer models

The partition function of a lattice model in a finite volume A of RY may generally
be written in the form

(7.23) zm) =Y []ewm.

TCA yeX

where the summation’ is over all compatible families ¥ in A (including the empty
family, which contributes 1) comprising certain types of geometrical objects y
called ‘polymers’. The nature of these polymers, of the weight function ® (which
we shall assume to be non-negative), and of the meaning of ‘compatibility’, depend
on the particular model in question. We summarize some basic properties of such
polymer models in this section, and shall apply these results to random-cluster
models in the next section. The current target is to communicate the theory in the
broad. The details of this theory have the potential to complicate the message, and
they will therefore be omitted in almost their entirety. In the interests of brevity,
certain liberties will be taken with the level of rigour. The theory of polymer
models is well developed in the literature of statistical mechanics, and the reader
may consult the papers [85, 216, 219, 274, 275, 326], the book [301], and the
references therein.

The discontinuity of the Potts phase transition was proved first in [220] via a so-
called chessboard estimate. This striking result, combined with the work of [218],
inspired the proof via polymer models of the discontinuity of the random-cluster
phase transition, [224]. The last paper is the basis for the present account.

The study of polymer models is wider than is required for our specific applica-
tions, and a general approach may be found in [219]. For the sake of concreteness,
we note the following. Our applications will involve co-connected subsets A of
E3. Our polymers will be either wired or free contours in the sense of the last sec-
tion, and ‘compatible’ shall be interpreted in the sense of that section. Our weight
functions ® will be assumed henceforth to be strictly positive and automorphism-
invariant, in that ®(y) = ®(ty) for any automorphism 7 of 3.

One seeks conditions under which the limit

, 1
(7.24) f(®) = AhTIIIElS { A log Z(A)}

exists, together with bounds on the deviation
(7.25) o (A, @) = |Alf (D) —log Z(A).

These are obtained by elementary arguments under the assumption that the ®(y)
decay exponentially in the size of y, with a sufficiently negative exponent. With

TWe adopt the convention that Z(&) = 1.
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each polymer y we associate a natural measure of ‘size’ denoted by ||y || and, for
T € (0, 00), we call ® a t-functional if

(7.26) o(y) <e Tl forall y.

The principal conclusions that follow are not stated unambiguously as a theorem
since their exact hypotheses will not be specified. Throughout this and the next
section, the terms ¢ and ¢; are positive finite constants which depend only on the
particular type of model and not on the function ®. These constants may depend
on the underlying lattice (which we shall take to be %), and may therefore vary
with the number d of dimensions.

(7.27) ‘Theorem’. There exist c, c1, c2 € (0, 00) such that the following holds.
Let ® be a t-functional with T > c.

(a) The limit f (D) exists in (7.24), and satisfies 0 < f(P) < e 17,
(b) The deviation in (7.25) satisfies |o (A, ®)| < |0 A|e™ 2T for all finite A.

The polymer model is said to be convergent when the condition of the above
“Theorem’ is satisfied.

Sketch proof. Here are some comments on the proof. The existence of the pressure
f(®) in part (a) may be shown using subadditivity in a manner similar to the proof
of Theorem 4.58. This part of the conclusion is valid irrespective of the assumption
that ® be a t-functional, although it may in general be the case that f(®) = oo.
One obtains a formula for the limit function f(®) in the following manner. Let

(7.28) V(E) = Z(—l)'E\AllogZ(A), E CE |E| < oo.
ACE

By the inclusion—exclusion principle?,

(7.29) log Z(A) = Z Vv (E).

ECA

By (7.23), Z(A1 U A2) = Z(A1)Z(A>y) if A and A, have no common vertex.
By (7.28), i is automorphism-invariant and satisfies

(7.30) Y(E)=0 if E is not connected.
Under the assumption of ‘Theorem’ 7.27, one may obtain after a calculation that
(7.31) W (E)| < eIl

for a suitable definition of the size || E|| and for some c3 € (0, 00).

8 As in [144].
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Formula (7.29) motivates the proposal that, for any given e € E>,

E
logZ(A)} =y %E'),

1
f(®) = lim {
ATE? |A| E:ecE

and this may be proved rigorously by use of (7.31) with sufficiently large 7. The
inequality of part (a) follows. By (7.29) again,

E
o(A,®) = Z Z I{EﬂAcyéz}l//'(E'),

ecA E:ecE

and, by (7.30),

oA D)< D> D Y(E)

x€dA E:xeVg

Part (b) follows by (7.31) and a combinatorial estimate. Il

Turning to probabilities, the partition function Z(A) gives rise to a probability
measure « on the set of compatible families in A, namely

k(X) = Z(IA)CD(E), X CA,

where ®(X) = ]_[y ex. ©(¥). The following elementary result will be useful later.

(7.32) Theorem (Peierls estimate). Let y be a polymer of A. The k-probability
that y belongs to a randomly chosen compatible family satisfies

K({Z:yex}) <o@y).

Proof. We write ¥ L y to mean that ¥ is a compatible family satisfying: y ¢ X,
and ¥ U {y} is a compatible family. Then,

1
((Ziyem) =, 3 emer)
X:XEly

> o))

:Xly - q>()/) 0

Do eI+ e

2:oly
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7.5 Discontinuous phase transition for large ¢

It is a principal theorem for Potts and random-cluster models that the phase trans-
ition is discontinuous when ¢ is sufficiently large, see [68, 220, 251] for Potts
models and [224] for random-cluster models. This is proved for random-cluster
models by showing that the maximal contours of both wired and free models at
p = pc(gq) have the same laws as those of certain convergent polymer models.
Such use of contour expansions is normally termed a ‘Pirogov—Sinai’ approach®,
after the authors of [274, 275].

Here are the main results, expressed for a general number d of dimensions.

(7.33) Theorem (Discontinuous phase transition) [224]. Ler d > 2. There
exists Q = Q(d) such that following hold when q > Q.

(a) The edge-densities
hb(P,CI) =¢£,q(e is open), b=0,1,

are discontinuous functions of p at the critical point p.(q).
(b) The percolation probabilities satisfy

0°(pe(q), q) =0, 0'(pe(q), q) > 0.

(¢c) There is a unique random-cluster measure when p # pc(q), and at least
two random-cluster measures when p = p.(q), in that

0 1
Ppe@ra 7 Ppera

(d) If p < pc(q), there is exponential decay and a non-vanishing mass gap, in
that the unique random-cluster measure satisfies

bpg(0 & x) <e M xezd,
for some o = a(p, q) satisfying a € (0, 00) and

lim «(p,q) > 0.
ptpc(q) p-a

The large-q behaviour of p.(q) is given as follows. One may obtain an expan-
sion of p.(q) in powers of ¢~/ by pursuing the proof further.

(7.34) Theorem [224]. Ford > 3,
pe(@) =1—q "+ 07"  asq— oc.

This may be compared to the exact value pc(q) = \/q/(1 + ,/q) whend =2
and g is large, see Theorem 6.35. Ford > 3 and large g, there exist non-translation-
invariant random-cluster measures at the critical point p¢(q).

9 An overview of contour methods may be found in [217].
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(7.35) Theorem (Non-translation-invariant measure at p.(q)) [85, 254].
Let d > 3. There exists Q = Q(d) such that there exists a non-translation-
invariant DLR-random-cluster measure when p = p.(q) and q > Q.

It is not especially fruitful to seek numerical estimates on the Q(d) above.
Such estimates may be computed, but they turn out to be fairly distant from those
anticipated, namely!?

(7.36) 02)=4, Q@) =2 ford>6.

No proof of Theorem 7.35 is included here, and the reader is referred for more
details to the given references.

Numerous facts for Potts models with large g follow from the above. Let
d>2andp=1-— ¢~ P, and consider the g-state Potts model on L4 with inverse-
temperature . Let g be large. When 8 < B.(g) (respectively, 8 > B.(q)),
the number of distinct translation-invariant Gibbs states is 1 (respectively, g).
When 8 = B.(g), there are g + 1 distinct extremal translation-invariant Gibbs
states, corresponding to the free measure and the ‘b-boundary-condition’ measure
for b € {1,2,...,q}, and every translation-invariant Gibbs state is a convex
combination of these ¢ + 1 states. When d > 3, there exist in addition an
infinity of non-translation-invariant Gibbs states at the critical point B¢:(g). Further
discussion may be found in [65, 66, 68, 136, 224, 251, 254].

In preparation for the proofs of Theorems 7.33 and 7.34, we introduce an
extension of the polymer model of the last section, in the context of the wired and
free contours of Section 7.3. For a finite subset E of E3, let

(7.37) Z(E;: @)=Y [[ 2

SCE yex

be the partition function of a polymer model on E. The admissible families ¥ of
polymers will be either families of wired contours (lying in E \ 9¢ E) or families
of free contours (lying in E); in either case they are required to be pairwise
compatible. By a standard iterative argument, the sum in (7.37) may be restricted
to families I' of pairwise externally-compatible contours, and (7.37) becomes

(7.38) ZE: =) [[vw
FCE yel

where

(7.39) Y(y) = () Z(inty; ®).

10Some progress has been made towards bounds on the value of Q(d). It is proved in [45] that
the 3-state Potts model has a discontinuous transition for large d, and in [46] that discontinuity
occurs when d = 3 for a long-range Potts model with exponentially decaying interactions. See
[140] for related work when d = 2.
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The letter ¥ (respectively, I') will always denote a family of pairwise compatible
contours (respectively, pairwise externally-compatible contours).

Let 8 € R. In either of the cases above, we define

(7.40) Z(E; @, )= [ v
ICE yel

= Z ]‘[ P o () Z(int y; @),

CE yel

and we say that this new model has parameters (8, ©).

We shall consider a pair of such models. The first has parameters (By, ®w),
and its polymer families comprise pairwise compatible wired contours; the second
has parameters (8f, ®¢) and it involves free contours. They are defined as follows.
Let p € (0,1), g € [1,00),r = p/(1 — p), and By, Br € [0, 00). The weight
functions &y, (y) = <I>€f,w (y), Ps(y) = CIDfﬁf(y) are defined inductively on the size
of y by:

(7.41)
of () Z(inty: @) = Wh (v) = (reP) W Z0p), y € Cy,

q)ft(]/)Z(lnty, cplfgf) — lljff(y) — e_ﬁflqu_lvintylzl(inty), y c Gf

These functions give rise to polymer models which are related to the free and wired
random-cluster models, as described in the first part of the next theorem. They
have related pressure functions f (¢§VW), f (cpf ") given as in (7.24). The theorem
is stated for general d > 2, but the reader is advised to concentrate on the case
d=3.

(7.42) Theorem [224]. Letd > 2, p € (0,1), g € [1,00), andr = p/(1 — p).
For By, Bt € [0, 00) and a co-connected set E,

ZVE) = rFlqz(E; 5, By),

(7.43) 0 VE\OE Bt
Z%(E) = ¢!VF\FIZ(E; o), ).
Let
1
(7.44) T = logg — 5.

8d

There exists Q = Q(d) such that the following hold when q > Q.

(a) There exist reals by, by € [0, 00) such that CD{?V‘” and CID?f are t-functionals
with t > ¢, with ¢ as in the hypothesis of ‘Theorem’ 7.27, and that the
pressure F(p, q) of (7.12) satisfies

_ 1
F(p,q) = f(®5) + by +logr = f(O) + b + Jloga. (745)
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(b) There exists a unique value p = p(q) such that the values by, bt in part (a)
satisfy:
ifp<p, thenby >0, bf=0,

ifp=0p, thenby =0, by=0, (7.46)
if p>p, thenby =0, by > 0.

Proof of Theorem 7.42. We follow the scheme of [224] which in turn makes use
of [218, 326]. For any given By, Br € [0, 00), equations (7.41) may be combined
with (7.19)—(7.22) to obtain (7.43).

For By, Br € [0, 00), let @y, = o @y = @ff be given by (7.41). Let
T = t(g) be as in (7.44), and choose Q' such that 7(Q’) > ¢ where c is the
constant in the hypothesis of ‘Theorem’ 7.27. We assume henceforth that

(7.47) qg>0Q.

We define the t-functionals

(7.48) P () = min{@fr (), eIy, y e ey,
(7.49) o (y) = min{df (), eI,y ey,
and let
(7.50)

by =supBy where By ={fy>0: f(OL")+ By +logr < F(p,q)},
br=supBr where By = {f>0: f(OF) + Br+d logq < F(p.q)).
We make three observations concerning the definition of by; similar reasoning
. . . 0 0
applies to by. Firstly, since @, < &,
Z\(E) = r'F1Z(E; @y, 0) = rIFIZ(E: @),
by (7.43). Applying ‘Theorem’ 7.27 to the T-functional (ng’

F(p,q) > logr + f(®u),

whence 0 € By,. Secondly, by ‘“Theorem’ 7.27 again, f(CDSV) < e~ “17, whence
B ¢ By, for large B. The third observation is contained in the next lemma which
is based on the corresponding step of [218]. The lemma will be used later also,
and its proof is deferred until that of Theorem 7.42 is otherwise complete.

(7.51) Lemma. Let a € (0, c0). There exists Q" = Q" (a) > Q' such that the

following holds. If ¢ > Q" the functions h(B,r) = f(CDVﬁv), f(CIDfﬁ) have the
Lipschitz property: for B, B’ € [0, 00) and r, r' € (0, 00),

|h(B.r) = h(B'. 1) < {'ﬁ‘ﬁ/' LN }
rAr
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Assume henceforth that
1
(7.52) qg>0"=0"Q).

By Lemma 7.51, the pressure f (be,w) (respectively, f (<I>'f3 ")) is continuous in By
(respectively, Br), and it follows by the prior observations that the suprema in
(7.50) are attained, and hence

1
logg.

(7.53) F(p.q) = f(O) + by +logr = £(@) + by + y

By Lemma 7.51 and the continuity in p of F(p, q), Theorem 4.58,

(7.54) by = bw(p) and by = b¢(p) are continuous functions of p € (0, 1).

Having chosen the values by, and by, we shall henceforth suppress their reference
in the notation for the weight functions ®y,, &5, ®y, P¢, and we prove next that

Dy (y) < e—fllyll’ € Cy,
(7.55) wly 14 w
Pi(y) <e My ee

This implies in particular that ®,, = &y, and & = Py, and then (7.45) follows
from (7.53). We shall prove (7.55) by induction on |y|.

It is not difficult to see that (7.55) holds for y € Cy with |yy| < 1, and for
yr € Crwith |yg| < 2. This s trivial in the latter case since the free contour y¢ with
smallest || y¢|| has |||l = 2(2d — 1), and it is proved in the former case as follows.
Let yy € Cy be such that |y, | = 1, which is to say that y,, comprises a single
edge. By (7.41), ®y(yw) = (re’~)~'. By (7.12), F(p,q) > d~'logq, and the
claim follows by (7.53) and the fact that f(®y,) < 1, see ‘Theorem’ 7.27(a).

Let k > 1 and assume that (7.55) holds for all y,, € Gy, satisfying |yw| < k and
all y¢ € Cr satisfying |yf| < k + 1. Let yy, be a wired contour with |yy| =k + 1.

Any contour y;, € Cy contributing to Z(int yy,; ®y) satisfies |y,,| < k. By the
induction hypothesis,

(7.56) Z(int yy; ®y) = Z(int yy; Oy)
= exp{|int yy| f (Pw) — o (int py, Py},

where
o(E, ®) = |E|f(®) — log Z(E; @)

as in (7.25). Any contour yr € Cr contributing to Z(yy; Or) is a subset of yy, and
therefore satisfies |yf| < k + 1. By the induction hypothesis as above,

(7.57) Z(yw; D) = Z(yw; Pr)
exp{lywlf(Pp) — o (yw, Pp)}.
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By (7.41),

ZO(VW)
Z(int yw; Pw)
— (rebw) el g1V sy 20 1. br)
Z(int yy; Pw)
< (reP) Il gV OOl bl B Vi @D
- Z(int yy; Ow)

= exp|—Iyl(log + by — br — /(@)

Dy (y) = (reP) Il

by (7.43)

+ 1V () \ Bl ogq — fint vl £ (Pu) |
X exp{a(int Yw, Pw) — 0 (Vw, CIDf)} by (7.56)—(7.57).

We use (7.13)—(7.14) and (7.53) to obtain that
(7.58) ®w(yw) < q " VCDexpliyy| f(@w) + o (int yy, D) — 0 (Y. Pp)}.
By ‘Theorem’ 7.27, f(®Py) < e 1T <1, and
lo(E, @w)| < [0Ele™ ", |o(E, Pp)| < [0E|e "
for co-connected sets E. By (7.58), (7.16), and (7.44),
(7.59) Dy (yw) < q—\l)/wll/(Zd)e5\|Vw\| < e—fll)/w\l’

as required in the induction step.

We consider now a free contour y¢ with |yf] = k + 2. By an elementary
geometric argument,

(7.60) vl = 2(2d — 1).

Arguing as in the wired case above, we obtain subject to the induction hypothesis
that

(7.61) Oe(yp) < q - g "V CD explo (intyr, @p) — o (int yr, Py},

by (7.15). By (7.17),

De(y) < q - q—||yf\|/(2d)eﬁ||yf\|'

By (7.60) and the fact thatd > 2,

lyell = 2d = 4wl
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whence
(yy) < el
and the induction proof of (7.55) is complete.

We turn now to part (b) of the theorem, and we prove next that, for any given
p€(O,1),

(7.62) min{by, bg} = 0.

Suppose conversely that p € (0, 1) is such that by, b > 0. By (7.53) and Lemma
7.51 with o = ;, there exist By € (0, by), Br € (0, bg), and € > 0 such that

1
(1.63)  F(p.q)—e = f(®0) +Bu+logr = f(®f) + i+  logg.

We use this in place of (7.53) in the argument above, to obtain that CDgW = CngW
and @ff = @f f. Equation (7.63) implies that

1
(7.64) F(p,q) > (L") + Bw +logr = f(OF) + B + ,loga.
However, by (7.43),
ZY(E) = rlFlgz(E; ob, By) < (ref)IFlgz(E; dbv),

whence
F(p,q) <logr + Bu + f(Ph")

in contradiction of (7.64). Therefore, (7.62) holds.

Next we show that there exists a unique p such that by, (p) = bg(p) = 0. The
proof is deferred until later in the section.

(7.65) Lemma. There exists Q"' > Q" such that the following holds. For
g > Q" there is a unique p' € (0, 1) such that by (p') = bt(p') = 0. The
ratior’ = p' /(1 — p’) satisfies

(7.66) r' =g exp{ (@) — f(@)}.

Letg > Q = Q" and p = p/, where Q" and p’ are as given in this lemma.
By (7.45) and the fact that F(p,q) — d~'logq as p | 0, f(CDfo) — 0 and
bt(p) — Oas p | 0. Similarly, by (p) — oo as p | 0. By a similar argument for
p close to 1, by(p) — 0 and be(p) — oo as p 1 1. Statement (7.46) follows by
Lemma 7.65 and the continuity of by (p) and b¢(p), (7.54). This completes the
proof of Theorem 7.42. |

Proof of Lemma 7.51. We give the proof in the wired case, the other case being
similar. Write ® = CIDVﬁV and let E be co-connected. For any contour y C E and
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any family ¥ of compatible contoursin E, we write ¥ L y ify ¢ ¥ and £ U {y}
is a compatible family of contours. Since ®(y) is a smooth function of 8, ® is
piecewise-differentiable in 8 (see (7.48)).

Let o € (0, 00). We prove first that the function

E 1 B
Zw(B, 1) = IE| log Z(E; ®,,)

satisfies
(7.67) lzZEB.r) —z2E@B . r| <alp-B1,  B.B €l0,00),

for sufficiently large g, uniformly in 7 and E. We fixr € (0, co) and shall suppress
reference to r for the moment. If zg is differentiable at § then, by (7.37),

d E
Z <1> ),
dg™v |E|Z(E D) EXC;”EZE

where g’ denotes the derivative of a function g with respect to 8, and g(X) =
]_[y s &(y). Therefore, for any given edge e,

Z1(E \y; @)
7.68
(768 'dﬂ IEI Z' Z(E; @)
yCE
12" ()]
<y ,
Sieey 1V
where
Zi(E\y; ®) = ) B <Z(E; D).
YCE:X1ly
Let y € Cy,. We claim that
(7.69) @' (p)| < 2ly|@(y)

whenever the derivative exists. By (7.48), either the left side equals 0O, or it equals
|®’(y)|, and we may assume that the latter holds. Write Y¥(y) = Z(inty; ®).
The function ¥ = \115 satisfies W(y) = ®(y)¥Y by (7.41), and also

(7.70) U (y)=—ly|¥(y) = —lyI1®WY»).
Hence,

, V(y)— oY (v) }‘r”(y))
7.71 @' (y) = - —® .
(7.71) ) Yy) (y )<|V|+ Y(y)
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By an argument similar to that above,

d v’
Yor="1 3 wn= Y ey |
ﬂ I'Cinty I'Cinty vell )
=— Y INw(mD),
I'Cinty
whence
(7.72) YOI < VIO

Claim (7.69) follows from (7.71)—(7.72).
Returning to (7.68), by (7.69),

vl vl
= T 2,00= 3 2

d
(7.73) zE
dp , :
yie€y yie€y

since ® is a r-functional. The Lipschitz inequality (7.67) follows by integration
for T = t(gq) sufficiently large.

More or less the same argument may be used as follows to obtain that
r—r'|

(7.74) lzEB.r) —2EB, ]| < o r.r’ € (0, 00),

)
rar

for large ¢, uniformly in B and E. We now denote by g’ the derivative of a
function g (r) with respect to r. Equation (7.68) remains valid in this new setting.
Inequality (7.69) becomes

/ 2
el = lyI®y)

and (7.73) is replaced by
20yl 2yl _
(7.75) ' £l < d(y) < Tyl
dr™™ y;},rlyl y;yrlyl

The right side may be made small by choosing ¢ large, and (7.74) follows by
integration.

The claim of the lemma is a consequence of (7.67) and (7.74), on using the
triangle inequality and passing to the limit as E 1 E<. O

Proof of Lemma 7.65. Let p € (0,1) be such that by, = bf = 0, and let
r = p/(1 — p). By (7.45), r is a root of the equation &1 (r) = h>(r) where

1
hi(r) = f(®3) +logr,  har) = f(&) +  logg,
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y A

y =logr

loggq ——f—

QU =

Y

~)
<

Figure 7.3. The function y = logr is plotted against r, and it intersects the constant function
y=d -1 log g at the point » = 7. The functions /| and h, are small perturbations of the two
solid lines, and have Lipschitz constants which can be made as small as desired by a suitable
large choice of g. Therefore, when g is large, there exists a unique intersection of 41 and k3,
and this lies within the region delineated by dashed lines.

and thus (7.66) holds. Let fy () = f(CDg,), fi(r) = f(CD(f)), 7= ¢4, and note
the two following facts.

(D Since fw and f¢ are the pressure functions of 7-functionals with t > ¢, we
have by ‘Theorem’ 7.27 that | fi|, | ff] < e™“'".

(II) By (7.52) and Lemma 7.51 with 8 = 0, fy, and f; are Lipschitz-continuous
on a neighbourhood of 7, with Lipschitz constants which may be made as
small as desired by a suitable large choice of g.

From these facts it will follow (for sufficiently large ¢) that any roots of i1 (r) =
h(r) lie near 7, and indeed there must be a unique such root. Some readers
will accept this conclusion after looking at Figure 7.3, those wishing to check the
details may read on.

Let rq, rp be roots of h1(r) = hp(r) with0 < r; < rp < 0o. With ¢1 as in
(I), we choose Q1 > Q” such that e~ 17 < é forg > Q1. Letg > Q;. Then
r1,r2 € [F —a,7 + a] where

(7.76) a=[expRe ") — 1][F <4e™ 77 <
Now, §(r) = fr(r) — fw(r) satisfies
(7.77) 6(rp) — 8(r1) =logry —logry

r—ri 2 rn—ri
EP >~
r+a 3 r
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By Lemma 7.51, there exists Q”” > Q; such that, if ¢ > Q",

A — f < 77N e — i< T
r) — r , r)— firH] < ,
T = 8GN 8 — a)
for r,r’ > 7 — a. Hence, by (7.76),
r—r 1 rmn—r

I} ) < < .

802 =00l = o s
This contradicts (7.77), whence such distinct r{, r» do not exist. O

Proof of Theorem 7.33. Let p € (0,1) and g > Q where Q, T = 1(q), by =
bw(p, q), bs = b(p, q), and p = p(q) are given as in Theorem 7.42. Let A be
a box of ¢, and let ¢>11\ (respectively, ¢>9\) be the wired random-cluster measure
on E, generated by the partition function Z L(EA) of (7.10) (respectively, the free
measure generated by the partition function Z%(E ) of (7.11)).

Consider first the wired measure q)ll\. As in (7.21), there exists a family of
maximal closed wired contours I of E (maximal in the sense of the partial order
y1 <y ify; € y,)and, by (7.40)—(7.41), T has law

Kb (D) = eIl ().

Z(A; DY, by)

Let p > p, sothatby = 0. Then Kf{ww = KR 18 the law of the family of maximal
contours in the wired contour model on A with weight function @9,.
Letx, y € A, and consider the event

Fa(x,y) ={x <y, x <4 0A}.

If Fa(x,y) occurs, then x, y € Vjy, for some maximal closed wired contour y .
This event has the same probability as the event that x, y € Viy,, for some contour
v of the wired contour model with weight function CD(V)V. Therefore,

(7.78) ¢>[1\(FA (x,y)) < KR’W()C, y € Vinty for some contour v)

< Y W

v:x,y€Vingy

< Y e

VX, Y€ Vingy

by Theorem 7.32 and the fact that 9, is a 7-functional. The number of such wired
contours v with ||v|| = n grows at most exponentially in n. The leading term in
the above series arises from the contour v having smallest ||v||, and such v satisfies
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lvll = b(1 + |x — y|) for some absolute constant b > 0. We may therefore find
absolute constants Q" > Q and a > 0 such that, forg > Q’,

(7.79) PA(Fa(x,y)) < e @TH=D,

Take x = y in (7.79), and let A 1 Z? to obtain by Proposition 5.11 that

Bpq(x b 00) < 1

whence p > pc(g). It follows that
(7.80) P = pe(q).

Consider next the free measure ¢?\. Let p < p,sothatbs = 0. By an adaptation
of the argument above, there exists Q” > Q" and k > 0 such that, for ¢ > Q”,
X,y € Zd, and all large A,

(7.81) P (x o y) < e kTl

By Proposition 5.12 applied to qbg, pe

0 1 0
(7.82) Gpg(x < y) = [EITIQd Pplx < y)
< e kelx=yl X,y € 74.

Hence p < p.(q), and so

(7.83) P < pe(q).

By (7.80) and (7.83), p = pc(gq). By (7.82), there is exponential decay of con-
nectivity!! for p < p.(g), and a non-vanishing mass gap.

Parts (b) and (d) of the theorem have been proved for ¢ > Q”. Part (b) implies
that ¢2C(q),q #+ q&éc(q),q, and hence (a) via Theorem 4.63. The uniqueness of
random-cluster measures holds generally when p < p.(g), Theorem 5.33. The
proof of uniqueness when p > p.(g) has much in common with the proofs of
Proposition 5.30 and Theorem 11.40, and so we present a sketch only.

Letg > Q”and p € (pc(q), 1). Weshall show thati! (p, ) = q&ll,’q(e is open)
satisfies

(7.84) W(p—eq)th'(p.q) asel0,
and the claim will follow by Proposition 4.28(b) and Theorem 4.63.

U The related issue of ‘restricted complete analyticity’ is considered in [110] for the case of
two dimensions.
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Lete be such that p.(q) < p—e < p,andletn € (0, 1). Writeq&,i,p = ¢11\,,,p,q

where A, = [—n, n]d. Forn > gm > 2, let E,, , be the event that, for every

x € A, if v = v, is a maximal closed wired contour of A, with x € Vjy,, then
v x+Ep As in (7.78)—(7.79), there exists y = y(q) > 0 such that

mf4°

&) (Emn) =1 —|8Aple™ "™,

n,p—e

and we choose m = m(q) > 8 such that
(7.85) G pc(Emn)>1=1,  n>3m.

Let z denote the vertex (1,0,0,...,0). A cutset o of A, is defined to be a
subset of A, \ {0, z} such that: every path from either O or z to 9 A, passes through
at least one vertex in o, and ¢ is minimal with this property. For any cutset o, we
write int(o) for the set of vertices reachable from either O and z along paths not
intersecting o, and out(c) = 74 \ int(0). Forn > gm and a cutset o, we write
‘c = dA, in o’ if every vertex in o is connected to d A, by an w-open path
of out(o). We shall see below that, for v € E,, , there exists a (random) cutset
Y =3(w) € Au \ Ay suchthat ¥ = dA, in w.

Lete = (0,z) and n > ;m We couple the measures ¢,Lp_€ and ¢,1,p in

such a way that the first lies beneath the second, and we do this by a sequential
examination of the (paired) states of edges in A,. We will follow the recipe of
the proof of Theorem 3.45 (see also Proposition 5.30), but subject to a special
ordering of the edges. The outcome will be a pair wg, w1 € Q kn such that: wq

has law q),ll’ p—e> @1 has law q&,lh s and wy < wp. First, we determine the states
wo(e), w1 (e) of edges e with both endvertices in A, \ A,,,—1, using some arbitrary
ordering of these edges. If dA,, = 0A, in wo, we set ¥ = dA,, and we
complete the construction of wp and w; according to an arbitrary ordering of the
remaining edges in A,,.

Suppose that A, =5 90A, in wy. Let A be the set of edges in dA,, that
are closed in wp. If A = @, we sample the states of the remaining edges of A,
in an arbitrary order as above. Suppose A # @. Pick f € A, and sample the
states of edges in the (d — 2)-connected closed cluster Fy = Fy(wp) of f in the
lower configuration wp. When this has been done for every f € A, we complete
the construction of wp and w; according to an arbitrary ordering of the remaining
edges in A,,.

In examining the states of edges in Fy we will discover a set A(Fy) of edges, not
belonging to F but (d — 2)-connected to Fy, such that wp(g) = 1 for g € A(Fy).
Let Ay ¢ be the set of all vertices v € A, lying in the infinite component of
z4, B\ Fy) and such that there exists w € A, with (v, w) € A(Fy) U Fy. Let
Ae, r be the set of edges of AFy joining pairs of vertices in Ay y. By Theorem
7.6, the graph (Ay, r, Ae, r) is connected.

Suppose wy € E; . By the above, dA,, U {UfeA Ay, } contains a (random)
cutset ¥ = X(wg) such that: ¥ — 0A, in wg and, conditional on X and the
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states of edges of out(X), the coupled conditional measures of q&,i’ p—e and q&,i, »

on the remaining edges of ¥ U int(X) are the appropriate wired measures.
Therefore, h,(p) = qb,L ,,(Je) satisfies

ha(p) = ha(p =€) <0+ |6} ,(J) = by, (J)|b) (5 =0)

oeC

<n+ r;leaé({|¢(1,,,,(Je) — b5 pc (o)},

where C is the set of all cutsets of A,, and qﬁé p denotes the wired random-cluster
measure on o U int(o). Since m is fixed, € is bounded, and (7.84) follows on
letting n — 00, € | 0, and n | O in that order. g

Proof of Theorem 7.34. Let g be large. Then p.(q) = r’/(1+r') wherer'is given
in Lemma 7.65 and satisfies (7.66). Let p = pc(q). By (7.44) and ‘Theorem’
7.217, f(dD?), f(@g,) — 0as g — oo, and therefore r’ ~ ¢'/?. We sketch a
derivation of the error term O(g ~>/?). The rate at which f (CI>?) — 0 (respectively,
f (CD(V)V) — 0) is determined by the value CID(f)(yf) (respectively, CDOW(Vw)) on the
smallest free contour y5 (respectively, smallest wired contour y). The smallest
free contour is the external edge-boundary yr of a single edge, and it is easily seen
from (7.41) that q)?(]/f) = r’q‘1 ~ q_1+(1/d). The shortest wired contour yy, is
a single edge, and @Y (yy) = 1/r' ~ g7/, By (7.24), as ¢ — o0,

F@%) =0~ "),  f(@) =0~ T1/D),

and the claim follows by (7.66). O

7.6 Dobrushin interfaces

Until now in this chapter we have studied the critical random-cluster model for
large ¢. We turn now to the model with ¢ € [1, co) and with large p, and we
prove the existence of so-called Dobrushin interfaces.

Consider for illustration the Ising model on Z> with ‘inverse-temperature’
and zero external-field. There is a critical value B; marking the point at which
long-range correlations cease to decay to zero. As f increases to oo, pairs of
vertices have an increasing propensity to acquire the same state, either both +
or both —. Suppose we are working on a large cube A; = [—L, L]?, to the
boundary of which we give a so-called ‘Dobrushin boundary condition’; that is,
the upper boundary 07 A; = {x € dA; : x3 > 0} is allocated the spin +, and
the lower boundary 07 Ay = {x € dAL : x3 < 0} receives spin —. There is a
competition between the + spins and the — spins. There is an ‘upper’ domain
of + spins containing 3T A, and a ‘lower’ domain of — spins containing 3~ Ay,
and these domains are separated by a (random) interface A = Ay. Itis a famous
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result of Dobrushin, [103], that, for large g in the limit as L — oo, A, deviates
only locally from the horizontal plane through the centre of A;. This implies in
particular that there exist non-translation-invariant Gibbs measures for the three-
dimensional Ising model with large 8. The argument is valid in all dimensions
of three or more, but not in two dimensions, for which case the interface may be
thought of as a line subject to Gaussian fluctuations (see [127, 137, 187]).

Dobrushin’s proof was the starting point for the study of interfaces in spin sys-
tems. His conclusions may be reformulated and generalized in the context of the
random-cluster model in three or more dimensions with g € [1, co). This gener-
alization of Dobrushin’s theorem is achieved by defining a family of conditioned
random-cluster measures, and by showing the stiffness of the ensuing interface.
It is a striking fact that the conclusions hold even for the percolation model.

When cast in the more general setting of the random-cluster model on a box A,
the correct interpretation of the boundary condition is as follows. The vertices on
the upper (respectively, lower) hemisphere of A are wired together into a single
composite vertex labelled 97 A (respectively, 3~ A). Let D be the event that no
open path of A exists joining 3~ A to 3T A, and let ¢ 5 p,q be the random-cluster
measure on A with the above boundary condition and conditioned on the event
D. Itis a geometrical fact that, under ¢ ,, ., there exists an interface separating
an upper region of A containing 3" A and a lower region containing 3~ A, and
each of these regions is in the wired phase. Dobrushin’s theorem amounts to the
statement that, when ¢ = 2 and p is sufficiently large, this interface deviates only
locally from the horizontal plane through the equator of A. It was provedin [139]
that the same conclusion is valid for all g € [1, co) and all sufficiently large p,
and this result is presented in the remainder of this chapter. The geometry of the
interfaces for the random-cluster model is notably different from that of a spin
model since the configurations are indexed by edges rather than by vertices, and
this leads to difficulties not encountered in the Ising model.

Although such arguments are valid whenever d > 3, we shall assume for
simplicity that d = 3. It is striking that the results are valid for high-density
percolation on 74 with d > 3, being the random-cluster model with g = 1. A
corresponding question for supercritical percolation in two dimensions has been
studied in depth in [77], where it is shown effectively that the (one-dimensional)
interface converges when re-scaled to a Brownian bridge.

We have spoken above of interfaces which ‘deviate only locally’ from a plane,
an expression made more rigorous in Section 7.11 where the principal Theorem
7.142 is presented. We include at Theorem 7.87 a weaker version of the main
result which does not make use of the notation developed in later sections.

The results are proved under the assumption thatg € [1, 0o) and pis sufficiently
large. Itis a major open question to determine whether or not such results are valid
under the weaker assumption that p exceeds the critical value p.(g) of the random-
cluster model. The answer may be expected to depend on the value of g and the
number d of dimensions. Since the percolation measure ¢, , | is a conditioned
product measure, it may be possible to gain insight into the existence or not of
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such a ‘roughening transition’ by concentrating on the special case of percolation.
The two core problems here are the following. Let p(q) be the infimum of all
values of p at which the above interface is localized (a rigorous interpretation of
this definition is evident after reading Theorems 7.87 and 7.142).
I. Is it the case that the interface is localized for all p > p(g)?
II. For what ¢ and d does strict inequality of critical points hold in the sense
that pe(q) < p(q)?

In the case of the Ising model (¢ = 2), it is generally believed that p.(2) < p(2)
if and only if d = 3.

A certain amount of notation and preliminary work is required before the main
theorems may be stated (in Section 7.11). In order to whet appetites, a preliminary
result is included towards the end of the current section. Sections 7.7-7.8 contain
some preliminary facts about random-cluster measures and interfaces. A detailed
geometrical analysis of interfaces is included in Section 7.9 along the lines of
Dobrushin’s classification of ‘walls’ and ‘ceilings’. This is followed in Section
7.10 by an exponential bound for the probability of finding local perturbations of
a flat interface.

The upper and lower boundaries of a set A of vertices are defined as

8+A:{xeA:X3>O, x ~ z for some z € A},

0 A={xeA:x3<0, x ~zforsomez € A},

where A = 74 \ A. For positive integers L, M, let Ay » denote the box
[—L,L]? x [-M, M], and write Er u for the set of edges having at least one
endvertex in Ay p. We write Ay = Ap 1, the cube of side-length 2L, and
¥, = [—L, L]* X Z, an infinite cylinder. The equator of the box Ay n is defined
to be the circuit of Az p \ Ar—1 m comprising all vertices x with x3 = é, with a
similar definition for the cylinder X .

We shall be particularly concerned with a boundary condition D corresponding
to the mixed ‘Dobrushin boundary’ of [103]. Let D € €2 be given by
(7.86)

D(e) = {

0 ife= (x,y)forsomex = (x1,x2,0) and y = (x1, x2, 1),
1 otherwise.

See Figure 7.4. Let Q]Z,M be the set of configurations w € 2 such that w(f) =
D(f) if f ¢ Er m, and let 4 3 be the event that there exists no open path
connecting a vertex of 97 A L.m to avertex of 37 A y. The probability measure

of current interest is the random-cluster measure ¢>RM NP conditioned on the

) D
event Sz, p, which we denote by ¢, Mapsq

. D
Many of the calculations concern the box A,y and the measure ¢, LMD
We choose however to express our conclusions in terms of the infinite cylinder

.. . D
Y1 = AL oo and the weak limit ¢>L’p’q =limy oo ¢AL MDY
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Figure 7.4. The box Ay p. The heavy black edges are those given by the boundary condition
D, and there is a two-dimensional sketch of the interface A.

It is shown in Lemma 7.98 that, on the event {7 » N le -+ there exists an
interface spanning the equator of Ay . Much of the work of the subsequent
sections is devoted to understanding the geometry of such an interface. We shall
see in Theorem 7.142 that, in the limit as M — oo and for sufficiently large p, this
interface deviates, ¢; , ,-almost-surely, only locally from the flat plane through
the equator of X7 . Indeed, the spatial density of such deviations approaches zero
as p approaches 1. The following theorem is an example of an application of the
forthcoming Theorem 7.142.

(7.87) Theorem [139]. Let g € [1, 00). For € > 0, there exists p = p(e) < 1
such that, if p > D,

q&L,[,,q(x >0 X1)>1—¢,

(7.88)
bLpq+0,0,1) & dTE) > 1,
forall L > 1 and every x = (x1,x2,0) € Xf.

No proof is known of the weak convergence of ¢; , , as L — oo, but, by the
usual compactness argument!?, the sequence must possess weak limits. It is a

12Gee the proof of Theorem 4.17(a).
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consequence of Theorems 7.87 and 7.142 that, for sufficiently large p, any such
weak limit is non-translation-invariant.

(7.89) Theorem [139]. Let g € [1,00) and p > P(3), where p(3) is given
in Theorem 7.87. The family {¢; ,, : L = 1,2,...} possesses at least one
non-translation-invariant weak limit.

It is shown in addition at Theorem 7.144 that there exists a geometric bound,
uniformly in L, on the tail of the displacement of the interface from the flat plane.

By making use of the relationship between random-cluster models and Potts
models (see Sections 1.4 and 4.6), one obtains a generalization of the theorem of
Dobrushin [103] to include percolation and Potts models.

The measure ¢;, ), , is not a random-cluster measure in the sense of Chapter
3, even though it corresponds to a Gibbs measure when g € {2, 3,...}. It may
instead be termed a ‘conditioned’ random-cluster measure, and such measures
will be encountered again in Chapter 11.

The strategy of the proofs is to follow the milestones of the paper of Dobrushin
[103]. Although Dobrushin’s work is a helpful indicator of the overall route to
the results, a considerable amount of extra work is necessary in the context of the
random-cluster model, much of which arises from the fact that the geometry of
interfaces is different for the random-cluster model from that for spin systems.
Heavy use is made in the remainder of this chapter of the material in [139].

7.7 Probabilistic and geometric preliminaries

We shall require two general facts about random-cluster measures, and we state
these next. The first is a formula for the partition function in terms of the edge
densities. For E C 3, let Vg denote the set of endvertices of members of E. As
usual, J, denotes the event that the edge e is open, and ZgG (p, q) is given as in
(4.12). Let ¢ g be the configuration obtained from ¢ € €2 by declaring every edge
in E to be open, and k(¢ }5 E) the number of components of ¢ }5 that intersect Vg.

(7.90) Lemma. Let E be a finite subset of E3, and G = (Vg, E). Then
log Zg(p, q) = k(¢4, E)logqg + ) g6 , (), (€,

ecE
where
Hr =g, (Je)
¢ _ G.rq
(7.91) gG’p’q(e)—/p |: r(— 1) i|dr.

Proof. As in the proofs of Theorems 3.73 and 4.58,

P pg(J) =7

d ¢ _
L log Z(r,q) = > -

d
ecE
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This we integrate from p to 1, noting that log Zé(l, q) = k({é, E)logg. U

Letg € [1, 00). By Theorem 3.1,

< ¢S (Jo) <T.
rtq(t—r) = Poral =7

By substitution into (7.91),

1
(192)  0<gf, (o)< / (@—Ddr=0-p(g-1, e€E,
p

uniformly in E and ¢. The above inequalities are reversed if ¢ < 1.

Let A, = A, and write A,(e) = e + A, for the set of translates of the
endvertices of the edge e by vectors in A,.

(7.93) Lemma. Let g € [1,00). There exists p* = p*(q) < 1 and a constant
o > 0 such that the following holds. Let E and E» be finite edge-sets of 1> such
that e € E1 N Ey, and let n > 1 be such that E1 N Ay(e) = E> N Ay(e). If
p>ph

1 1 —an
|gcl,p,q(6) - 802,p,q(€)| <e 7,

where G; = (Vg,, E;).

Proof. Let K, be the event that the endvertices of the edge e are joined by an open
path of EZ \ {e}. By (3.3),

P60 (@ =D =6, (Ke))
r(l—r) r+q(—r)

)

whence
(7.94)  [86,.p.4©) = 86494

1
g—1 1 1
< /p 8 g () = b, (Ko dr.

Letn > 1. We pursue the method of proof of Theorem 5.33(b), and shall use the
notation therein. Let V be the set of vertices that are incident in L? to edges of
both A, (e) and its complement. We define B to be the union of V together with
all vertices xo € Z> for which there exists a path xo, x1, ..., x, of £ such that
X0, X1y ooy Xm—1 ¢ V, x;p € V,and xo, x1, ..., xn—1 are black. Let W, be the
event that there exists no x € B such that ||x — z|| < 10, say, where 7 is the centre
of e. By (5.36)—(5.37) together with estimates at the beginning of the proof of
[211, Lemma (2.24)],

(7.95) DR (g (W) = 1= c"(1 = p)*",
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where ¢ and e are absolute positive constants, and p = r/[r + g(1 — r)]. Since
W, is an increasing event,

(7.96) BG1 g (W) = 1= c"(1 = p)™.
Let H = E; N Ay (e). As in the proof of Theorem 5.33, and by coupling,

0= 1y (Ke) = 06, rg(Ke) 1 =g, o (Wa).
The claim follows by (7.94), (7.96), and the triangle inequality. Il

As explained in Sections 7.1-7.2, the dual of the random-cluster model on L3
is a certain probability measure associated with the plaquettes of the dual lattice
]L?l. The straight line-segment joining the vertices of an edge ¢ = (x, y) passes
through the middle of exactly one plaquette, denoted by %(e), which we call the
dual plaquette of e. We declare this plaquette open (respectively, closed) if e is
closed (respectively, open), see (7.9). The plaquette h(e) is called horizontal if
y =x 4 (0,0, £1), and vertical otherwise.

The regular interface of I is the set 8 of plaquettes given by
o = {h e H:h = h((x,y)) for some x = (x1,x2,0) and y = (x1, x2, 1)}.

The interface A(w) of a configuration w € {r y N 912’ »y 1s defined to be the
maximal 1-connected set of open plaquettes containing the plaquettes in the set
80 \ {h(e) : e € EL m}. The set of all interfaces is

(7.97) Dy ={Aw:0edunQ} ).

It is tempting to think of an interface as part of a deformed plane. Interfaces
may however have more complex geometry involving cavities and attachments,
see Figure 7.4. The following proposition confirms that the interfaces in Dr. u
separate the top of Ay, js from its bottom.

(7.98) Lemma. The event Iy N QB y comprises those configurations @ €
Q]L),Mfor which there exists § € Dy py satisfying: w(e) = 0 whenever h(e) € 6.

For § € Dy, we define its extended interface (or closure) § to be the set
(7.99) 8§ =8U{h e H: his l-connected to some member of §}.

See (7.4). It will be useful to introduce the ‘maximal’ (denoted by ws) and ‘min-
imal’ (denoted by w;) configurations in Q]LD i that are compatible with §:

D(e) ife ¢ EL,M:
ws(e) =14 1 ifee EppyN(©S\9),

0 otherwise.

0 ifees,

(7.100) ws(e) = { .
1 otherwise,
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Proof of Lemma 7.98. If o € Jp .y N QII?’M, then w(e) = 0 whenever h(e) €
A(w). Suppose conversely that 6 € Dr y, and let w € Q'L) a satisfy w(e) = 0
whenever h(e) € §. Since w < ws, it suffices to show that ws € dp,m. Since
8 € Dr u, there exists £ € dp y N QII?M such that § = A(&). Note that
& < ws. Suppose for the sake of obtainihg a contradiction that ws ¢ 1 um,
and think of ws as being obtained from & by declaring, in turn, a certain sequence
e1,e2,...,e, withé(e;) =0,i =1,2,...,r,tobeopen. Letsk be obtained from
£ by n(EF) = n(&) U{ey, e, ..., ex}. By assumption, there exists K such that
£X ¢ J 1. m but g+l ¢ I m. Fory € Q]L) a0 1et J () denote the set of edges
e having endvertices in Ay, p, with ¥ (e) = i, and both of whose endvertices are
attainable from 81 A1 s by open paths of y. We apply Theorem 7.3 to the finite
connected graph induced by J(£X) to find that there exists a splitting set Q of
plaquettes such that: 3T Ay C ins([Q]), " AL m < out([Q]), and tK@e)y=0
whenever e € Er y and h(e) € Q. It must be the case that h(ex+1) € O,
since £K+1 ¢ g, 1. By the l-connectedness of Q, there exists a sequence
f1 =ex+1, f2, f3, ..., fr of edges such that:

(1) h(fi) € Qforalli,

) fi e Epmfori =1,2,...,t =1, fy = h({(x,x — (0,0, 1))) for some
x = (x1,x2,1) € 3+AL,M, and

i) A(f) ~ h(figr) fori =1,2,. ..t —1.

It follows that A(f;) € § fori = 1,2,...,t. In particular, h(ex+1) € 6 and so
ws(ex+1) = 0, a contradiction. Therefore ws € 41y as claimed. O

7.8 The law of the interface

For conciseness of notation, we abbreviate ¢2L’M,p,q to ¢ m, and ¢RL.M’W1 to
¢ m- Letd € Dp oy The better to study ¢, m(8) = ¢ m(A = §), we develop
next an expression for this probability. Consider the connected components of the
graph (Z3, n(ws)), and denote these components by (Sg, Ug), i=1,2,...,ks,
where ks = k(ws). Note that U g is empty whenever Sg is a singleton. Let W (§)
be the edge-set E;_y \ {e € E3 : h(e) € 8}.

LetwedpunN Q]Z,M be such that A(w) = §, so that

0 ifh(e) €4,

7.101 w(e) =

( ) © {1 ifh(e) €6\ 6.

Let D be the set of edges with both endvertices in Ar42, p+42 that either are dual
to plaquettes in § or join a vertex of Az 41, pm+1 to a vertex of A2 p42. We
apply Theorem 7.5 to the set D, and deduce that there are exactly ks components
of the graph (73, n(w)) having a vertex in V().
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We have that

1
7.102 8) = 1B\8I (1 _ I8l
( ) bL.m() ZEL " 1-p)

x Z 1_[ pw(e)(l_p)l—a)(e) qk(w)

weQP ,,: LeEW )
A(w) 5
Z'(3)

_ [8\3] 18]  ks—1
= pN(l—p)ghT,
Z(Er m)

where Z(Er M) = ALM(p g) and Z'(8) = Z! (5)(17 q). In this expression
and later, for H € H, |H| is the cardinality of the set H N {h(e) : e € EL m}.

The term g% ~! arises since the application of ‘1’ boundary conditions to § has
the effect of uniting the boundaries of the cavities of §, whereby the number of
clusters diminishes by ks — 1.

For x € Z3, we denote by 7, : Z> — Z3 the translate given by 7, (y) = x + y.
The translate 7, acts on edges and subgraphs of L3 in the natural way, see Section
4.3. For sets A, B of edges or vertices of L3, we write A ~ Bif B = 7 A for
some x € Z>. Note that two edges e, f satisfy {¢} ~ {f} if and only if they are
parallel, in which case we write e >~ f.

We shall exploit properties of the partition functions Z(-) in order to rewrite
(7.102). Fori = 1,2,let L;, M; > 0,8; € D1, m;,ande; € E(8;) N EL; m,, and
(7.103) G(e1, 61, Er, m,;€2,62, Er, M)

= sup {L CAL(e) NEL, m =~ Ar(e2) N Ep, m, }
“and Az(e1) N E(S1) = Ap(e) N E(82)

where Ay (e) = e + A as before. Let ZI(EL,M) = ALM(p q).

(7.104) Lemma. Let L, M > 1andé € Dy p. We may write ¢ p(8) as
(7.105)

prn®) = 2 FE) oy i - ‘exp< > fp(e,s,L,M>>,

Z(Er m) ecE(O)NEL p

for functions f,(e, 8, L, M) with the following properties. For q € [1, 00), there
exist p* < 1 and constants Cy, Ca, y > 0 such that, if p > p*,

(7.106) |fp(e, 8, L, M)| < Cy,

| foler, 81, L1, M1) — fp(e, 82, Lo, Mp)| < Cre™7C,

1
(7.107) e €81, ep €6, €] >~ ep,

where G = G(e1, 01, EL, m,; €2,82, Er,.Mm,). Inequalities (7.106) and (7.107)
are valid for all relevant values of their arguments.
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Proof. By Lemma 7.90,
(7.108)

AC)
log(Zl E() )= > [ WE) —g(f ELad]— Y g(f.ELm).
(Ez.m) few ) feE(®)

where g(f, D) = g})’ » q( f). The summations may be expressed as sums over

edges e € E(8) in the following way. The set E* may be ordered according to
the lexicographic ordering of the centres of edges. Let f € E yr and 8 € D um.
Amongst all edges in E(8) N Er p that are closest to f (in the sense that their
centres are closest in the L°° norm), let v(f, §) be the earliest edge in this ordering.
By (7.108),

(7.109) log< z') > Z fr(e,8, L, M)

. = e,o, L,
ZU(EL.m) ecEG)NELy '

where

(7.110)

fole,8, LMy =" [a(fL,W©) —g(f,ELa)]— D &(f, EL.m).
feW(s): fEE@S):
v(f,8)=e v(f,8)=e

This implies (7.105) via (7.102).
It remains to show (7.106)—(7.107). Let e = v(f, 8) and setr = |le, f||. Then
Ar—2(f) does not intersect §, implying by Lemma 7.93 that

(7.111) |g(f, W) — g(f, EL.m)| < eI p s p¥,

where p* and « are given as in that lemma. Secondly, there exists an absolute
constant K such that, for all e and §, the number of edges f € E(§) with e =
v(f, 8) is no greater than K. Therefore, by (7.92),

[fple 8, L, M) < Y~ e @Ie/IH20 4 k(1 — py(g — 1)
feE3

as required for (7.106).

Finally, we show (7.107) for p > p* and appropriate Cp, y. Let e € 4,
ey € 83, and let G be given by (7.103); we may suppose that G > 9. By
assumption, e] =~ e, whence there exists a translate t of L3 such that te; = es.
For f € W(81) N Ag/3(er),

(7.112) t[AG3(f) N EL, M ] = AG3(tf) NEL, m,,
(7.113) T[Ag3(f) Né1l = Ags(tf) Néa,
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and
(7.114) for || f, e1]| < ;G, v(f, 81) = ey if and only if v(zf, §2) = e5.

By the definition (7.110) of the functions f},

(7.115)
| fp(er, 81, L1, My) — fp(ea, 82, Lo, M)

- )3 {lg(f, W@ — g(zf, W(52))|
+|g(f. ELymy) — 8(cf ELymy) |}

feW(1)NAgys(er):
v(f,81)=e1
+ > g(f W) — 8(f. ELy.my)]
feEWB)\Agys(er):
v(f,81)=e1
+ > |g(f, W(52)) — &(f, ELym,)| + S,
feW(2)\Agyz(e2):
v(f,82)=e2

where

S=| Y g(fEum)— Y, &(fiEr.m)|.

fEE(S1): feE(82):
v(f,81)=e1 v(f,82)=e2

By (7.112)—(7.113) and Lemma 7.93, the first summation in (7.115) is bounded

above by 2G3e_é“G. By the definition of the v(f, §;), the second and third
summations are bounded above, respectively, by

1
Z e—allf,e,' 142 < C/e—saG+2oz’

féENGs(ei)

for some C’ < 00, asin (7.111). By (7.114),

1
S=| Y &(fiEr,m) —8(f EL,m,)| < Ke 3%,
JfEE($1):
v(f,81)=e1
and (7.107) follows for an appropriate choice of y. g

In the second part of this section, we consider measures and interfaces for the
infinite cylinder ¥; = Ap oo = [—L, L)? x Z. Note first by stochastic ordering
that, if g € [1, 00), then ¢ p+1 <st ¢ M, whence the (decreasing) weak limit

(7.116) ¢ = lim ¢r um
M—o0
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exists. Let 912 be the set of all configurations w such that w(e) = D(e) for
e ¢ E; =limy_, Er um,andlet 4 be the event that no vertex of 9 Zz’ is joined
by an open path to a vertex of 33, . The set of interfaces on which we concentrate
isdD; = UM Dr.m =limpy 00 Dr m- Thus, Dy is the set of interfaces that span
X1, and every member of Oy, is bounded in the direction of the third coordinate.
It is easy to see that {7 D limpy— o0 1, M, and it is a consequence of the next
lemma that the difference between these two events has ¢ -probability zero.

(7.117) Lemma. Let g € [1, 00). The weak limit ¢ py(- | dp.m) = dL(- | 1)
holds as M — oo, and

1\ lim 4 ):0.
¢L< L\Mglﬂoo LM
ForL; >0,6; € SDLi,andei e E6)N EL,.,let

G(e1,61,Ep,;e2,82, EL,) = G(e1, 61, EL, 00 €2,82, EL,.00)-

On the event {1, A is defined as before to be the maximal 1-connected set of open
plaquettes that intersects §o \ Er..

(7.118) Lemma.

(a) Suppose L > 0, 6 € D, and e € E(§) N EL. The functions f, given in
(7.110) are such that the limit

fple,8,L) = lim f,(e,8, L, M) (7.119)
M—oc0

exists. Furthermore, if p > p*,
|fp(e, 8, L)| < Cu, (7.120)
and, for L; > 0, 8; € Dy, and e; € E(§;) N Ey,; satisfying e; = ey,

| foler, 81, L1) — fp(ea, 82, La)| < Cae™7€,

where G = G(e1, 81, EL,; €2, 82, Er,) and p*, C1, Ca, y are as in Lemma
7.104.

(b) Forqg € [1,00) and§ € Dy, the probability ¢ (5 | Ir) = (A =65 L)
satisfies

1
oL@ 110y =, pPVld - p)Plgh exp( Y. e L>>,
L ecE(§)NEL
(7.121)
where Z 7, is the appropriate normalizing constant.

Proof of Lemma 7.117. 1t suffices for the claim of weak convergence that

(7.122) S m(FNILm) = dL(FNJIL) for all cylinder events F.
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Let Az y = [—L, L1* x {=M} and By y = [—L, L1*> x {M}, and let Ty s be
the event that no open path exists between a vertex of BAJL’, » \ BL,m and a vertex

of BAZ,M \Ap pm. Notethat Ty py — 41 as M — oo. Let F be a cylinder event.
Then

(7.123)  dprm(FN I m) b m(FOTp pr) forM' <M
_>¢L(F0TL,M/) asM — oo
—> ¢L(FNdL) as M’ — oo.

In order to obtain a corresponding lower bound, we introduce the event K,
that all edges of Er, both of whose endvertices have third coordinate equal to
+r, are open. We may suppose without loss of generality that p > 0. By the
comparison inequality (Theorem 3.21), ¢ » dominates product measure with
density 7 = p/[p + q(1 — p)], whence there exists § = 1 < 1 such that

R

¢L,M(UKr)21—ﬂR, R <M.

r=1

Now Lz m € Toom,and Tr p \ Iy C ﬂfi—]l K,, whence

(7.124) dL.m(FOdp ) > dr.m(F N Ty ) —pY!

> ¢ m(FNdy) —pM~!
— ¢r(FNJIL) as M — oo.

Equation (7.122) holds by (7.123)—(7.124). The second claim of the lemma fol-
lows by taking F = €2, the entire sample space. D

Proof of Lemma 7.118. (a) The existence of the limit follows by the monotonic-
ity of g(f, D;) for an increasing sequence {D;}, and the proof of (7.106). The
inequalities are implied by (7.106)—(7.107).

(b)Leté € Dy, sothat$ € f, p for all large M. By Lemma 7.117,

G| dr) = lim ¢r m (| I, m).
M—o0

Let M — o0 in (7.105), and use part (a) to obtain the claim. Il
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7.9 Geometry of interfaces

A taxonomy of interfaces is required, and this is the topic of this section. Let
& € Dr. While it was natural in Section 7.7 to introduce the extended interface
8, it turns out to be useful when studying the geometry of § to work with its
semi-extended interface

5 =48U {h € H : h is a horizontal plaquette that is 1-connected to 8}.

Let x = (x1,x2,x3) € Z3. The projection m(h) of a horizontal plaquette & =
h({x,x 4+ (0,0, 1))) onto the regular interface §y is defined to be the plaquette

7w (h) = h(((x1, x2,0), (x1, x2, 1))).
The projection of the vertical plaquette 7 = h({x, x + (1, 0, 0))) is the interval
w(h) = [(x14 5. 52— 5, ), 1+ S x4 5. 5],
and, similarly, # = h({(x, x + (0, 1, 0))) has projection
ahy =[x =+ LD+ Lo+ 0 D]

A horizontal plaquette & of the semi-extended interface §* is called a c-plaquette
if 1 is the unique member of §* with projection 7 (7). All other plaquettes of §* are
called w-plaquettes. A ceiling of § is a maximal O-connected set of c-plaquettes.
The projection of a ceiling C is the set 7(C) = {w(h) : h € C}. Similarly,
we define a wall W of § as a maximal O-connected set of w-plaquettes, and its
projection as

7(W) = {m(h) : h is a horizontal plaquette of W}.

(7.125) Lemma. Let$ € Dy.
(1) The set 8* \ 8 contains no c-plaquette.

(ii) All plaquettes of 8* that are 1-connected to some c-plaquette are horizontal
plaquettes of 8. All horizontal plaquettes that are 0-connected to some
c-plaquette belong to §*.

(iii) Let C be a ceiling. There is a unique plane parallel to the regular interface
that contains all the c-plaquettes of C.

(iv) Let C be a ceiling. Then C = {h € §* : w(h) C [ (C)]}.

(v) Let W be awall. Then W = {h € §* : w(h) C [m(W)]}.

(vi) For each wall W, 89 \ w(W) has exactly one maximal infinite 0-connected
component (respectively, 1-connected component).

(vii) Let W be a wall, and suppose that 8o \ w(W) comprises n maximal
0-connected sets Hy, Hy, ..., H,. The set of all plaquettes h € §* \ W
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that are 0-connected to W comprises only c-plaquettes, which belong to the
union of exactly n distinct ceilings C1, Ca, . .., Cy such that

{m(h) : his ac-plaquette of C;} € H;.

(viii) The projections w(Wy) and w(W2) of two different walls W1 and Wy of &§*
are not 0-connected.

(ix) The projection w(W) of any wall W contains at least one plaquette of 5.

The displacement of the plane in (iii) from the regular interface, counted positive
or negative, is called the height of the ceiling C.

Proof. (i) Let h be a c-plaquette of §* with 7w (h) = hg. Since § € Dy, § contains
at least one plaquette with projection hg. Yet, according to the definition of a
c-plaquette, there is no such a plaquette besides /. Therefore i € 6.

(ii) Suppose & is a c-plaquette. Then & belongs to §, and any horizontal plaquette
that is 1-connected to i belongs to §*. It may be seen in addition that any vertical
plaquette that is 1-connected to % lies in § \ §. Suppose, on the contrary, that
some such vertical plaquette 4’ lies in 8. Then the horizontal plaquettes that are
1-connected to 4’ lie in §*. One of these latter plaquettes has projection 7 (), in
contradiction of the assumption that 4 is a c-plaquette.

We may now see as follows that any horizontal plaquette 2’ that is 1-connected
to & must lie in 8. Suppose, on the contrary, that some such plaquette 4" lies in
8\ 8. We may construct a path of open edges on (Z3, n(w 5)) connecting the vertex
X just above h to the vertex x — (0, 0, 1) just below A, using the open edges of
w; corresponding to the three relevant plaquettes of § \ 6. This contradicts the
assumption that % is a c-plaquette of the interface 4.

The second claim of (ii) follows immediately, by the definition of &*.
(iii) The first part follows by the definition of ceiling, since the only horizontal
plaquettes that are O-connected with a given c-plaquette £ lie in the plane containing
h.
(iv) Assume that & € 8* and 7w (h) C [#(C)]. If h is horizontal, the conclu-
sion holds by the definition of c-plaquette. If % is vertical, then 4 € §, and all
1-connected horizontal plaquettes lie in §*. Atleast two such horizontal plaquettes
project onto the same plaquette in 77 (C), in contradiction of the assumption that
C is a ceiling.
(v) Let C be a ceiling and let yy, y», ..., ¥, be the maximal O-connected sets of
plaquettes of 8o \ 7 (C). Let 87 = {h € 6" : w(h) C [y;]}, and let

. 0
B; = {h € 8} : h horizontal, h ~ k" for some h" € C}.
We note that!3 B} is a O-connected subset of &7

BThisis a consequence of [311, eqn (5.3)], see also [286, p. 40, footnote 2].
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By part (iv), §* = C U {J._, 8;'}. We claim that each 6} is O-connected, and
we prove this as follows. Let k1, hy € 8?. Since §* is 0-connected, it contains

a sequence h; = fo, f1,..., fm = ho of plaquettes such that f;_; L fi for
i = 1,2,...,m. We need to show that such a sequence exists containing no
plaquettes in C. Suppose on the contrary that the sequence ( f;) has a non-empty
intersection with C. Let k = min{i : f; € C} and/ = max{i : f; € C}, and note
that 0 < k <[ < n.

If fx—1 and f;4+1 are horizontal, then fx_1, fi+1 € ﬂl-*, whence they are
0O-connected by a path of horizontal plaquettes of 8*, and the claim follows. A
similar argument is valid if either or both of f;,_; and f;4 is vertical. For example,
if fx—1 is vertical, by (ii) it cannot be 1-connected to a plaquette of C. Hence, it
is 1-connected to some horizontal plaquette in §* \ C that is itself 1-connected to
a plaquette of C. The same conclusion is valid for f;y; if vertical. In any such
case, as above there exists a 0-connected sequence of w-plaquettes connecting
fr—1 with fi41, and the claim follows.

To prove (v), we note by the above that the wall W is a subset of one of the
sets 87, say 87. Next, we let Cy be a ceiling contained in &7, if this exists, and we
repeat the above procedure. Consider the O-connected components of y1 \ 7 (C1),
and use the fact that 87 is O-connected, to deduce that the set of plaquettes that
project onto one of these components is itself O-connected. This procedure is
repeated until all ceilings have been removed, the result being a 0-connected set
of w-plaquettes of which, by definition of a wall, all members belong to W.

Claim (vi) is a simple observation since walls are finite. Claim (vii) is immediate
from claim (ii) and the definitions of wall and ceiling. Claim (viii) follows from
(v) and (vii), and (ix) is a consequence of the definition of the semi-extended
interface §*. O

The properties described in Lemma 7.125 allow us to describe a wall W in
more detail. By (vi) and (vii), there exists a unique ceiling that is O0-connected
to W and with projection in the infinite O-connected component of &g \ 7 (W).
We call this ceiling the base of W. The altitude of W is the height of the base
of W, see (iii). The height D(W) of W is the maximum absolute value of the
displacement in the third coordinate direction of [W] from the horizontal plane
{(x1,x2,8 + %) 1 X1, X2 € Z}, where s is the altitude of W. The interior int(W)
(of the projection 7 (W)) of W is the complement in §o of the unique maximal
infinite O-connected component of 8o \ 7 (W), see (vi).

Let S = (A, B) where A, B are sets of plaquettes. We call S a standard wall
if there exists § € Dy, suchthat A € §, B € §*\ §, and A U B is the unique wall
of §. If S = (A, B) is a standard wall, we refer to plaquettes of either A or B as
plaquettes of S, and we write 7 (S) = w7 (A U B).

(7.126) Lemma. Let S = (A, B) be a standard wall. There exists a unique
8 € Dy suchthat: A C 8, B C 8*\ 3, and A U B is the unique wall of 8.

This will be proved soon. Let §5 denote the unique such § € Dy, corresponding
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to the standard wall S. We shall see that standard walls are the basic building blocks
for a general interface. Notice that the base of a standard wall is a subset of the
regular interface. Suppose we are provided with an ordering of the plaquettes
of 8¢, and let the origin of the standard wall § be the earliest plaquette in 7 (S)
that is 1-connected to some plaquette of §y \ 7(S). Such an origin exists by
Lemma 7.125(ix), and the origin belongs to S by (ii). For & € §g, let 8, be the set
of all standard walls with origin /. To 4§}, is attached the empty wall §j,, interpreted
as a wall with origin 4 but containing no plaquettes.

A family {S; = (A;, Bi) :i = 1,2, ..., m} of standard walls is called admis-
sible if:

(i) fori # j,thereexistsnopairhy € 7 (S;) and hy € 7 (S;) such that hy L hy,

(i) if, for some i, h(e) € S; where e ¢ Ep, then h(e) € A; if and only if

D(e) = 0.

The members of any such family have distinct origins. For our future convenience,
each §; is labelled according to its origin 4 (i), and we write {S; : h € &p} for
the family, where S}, is to be interpreted as &, when /4 is the origin of none of the
Si. We adopt the convention that, when a standard wall is denoted as S}, for some
h € 8o, then Sy, € 4§j,.

We introduce next the concept of a group of walls. Let h € §p, § € D, and
denote by p(h, §) the number of (vertical or horizontal) plaquettes in § whose

projection is a subset of . Two standard walls S1, S, are called close if there exist
hi1 € n(Sy) and hy € (S2) such that

i1, hall < /p(h1, 8s,) + /o(ha, 8s,).

A family G of non-empty standard walls is called a group of (standard) walls
if it is admissible and if, for any pair S1, S2 € G, there exists a sequence Ty =
S1, 71, Tz, ..., T, = S of members of G such that 7; and T;4; are close for
i=01,...,n—1.

The origin of a group of walls is defined to be the earliest of the origins of the
standard walls therein. Let §;, denote the set of all possible groups of walls with
origin h € §p. As before, we attach to §;, the empty group &, with origin i but
containing no standard wall. A family {G; : i = 1,2, ..., m} of groups of walls
is called admissible if, for i # j, there exists no pair S; € G;, S2 € G; such that
S1 and S, are close.

We adopt the convention that, when a group of walls is denoted as G, for some
h € &, then G, € §,. Thus, a family of groups of walls may be written as a
collection G = {Gy, : h € §p} where G, € Gy,.

(7.127) Lemma. The set Dy is in one—one correspondence with both the collec-
tion of admissible families of standard walls, and with the collection of admissible
Sfamilies of groups of walls.

Just as important as the existence of these one—one correspondences is their
nature, as described in the proof of the lemma. Let 6 (respectively, §g) denote
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the interface corresponding thus to an admissible family G of standard walls
(respectively, an admissible family G of groups of walls).

Proof of Lemma 7.126. Let$§ € Dy, have unique wall S = (A, B). By definition,
every plaquette of §* other than those in A U B is a c-plaquette, so that ¥ =
8* \ (A U B) is a union of ceilings Cy, Ca,...,C,. Each C; contains some
plaquette 4; that is 1-connected to some h: € A, whence, by Lemma 7.125(iii),
the height of C; is determined uniquely by knowledge of S. Hence § is unique. []

Proofof Lemma 7.127. Let$ € Dr. Let Wi, Wa, ..., W, be the non-empty walls
of §*, and write W; = (A;, B;) where A; = W; N§, B; = W; N (8*\ §). Lets; be
the altitude of W;. We claim that 7(g 0, —s;) W; is a standard wall, and we prove this
as follows. Let Cij ,J=1,2,..., k,bethe ceilings that are O-connected to W;, and
let H;; be the maximal 0-connected set of plaquettes in §o \ 7 (W;) onto which C;;
projects. See Lemma 7.125(vii). It suffices to construct an interface § (W;) having
7(0,0,—s;) Wi as its unique wall. To this end, we add to 7(g,0,—s;) A; the plaquettes in
T(O,o,—s,-)Cij , ] =1,2,...,k, together with, for each j, the horizontal plaquettes
in the maximal O-connected set of horizontal plaquettes that contains 7(9,0,—s;) Cj;
and elements of which project onto H;;.

We now define the family {S;, : & € 8o} of standard walls by

S { 7(0,0,—s;) W; if h is the origin of T(0,0,—s;) Wi,
h = . . ..
& if A is the origin of no (p,0,—s;) Wi.

More precisely, in the first case, S, = (Aj, Bp) where A, = 71(0,0,—s;)Ai and
Bj, = 1(0,0,—s,) Bi. That this is an admissible family of standard walls follows from
Lemma 7.125(viii) and from the observation that s; = 0 when E(W;) N E, # @.

Conversely, let {S, = (An, Bi) : h € 8o} be an admissible family of standard
walls. We shall show that there is a unique interface § corresponding in a certain
way to this family. Let S, S2..., S, be the non-empty walls of the family, and
let §; be the unique interface in Dy, having S; as its only wall.

Consider the partial ordering on the walls given by S; < S; if int(S;) C int(S;),
and re-order the non-empty walls in such a way that S; < S; impliesi < j. When
it exists, we take the first index k > 1 such that S; < S; and we modify &; as
follows. First, we remove the c-plaquettes that project onto int(S7), and then we
add translates of the plaquettes of A1. This is done by translating these plaquettes
so that the base of S is raised (or lowered) to the plane containing the ceiling
that is O-connected to Sy and that projects on the maximal O-connected set of
plaquettes in 8o \ 77 (Sk) containing 77 (S1). See Lemma 7.125(viii). Let §; denote
the ensuing interface. We now repeat this procedure starting from the set of
standard walls S», S3, ..., S, and interfaces 87, 63, ..., 8k—1, 8,/(, Skt1s -+, 0n. If
no such k exists, we continue the procedure with the reduced sequence of interfaces
62,83, s 8k—1, 0k, Skt1s .-+, On-

We continue this process until we are left with interfaces (Sl’l’ A=1,2,...,r,
having indices that refer to standard walls that are smaller than no other wall. The
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final interface § is constructed as follows. For each [, we remove from the regular
interface &g all horizontal plaquettes contained in int(S;, ), and we replace them by
the plaquettes of &;' that project onto int(S;,).

The final assertion concerning admissible families of groups of walls is straight-
forward. g

We derive next certain combinatorial properties of walls. For § = (A, B) a
standard wall, let N(S) = |A| and T1(S) = N(S) — |7 (S)|. For an admissible set
F ={S1, S2,..., S} of standard walls, let

M(F) =) T(S), NF)=Y NS), =(F)=[]nS.
i=1 i=1 i=1

(7.128) Lemma. Ler S = (A, B) be a standard wall, and D(S) its height.
(i) N(S) = [317(S)|. Consequently, TI(S) = |7 (S)| and TI(S) = |, N(S).
(i) N(S) = 1IS].

(iii) TI(S) > D(S).

Proof. (1) For each hg € 8o, let U(hg) = {h € 6o : h = hoorh K ho}. We
call two plaquettes ki, hy € 8o separated if U(h1) N U(hy) = @. Denote by
Hsep = Hgep(S) € 7(S) a set of pairwise-separated plaquettes in 7 (S) having
maximum cardinality, and let H = Uhle Heop [U(h1) N7 (S)]. Note that

(7.129) |Heepl > 51 (S)].

For every hg € m(S), there exists a horizontal plaquette 77 € §g such that
w(h1) = hg. Since A U B contains no c-plaquette of ds, k1 is a w-plaquette,
whence i € A. In particular, N(S) > |7 (S)].

For hg = m(h1) € Hgep where hy € A, we claim that
(7.130) |{h € A : eitherr(h) C [ho] or w(h) € U(ho)}‘ > |U(hg)Nm (S)|+1.

By (7.129)~(7.130),

NS = Y {lUG) Nr S|+ 1} + |7 (S \ H]
hoEHsep

= |H|+ |Hsepl + |7 ()| — |H| = [317(S)].

In order to prove (7.130), we argue first that U (ho) N7 (S) contains at least one
(horizontal) plaquette besides ig. Suppose that this is not true. Then U (ho) \ o
these c-plaquettes belong to the same ceiling C and therefore lie in the same
plane. Since % is by assumption a w-plaquette, there must be at least one other
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horizontal plaquette of 85 projecting onto /o. Only one such plaquette, however,
is 1-connected with the c-plaquettes. Since &5 is 1-connected, the other plaquettes
projecting onto /o must be 1-connected with at least one other plaquette of 45.
Each of these further plaquettes projects into 7 (C), in contradiction of Lemma
7.125(iv).

We now prove (7.130) as follows. Since hp is a w-plaquette, there exists
hy € AU B, hy # hy, such that w(hy) = hg. If there exists such &, belonging
to A, then (7.130) holds. Suppose the contrary, and let i, be such a plaquette
with hp € B. Since h; € A, for every n € U(hg) N7 (S), n # ho, there exists

n' € A such that 7 (") € [n] and n’ A hy. [If this were false for some 7 then,
as in the proof of Lemma 7.125(ii), in any configuration with interface 8g, there
would exist a path of open edges joining the vertex just above /] to the vertex just
beneath %. Since, by assumption, all plaquettes of A U B other than 41, having
projection kg, lie in B, this would contradict the fact that §5 is an interface.] If any
such n’ is vertical, then (7.130) follows. Assume that all such n’ are horizontal.

Since hy € B, there exists h3 € A such that A3 S hy, and (7.130) holds in this
case also.

(i1) The second part of the lemma follows from the observation that each of the
plaquettes in A is 1-connected to no more than four horizontal plaquettes of B.

(iii) Recall from the remark after (7.129) that A contains at least |7 (S)| horizontal
plaquettes. Furthermore, A must contain at least D(S) vertical plaquettes, and the
claim follows. O

Finally in this section, we derive an exponential bound for the number of groups
of walls satisfying certain constraints.

(7.131) Lemma. Let h € 8g. There exists a constant K such that: for k > 1, the
number of groups of walls G € G, satisfying T1(G) = k is no greater than K*.

Proof. Let G = {S1, S2, ..., Sp} € G, where the S; = (A;, B;) are non-empty
standard walls and S; € 4§;,. For j € §p, let

Ry = {1 €0 17,0l < Vp(j.86) | \ 7(G),
5={U(AiUB,')}U{ U Rj}.
i=1

jen(G)
There exist constants C’ and C” such that, by Lemma 7.128,

G <IGI+C" Y p(j.6) = C"IG| <5-14C"TI(G),
jen(G)
where |G| = | |J;(A; U B))|.

It may be seen that G is a 0-connected set of plaquettes containing 7. Moreover,
the 0-connected sets obtained by removing all the horizontal plaquettes 2’ € G,
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for which there exists no other plaquette 4" € G with w(h") = 7 (h'), are the
standard walls of G. Hence, the number of such groups of walls with I[1(G) = k
is no greater than the number of 0-connected sets of plaquettes containing no more
than 70C"k elements including /. It is proved in [103, Lemma 2] that there exists
v < oo such that the number of 0-connected sets of size n containing % is no
larger than v". Given any such set, there are at most 2" ways of partitioning the
plaquettes between the A; and the B;. The claim of the lemma follows. O

7.10 Exponential bounds for group probabilities

The probabilistic expressions of Section 7.8 may be combined with the classifica-
tion of Section 7.9 to obtain an estimate concerning the geometry of the interface.
Let G = {G, : h € 8} be a family of groups of walls. If G is admissible,
there exists by Lemma 7.127 a unique corresponding interface §g. We may pick
arandom family ¢ = {¢, : h € o} of groups of walls according to the probability
measure Pz, induced by ¢, thus:

¢ (A =6g) if Gisadmissible,

0 otherwise.

Py (¢ :G):{

(7.132) Lemma. Let g € [1, 00), and let p* be as in Lemma 7.104. There exist
constants C3, Cy4 such that

]P)L(Ch’ = Gy |§h =Gpforh € 8y, h # h/) < C3[Cs(1 — p)]l'I(Gh/)’

for p > p*, andforall ' € 8y, Gy € Gy, L > 0, and for any admissible family
{Gj, : h € 80, h # I} of groups of walls.

Proof. The claim is trivial if G = {G}, : h € 8o} is not admissible, and therefore

we may assume it to be admissible. Let 2’ € 8y, and let G’ agree with G except
at i/, where Gy is replaced by the empty group &,/. Then

(7.133) ]P’L(ih/ = Gy {{h = Gpforh € §p, h # h’) < ¢L() ,

IACY
where § = 8g and 8’ = 8.
In using (7.121) to bound the right side of this expression, we shall require
bounds for |§] — |8'], |8 \ 8] — |8/ \ 8|, ks — kg, and

(7.134) Yo fes = Y fled L)

ecE($)NEL ecE(8")NEL

It is easy to see from the definition of § that

18] =180l + Y [N(Gn) — I (Gw)1],

]’lE(SO
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and therefore,
(7.135) 8] = 18'| = N(Gw) — |7 (Gp)| = TI(Gp).
A little thought leads to the inequality
(7.136) 8\ 81— 18"\ 8 = 0,

and the reader may be prepared to omit the explanation that follows. We claim
that (7.136) follows from the inequality

(7.137) IP(®)| — P©)] =0,

where P(5) (respectively, P((S/)) is the set of plaquettes in & \ § (respectively,
s \ &) that project into [7(Gj/)]. In order to see that (7.137) implies (7.136),
we argue as follows. The extended interface § may be constructed from §' in the
following manner. First, we remove all the plaquettes from 8’ that project into
[ (Gyy)], and we fill the gaps by introducing the walls of G/ one by one along
the lines of the proof of Lemma 7.127. Then we add the plaquettes of § \ § that
project into [ (Gy)]. During this operation on interfaces, we remove P((S/) and
add P(6), and the claim follows.

By Lemma 7.125(viii), there exists no vertical plaquette of s \ &' that projects
into [ (Gy)] and is in addition 1-connected to some wall not belonging to Gy.
Moreover, since all the horizontal plaquettes of 8 belong to the semi-extended
interface 8'*, those that project onto [ (G)] are c-plaquettes of §'*; hence, such
plaquettes lie in 8’. Tt follows that P(S/) comprises the vertical plaquettes that are
1-connected with 7 (Gy,).

It is therefore sufficient to construct an injective map T that maps each vertical
plaquette, 1-connected with 7 (Gy), to a different vertical plaquette in P(5). We
noted in the proof of Lemma 7.128(i) that, for every hg € n(G;l), there exists
a horizontal plaquette 71 € § with w(h;) = ho. For every vertical plaquette

hY L ho, there exists a translate hY L hy. Suppose h" lies above §g. If hY €\ 4,
weset T(hY) = h‘l’. If h‘l’ € §, we consider the (unique) vertical plaquette ‘above’
it, which we denote by /5. We repeat this procedure up to the first n for which we
meet a plaquette 2} € & \ 8, and we set T (k") = h),. When 1" lies below &y, we
act similarly to find a plaquette 7'(h") of § \ 8 beneath h¥. The resulting T is as
required.

We turn now to the quantity ks — kg, and we shall use the notation around
(7.101). Note that exactly two of the components (Sg, U g) are infinite, and these
may be taken as those with indices 1 and 2. Fori = 3,4,..., ks, let H(S(’;)
be the set of plaquettes that are dual to edges having exactly one endvertex in
Sé. The finite component (Si, U g) is in a natural way surrounded by a particular
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wall, namely that to which all the plaquettes of H (S";) belong. This follows from
Lemma 7.125(v, viii) and the facts that

P = {m(h((x,x +(0,0,1)))) : x € S}}

is a 1-connected subset of §g, and that [n(H(S";))] =[F].
Therefore,

(7.138) ks — ky = ks — 2,
where 8" = 8¢, ,. It is elementary by Lemma 7.128(i) that

(7.139) ks» <2N(Gp) < 28T1(Gpy).

Finally, we estimate (7.134). Let H, Ha, ..., H, be the maximal O-connected
sets of plaquettes in 8o \ 7 (G ), and let §; (respectively, &) be the set of plaquettes
of § (respectively, §) that project into [H;]. Recalling the construction of an
interface from its standard walls in the proof of Lemma 7.127, there is a natural
one-one correspondence between the plaquettes of §; and those of §;, and hence
between the plaquettes in U = | J;_; §; and those in U’ = | J;_, §/. We denote by
T the corresponding bijection mapping an edge e with i(e) € [ J;_, ; to the edge
T (e) with corresponding dual plaquette in | J;_; 8. Note that T (e) is a vertical
translate of e.

If e is such that h(e) € U,
G(e,8,EL;T(e), 8, EL) = |Im' (h(e)), m(Gp)| — 1,
where 7/ (h) is the earliest plaquette 2" of 8o such that 7 (h) € [A"'], and
Iht, HIl = min (A1, holl - b € H).

Let p > p*. In the notation of Lemmas 7.104 and 7.118,

(7.140)
Yo hles, - Y fp<e,a’,L)‘
ecE(S)NEL ecE(8")NEL
< > |fples L) = f,(T(e). 8. L)
ecE(U)NEL
+ Y fles L+ Y fed D)
ecEG\U)NEL ecE(\U)NE]

< Cre? Z eXP(— vz (h(e)), ﬂ(Gh’)”) +C [N(Gh’) + |7T(Gh/)|]~
ecE(UNEL
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By Lemma 7.128, the second term of the last line is no greater than CsI1(Gy) for
some constant Cs. Using the same lemma and the definition of a group of walls,
the first term is no larger than

(7.141) Ce” Z p(h, 8)exp(—y Ik, m(Gw)ll)
heso\7 (G )

<G’ Y kGl exp(—y Ik T(Gw)l)
hedo\1(G,y)

<G’ > > Uk 1P exp(—y Ik, A1)
h//ET[(Gh/) hE(So\JT(Gh/)
= Co|m(Gp)| = 13C6I1(Gp),

for some constant Cg.
The required conditional probability is, by (7.121) and (7.133),

pl5\5|—l5 ey — p)l5l—|5 qus—ky

xexp( Z fole, 8, L) — Z f,,(e,a’,L)),

ecEG)NEL ecE(8")NEL

which, by (7.135)—(7.141), is bounded as required. O

7.11 Localization of interface

The principal theorem states in rough terms the following. Let g € [1, oo) and
let p be sufficiently large. With ¢, -probability close to 1, the interface A(w)
deviates from the flat plane §y only through local perturbations. An ant living on
A(w) is able, with large probability, to visit a positive density of the interface via
horizontal meanderings only.

Let h € §p. For w € QIZ, we write h <> oo if there exists a sequence
h = hg, h1, ..., h, of plaquettes in §y such that:
(2) hi ~ hipy fori =0,1,...,r —1,
(b) each h; is a c-plaquette of A(w), and
(¢c) hy = h(e) forsomee ¢ Ef.

(7.142) Theorem [139]. Let g € [1, 00). For € > 0, there exists p = p(e) < 1
such that, if p > D,

(7.143) ¢ (h<00)>1—¢, hedy, L>1.

Since, following Theorem 7.142, h € g is a c-plaquette with high probability,
the vertex of Z> immediately beneath (respectively, above) the centre of / is joined
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to 0~ % (respectively, 37 X7) with high probability. Theorem 7.87 follows.
Furthermore, since i <> oo with high probability, such connections may be found
within the plane of Z3 comprising vertices x with x3 = 0 (respectively, x3 = 1).

The existence of non-translation-invariant (conditioned) random-cluster mea-
sures follows from Theorem 7.142, as in the following sketch argument. For
ecl3 letet =e+(0,0,1),andletw € Q. If h = h(e) € § is a c-plaquette
of A = A(w), then e is closed, and h(e®) ¢ A. The configurations in the two
regions above and below A are governed by wired random-cluster measures'*.
Therefore, under (7.143),

(I-ep

¢r(eisopen) <€, ¢ (ei is open) > ,
t t p+q(l—p)

by stochastic ordering. Note that these inequalities concern the probabilities of
cylinder events. This implies Theorem 7.89.

Our second main result concerns the vertical displacement of the interface,
and asserts the existence of a geometric bound on the tail of the displacement,
uniformly in L. Let§ € Dy, (x1,x2) € 7% and x = (x1, x2, ;). We define the
displacement of § at x by

D(x,8) = sup{lz — ;| : (x1,x2,2) € [8]}.

(7.144) Theorem [139]. Let g € [1, 00). There exists p < 1 and a(p) satisfying
a(p) > 0 when p > D such that

¢ (D(x,A) >z) <e P z>1, (x;,x) €Z% L=>1.

Proof of Theorem 7.142. Let h € 9. We have not so far specified the ordering of
plaquettes in &g used to identify the origin of a standard wall or of a group of walls.
We assume henceforth that this ordering is such that: for hy, hy € 8o, h1 > h2
implies ||, k1| = |k, b2

For any standard wall S there exists, by Lemma 7.125(vi), a unique maximal
infinite 1-connected component I (S) of §p \ 7(S). Letw € QIE . The interface
A(w) gives rise to a family of standard walls, and & <> oo if and only if 1, for
each such wall S, i belongs to 1(S). Suppose on the contrary that & ¢ 1(S;) for
some such standard wall S;, for some j € o, belonging in turn to some maximal
admissible group Gy € G of walls of A, for some i’ € §y. By Lemma 7.128
and the above ordering of §,

BINGy) = |7 (Gp)| = [ (SpI = A, jll + 1= |7, B + 1.

14We have used Lemma 7.117 here.
15This is a consequence of a standard property of Z2, see [210, Appendix].
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Let K be as in Lemma 7.131, and p*, C4 as in Lemma 7.132. Let p be
sufficiently large that p > p* and that

h=Mp) =— 5 log[K Cy(l — p)]

satisfies A(p) > 0. By the last lemma, when p > p,

L—¢p(h<o00) < Y PL(T(Gy) = 5k 1| + 1)
h'edg

<> Y > PLiw =G)

h'eso n=(Ilh, W 1+1/13 Ge§,,:
1(G)=n

<> > K'GlG(-pT

h'esy n=(||h,n'|+1)/13

< C3 Y exp(=A(lh. W[ + 1) < Cre ™,
h'e€dy

for appropriate constants C;. The claim follows on choosing p sufficiently close
to 1. g

Proof of Theorem 7.144. 1f D(x, A) > z, there exists r satisfying 1 < r < z such
that the following statement holds. There exist distinct plaquettes i1, k2, ..., h, €
80, and maximal admissible groups G;,i = 1,2, ..., r, of walls of A such that:
x = (x1, x2, é) lies in the interior of one or more standard wall of each Gy,, and

> (G = 2.

i=1

Recall Lemma 7.128(iii). Let m; = L113(||x, hi|l + 1)] where ||x, k|| = ||lx — y||
and y is the centre of 4. By Lemma 7.132, and as in the previous proof,

¢ (D(x,A) = z)

< Y PL(ZH(Ch,-)zz, H(;hi)zm,-vl)

hi,ha,...hy
I<r=z

o0

= > Y Pr(TT(¢h,) = zi fori =1,2,...,7)

hi,ha,....hy §=Z 21522500527

1<r<z z1+z2+ 4z, =5
- zi>m;Vv1
<) Y GIKG(I-pF > L
h; s>z 21,22,-02r"

z21+z22+Fzr=8
zi>m;iV1



[7.11] Localization of interface 221

for some constant Cg. The last summation is the number of ordered partitions
of the integer s into r parts, the ith of which is at least m; v 1. By adapting the
classical solution to this enumeration problem when m; = 1 for all i, we find that

Z 1<~ 1=%(miv1 < 25— 1=X VD) < 9s—1=%;m;
= r_ 1 = =
215225000y Zr:
Z1+z22++zr=s
zi>m;Vv1

whence, for some Co,
V4

z>1.

¢L(D(x, A) > z) < Co Yy [2KCy(l — p)]S(Z 2—“'*’”/1“)

s=z hedo

The right side decays exponentially as z — oo when 2K C4(1 — p) is sufficiently
small. g



Chapter 8

Dynamics of Random-Cluster Models

Summary. One may associate time-dynamics with the random-cluster model
in a variety of natural ways. Amongst Glauber-type processes, the Gibbs
sampler is especially useful and is well suited to the construction of a
‘coupling from the past’ algorithm resulting in a sample with the random-
cluster measure as its (exact) law. In the Swendsen—Wang algorithm, one
interleaves transitions of the random-cluster model and the associated Potts
model. The random-cluster model for different values of p may be coupled
together via a certain Markov process on a more general state space. This
provides a mechanism for studying the ‘equilibrium’ model.

8.1 Time-evolution of the random-cluster model

The random-cluster model as studied so far is random in space but not in time.
There are a variety of ways of introducing time-dynamics into the model, and some
good reasons for so doing. The principal reason is that, in our 3 4+ 1 dimensional
universe, the time-evolution of processes is fundamental. It entails the concepts
of equilibrium and convergence, of metastability, and of chaos. A rigorous theory
of time-evolution in statistical mechanics is one of the major achievements of
modern probability theory with which the names Dobrushin, Spitzer, and Liggett
are easily associated.

There is an interplay between the time-dynamics of an ergodic system and its
equilibrium measure. The equilibrium is determined by the dynamics, and thus,
in models where the equilibrium may itself be hard of access, the dynamics may
allow an entrance. Such difficulties arise commonly in applications of Bayesian
statistics, in situations where one wishes to sample from a posterior distribution
1 having complex structure. One way of doing this is to construct a Markov
chain with invariant measure u, and to follow the evolution of this chain as it
approaches equilibrium. The consequent field of ‘Monte Carlo Markov chains’ is
now established as a key area of modern statistics. Similarly, the dynamical theory
of the random-cluster model allows an insight into the equilibrium random-cluster
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measures. It provides in addition a mechanism for studying the way in which the
system ‘relaxes’ to its equilibrium. We note that the simulation of a Markov chain
can, after some time, result in samples whose distribution is close to the invariant
measure (. Such samples will in general have laws which differ from u, and it
can be a difficult theoretical problem to obtain a useful estimate of the distance
between the actual sample and u.

Consider first the random-cluster model on a finite graph G with given values of
p and g. Perhaps the most obvious type of dynamic is a so-called Glauber process
in which single edges change their states at rates chosen in such a way that the
equilibrium measure is the random-cluster measure on G. These are the spin-flip
processes which, in the context of the Ising model and related systems, have been
studied in many works including Liggett’s book [235]. There is a difficulty in
constructing such a process on an infinite graph, since the natural speed functions
are not continuous in the product topology.

There is a special Glauber process, termed the ‘Gibbs sampler’ or ‘heat-bath
algorithm’, which we describe in Section 8.3 in discrete time. This is particularly
suited to the exposition in Section 8.4 of the method of ‘coupling from the past’.
This beautiful approach to simulation results in a sample having the exact target
distribution, unlike the approximate samples produced by Monte Carlo Markov
chains. The random-cluster model is a natural application for the method when
q € [1,00), since ¢¢,p 4 is monotonic: the model has ‘smallest’ and ‘largest’
configurations, and the target measure is attained at the moment of coalescence of
the two trajectories beginning respectively at these extremes.

The speed of convergence of Glauber processes has been studied in detail for
Ising and related models, and it turns out that the rate of convergence to the unique
invariant measure can be very slow. This occurs for example if the graph is a large
box of a lattice with, say, 4+ boundary conditions, the initial configuration has —
everywhere in the interior, and the temperature is low. The process remains for
a long time close to the — state; then it senses the boundary, and converges duly
to the + state. There is an alternative dynamic for the Ising (and Potts) model,
termed Swendsen—Wang dynamics, which converges rather faster to the unique
equilibrium so long as the temperature is different from its critical value. This
method proceeds by a progressive coupling of the Ising/Potts system with the
random-cluster model, and by interleaving a Markovian transition for these two
systems in turn. It is described in Section 8.5.

The remaining sections of this chapter are devoted to an exposition of Glauber
dynamics on finite and infinite graphs, implemented in such a way as to highlight
the effect of varying the parameter p. We begin in Section 8.6 with the case of
a finite graph, and proceed in Sections 8.7-8.8 to a process on the infinite lattice
which incorporates in a monotone manner a time-evolving random-cluster process
for every value of p € (0, 1). The unique invariant measure of this composite
Markov process may be viewed as a coupling of random-cluster measures on the
lattice for different values of p. One consequence of this approach is a proof of
the left-continuity of the percolation probability for random-cluster models with
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q € [1, 00), see Theorem 5.16. It leads in Section 8.9 to an open question of
‘simultaneous uniqueness’ of infinite open clusters.

8.2 Glauber dynamics

Let G = (V, E) be a finite graph, with 2 = {0, I}E as usual. Let p € (0,1)
and g € (0, co). We shall construct a reversible Markov chain in continuous time
having as unique invariant measure the random-cluster measure ¢, , on Q. A
feature of the Glauber dynamics of this section is that the set of permissible jumps
comprises exactly those in which the state of a single edge, e say, changes. To this
end, we recall first the notation of (1.25). Forw € Q and e € E, let ¢ and w, be
the configurations obtained by ‘switching e on’ and ‘switching e off”, respectively.
Let X = (X; : t > 0) be a continuous-time Markov chain, [164, Chapter 6],
on the state space Q2 with generator Q = (¢,.« : @, @ € Q) satisfying
B Gueer =P dorw, = (1= p)gP @ weQ eck,
where D(e, &) is the indicator function of the event that the endvertices of e are
joined by no open path of £. Equations (8.1) specify the rates at which single
edges are acquired or lost by the present configuration. We set g, ¢ = 0 if w and
& differ on two or more edges, and we choose the diagonal elements ¢, ,, in such
a way that O, when viewed as a matrix, has row-sums zero, that is,

qo,0 = — Z do.t» w e Q.
§:6#w

Note that X proceeds by transitions in which single edges change their states, it
is not permissible for two or more edge-states to change simultaneously. We say
in this regard that X proceeds by ‘local moves’.

It is elementary that the so-called ‘detailed balance equations’

(8.2) Dp.q(@) 0,00 = Pp.g (@) 0, w, o €Q,

hold, whence X is reversible with respect to the random-cluster measure ¢, ;. Itis
easily seen that the chain is irreducible, and therefore ¢, , is the unique invariant
measure of the chain and, in particular, X; = ¢, 4 ast — 00, where ‘=’ denotes
weak convergence. There are of course many Markov chains with generators
satisfying the detailed balance equations (8.2). It is important only that the ratio

qw,a)//qw/,w satisfies

Qoo _ ¢p,q (U)/)

8.3 = )
(83) qdo' 0 Dp.q(w)

w, 0 €.

We call a Markov chain on 2 a Glauber process if it proceeds by local moves
and has a generator Q satisfying (8.3), see [235, p. 191]. We have concentrated
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here on continuous-time processes, but Glauber processes may be constructed in
discrete time also.

Two extensions of this dynamical structure which have proved useful are as
follows. The evolution may be specified in terms of a so-called graphical repre-
sentation, constructed via a family of independent Poisson processes. This allows
a natural coupling of the measures ¢, , for different p and g. Such couplings are
monotone in p when g € [1, 00). One may similarly couple the unconditional
measure ¢, 4(-) and the conditioned measure ¢, (- | A). Such couplings permit
probabilistic interpretations of differences of the form ¢, ,(B | A) — ¢p 4(B)
when g € [1,00), p < p/, and A and B are increasing, and this can be useful in
particular calculations, see [39, 151, 152].

One needs to be more careful when G is an infinite graph. In this case, one
may construct a Glauber process on a finite subgraph H of G, and then pass to the
thermodynamic limit as H 1 G. Such a limit may be justified when g € [1, 00)
using the positive association of random-cluster measures, [152]. We shall discuss
such limits in Section 8.8 in the more general context of ‘coupled dynamics’. For
a reason which will emerge later, we will give the details for the Gibbs sampler
of Section 8.3, rather than for the Glauber process of (8.1). The latter case may
however be treated in an essentially identical manner.

Note that the generator (8.1) of the Markov chain given above depends on the
random variable D (e, w,), and that this random variable is ‘non-local’ in the sense
that it is not everywhere continuous in w. It is this feature of non-locality which
leads to an interesting complication when the graph is infinite, linked in part to the
0/1-infinite-cluster property introduced before Theorem 4.31. Further discussion
may be found in [152, 272].

8.3 Gibbs sampler

Once again we take G = (V, E) to be a finite graph, and we let p € (0, 1) and
g € (0,00). We consider in this section a special Glauber process termed the
Gibbs sampler (or heat-bath algorithm). This is a Markov chain X on the state
space Q = {0, 1}F which proceeds by local moves. Its basic rule is as follows. We
choose an edge e at random, and we set the state of e according to the conditional
measure of w(e) given the current states of the other edges. This may be done
in either discrete or continuous time, we give the details for continuous time here
and shall return to the case of discrete time in Section 8.4.

Let X = (X; : t = 0) be the Markov chain on the state space 2 with generator
0 = (qo.o; 0, 0 € Q) given by

q - ‘Pp,q(we)
T g (@) + Pp g (@)
(8.4)
G _ ¢p,q(we)

¢p,q(we) + ¢p,q (we) '
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for w € Q and e € E. Thus, each edge is selected at rate 1, and the state of that
edge is changed according to the correct conditional measure. It is evident that
the detailed balance equations (8.2) hold as before, whence X is reversible with
respect to ¢, 4. By irreducibility, ¢, , is the unique invariant measure of the chain
and thus, in particular, X; = ¢, 4 ast — o0.

There is a useful way of formulating the transition rules (8.4). With each edge
e is associated an ‘exponential alarm clock’ that rings at the times of a Poisson
process with intensity 1. Suppose that the alarm clock at e rings at time 7', and let
U be a random variable with the uniform distribution on the interval [0, 1]. Let
X7_ = wdenote the current state of the process. The state of e jumps to the value
X7 (e) given as follows:

whenw(e) =1, wesetXr(e) =0 if U < bp.q(@e) ’
®p.q(@°) + ¢p q(we)

¢p,q(we)
¢p,q(a)e) + ¢p,q(we) .

(8.5)
whenw(e) =0, wesetXr(e)=1 if U >

The state of e is unchanged if the appropriate inequality is false. It is easily
checked that this rule generates a Markov chain which satisfies (8.4) and proceeds
by local moves. This version of such a chain has two attractive properties. First,
it is a neat way of implementing the Gibbs sampler in practice since it requires
only two random mechanisms: one that samples edges at random, and a second
that produces uniformly distributed random variables.

A second benefit is that it provides a coupling of a variety of such Markov chains
with different values of p and ¢, and with different initial states. We explain this
next. Suppose that 0 < p; < p» < 1l and g1 > g2 > 1. Itis easily checked, as in
Section 3.4, that

¢’p1,q1 (we) < ¢p2,q2 ée)

(8.6) > s
¢p1,q1 (@) + ¢’p1,q1 (we) ¢p2,q2 (&) + ¢p2,q2 (&)

w <E&.

Let U(e) = (Uj(e) : j = 1,2,...), e € E, be independent families of inde-
pendent random variables each having the uniform distribution on [0, 1]. Let
X = (Xf it >0),i = 1,2, be Markov processes on 2 constructed as follows.
The process X I evolves according to the above rules, with parameters p;, g;, and
using the value Uj(e) at the jth ring of the alarm clock at the edge e. By (8.5)-
(8.6), if X(l) < X%, then X} < X,2 for all + > 0. We have therefore constructed
a coupling which preserves ordering between processes with different parameters
P, g, and with different initial configurations. The key to this ordering is the fact
that the coupled processes utilize the same variables U; (e). This discussion will
be developed in the next section.
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8.4 Coupling from the past

When performing simulations of the random-cluster model, one is required to
sample from the probability measure ¢, ,. The Glauber processes of the last
two sections certainly converge weakly to ¢, , as t — oo, but this is not as
good as having a sample with the exact distribution. The Propp—Wilson approach
to sampling termed ‘coupling from the past’, [282], provides a mechanism for
obtaining samples with the correct distribution, and is in addition especially well
suited to the random-cluster model when g € [1, 00). We describe this here.
Some illustrations of the method in practice may be found in [173, 195, 243].

Let G = (V, E) be a finite graph and let p € (0, 1) and ¢ € (0, 00). We shall
later restrict ourselves to the case g € [1, 00), since this will be important in the
subsequent analysis of the algorithm. We provide ourselves first with a discrete-
time reversible Markov chain Z = (Z, : n =0, 1, 2, .. .) with state space 2 and
having unique invariant measure ¢, 4. The discrete-time Gibbs sampler provides
a suitable example of such a chain, and proceeds as follows, see Section 8.3
and [175]. At each stage, we pick a random edge e, chosen uniformly from E
and independently of all earlier choices, and we make e open with the correct
conditional probability, given the configuration on the other edges. This Markov
chain proceeds by local moves, and has transition matrix IT = (7, : @, @' € Q)
satisfying

1 Bp.q(0°)

T we, ¢ = : ,
|E| ¢p,q(we) + ¢p,q(0)e)
1

Mo, = ¢p,q(we)

|E| ¢p,q(a)e) + ¢p,q(we) '

forw € Qand e € E. A neat way to implement this is to follow the recipe of
the last section. Suppose that Z,, = w. Let ¢, be a random edge of E, and let
U, be uniformly distributed on the interval [0, 1], these variables being chosen
independently of all earlier choices. We obtain Z, 11 by retaining the states of all
edges except possibly that of ¢,,, and by setting

87  Znsi(ew) =0 ifandonlyif Uy < $pag(@e,)

N ¢p,q (@) + ¢p,q (we,l)
The evolution of the chain is determined by the sequences e,,, Uy, and the initial
state Zop. One may make this construction explicit by writing

Zyy1 = Y (Zy, en, Uy)
for some deterministic function ¢ : 2 x E x [0, 1] = Q.
We highlight a certain monotonicity of ¥, valid when g € [1, 00). Fixe € E

and u € [0, 1]. The configuration ¥, = ¥ (w, e, u), viewed as a function of w, is
constant on edges f # e, and takes values 0, 1 on e with

W,(e) =0 ifandonlyif u < bp.q(@e)

= , w € Q.
¢p,q (@) + ¢p,q(we)
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As in (8.6), when g € [1, 00),

¢p,q(a)e) < ¢p,q(€e)

b+ 0pa@0) ~ GpaE) F o) O

implying that W,,(e) < W¢(e), and hence

(8.8) Viw,e.u) < Y&, e u), w=§.

LetZ" = (Z; :n=0,1,2,...) be the Markov chain constructed via (8.7) with
initial state Zyp = v. By (8.8),

(8.9) 792 < 7% foralln, if w<gandg € [l,00),

which is to say that the coupling is monotone in the initial state: if one such chain
starts below another, then it remains below for all time.

Instead of running the chain Z ‘forwards’ in time in order to approximate the
invariant measure ¢, ,, we shall run it ‘backwards’ in time in a certain special
manner which results in a sample with the exact target distribution. Let W =
(W(w) : w € ) be a vector of random variables such that each W (w) has the law
of Z1 conditional on Zy = w,

P(W(w) =§) =mpe, w, & € Q.

Following the scheme described above, we may take W(w) = ¥ (w, e, U) where
e and U are chosen uniformly at random. Let W_,, m = 1,2,..., be in-
dependent random vectors distributed as W, that is, W_,,(:) = ¥ (-, em, Un)
where the set {(e;;, Uy) : m = 1,2, ...} comprises independent pairs of inde-
pendent uniformly-distributed random variables. We construct a sequence Y_,,
n =1,2,..., of random maps from 2 to 2 by the following inductive proce-
dure. First, we define Yy : Q2 — € to be the identity mapping. Having found
Yo,Y_1,Y o,...,Y_,,form=0,1,2,..., we define

Y (@) =Y (W1 ().

That is, Y_,,—1(w) is obtained from w by passing in one step to W_,,_1 (w), and
then applying Y_,, to this new state. The exact dependence structure of this scheme
is an important ingredient of its analysis.

We terminate the process Y at the earliest time M of coalescence,
(8.10) M = min{m : Y_,, (") is a constant function}.
By the definition of M, the value Y_3; = Y_j/(w) does not depend on the choice

of w. The process of coalescence is illustrated in Figure 8.1. We prove next that
Y_y has law ¢, 4.
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Figure 8.1. An illustration of ‘coupling from the past’ in a situation where the intermediate
states are sandwiched by the extreme states. There are five states in this illustration. The heavy
lines map the evolution of the smallest (0) and largest (1) configurations, and the dotted lines
show the evolution of states that are sandwiched between these extremes.

(8.11) Theorem [282]. The random variable M is almost-surely finite, and
P(Y_y = 0) = ¢p 4(), w € Q.

The above procedure may seem unwieldy in practice, since 2 will often be
large, and it appears necessary to keep track in (8.10) of the Y_,, (w) for every
o € Q. The reality is simpler at least when ¢ € [1, co), which we henceforth
assume. By the monotonicity (8.9) of the coupling when g € [1, 00), it suffices
to follow the trajectories of the ‘smallest’ and ‘largest’ configurations, namely
those beginning, respectively, with every edge closed and with every edge open.
The processes starting at intermediate configurations remain sandwiched between
these extremal processes at all future times. Thus one may define M instead by

(8.12) M = min{m : Y_,(0) = Y_,, (1)},

where 0 and 1 denote the vectors of zeros and ones as before. This brings a
substantial computational advantage, since one is required to calculate only the
Y_,,(b) for b = 0, 1, and to find the earliest m at which they are equal.

We make two notes prior to the proof. In classical Monte Carlo experiments,
the time-n measure converges to the target measure as n — 00. An estimate of the
rate of convergence is necessary in order to know when to cease the process. Such
estimates are not central to coupling-from-the-past, since this method results, after
a finite (random) time, in a sample having the target measure as its exact law. That
said, the method of proof implies a geometric rate of convergence. Secondly, the
implementation of the method is greatly simplified by the monotonicity’.

Proof of Theorem 8.11. We follow [282]. Let g € (0, 0c0). By elementary prop-
erties of the Gibbs sampler (8.7), we may choose L such that

P(Y_r is a constant function) > 0.

IThe method may be implemented successfully in some situations where there is no such
monotonicity, see [243, Chapter 32] for example.
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We extend the notation prior to (8.10) as follows. Let (Y_; —; : 0 <t < s) be
functions mapping €2 to €2 given by:
(i) Y—; —; is the identity map, fort =0, 1,2, ...,
() Y—s (@) =Y 5411 (W_s(w)),fort =0,1,...,5s — 1.
The map Y_; _; depends only on the set {(e;, Un, W—) : t < m < s} of
random variables. Therefore, the maps Y_x; —-1)r, &k = 1,2, ..., are inde-
pendent and identically distributed. Since each is a constant function with some
fixed positive probability, there exists almost surely a (random) integer K such
that Y_g; _(xk—1)L is a constant function. It follows that M < KL, whence
P(M < o0) = 1.
Let C be chosen randomly from €2 with law ¢, 4, and write C;,, = Y, (C).
Since the law of C is the unique invariant measure ¢, 4 of the Gibbs sampler, C,,
has law ¢, 4 forallm =0, 1,2, .... By the definition of M,

Y_uy=Cp on the event {M < m}.
Forwe Qandm =0,1,2,...,

PY_y=w)=PY_-y=w, M<m)+PY_y=w, M >m)
=PCp =0, M <m)+PY_y =w, M >m)
< ¢p,q(w) +P(M > m),

and similarly,

Gp.g(@) =P(Cp = 0) <P(Y_y = @) +P(M > m).
We combine these two inequalities to obtain that

[P(Y_p = ) — ¢pq(@)| <P(M > m), weQ,

and we let m — o0 to obtain the result. O

8.5 Swendsen—Wang dynamics

It is a major target of statistical physics to understand the time-evolution of dis-
ordered systems, and a prime example lies in the study of the Ising model. A
multiplicity of types of dynamics have been proposed. The majority of these
share a property of ‘locality’ in the sense that the evolution involves changes
to the states of vertices in close proximity to one another, perhaps single spin-
flips or spin-exchanges. The state space is generally large, of size 2" where N
is the number of vertices, and the Hamiltonian may have complicated structure.
When subjected to ‘local dynamics’, the process may approach equilibrium quite
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slowly?. Other forms of dynamics are ‘non-local’ in that they permit large moves
around the state space relatively unconstrained by neighbourly relations, and such
processes can approach equilibrium faster. The random-cluster model has played
arole in the development of a simple but attractive system of non-local dynamics
proposed by Swendsen and Wang [310] and described as follows for the Potts
model with g states.

As usual, G = (V, E) is a finite graph, typically a large box in Z¢, and we
let ¢ € {2,3,...}. Consider a g-state Potts model on G, with state space ¥ =
{1,2,..., q}V and parameter 8 € (0, 00). The corresponding random-cluster
model has state space Q = {0, 1}£ and parameter p = 1 — ¢~#. The Swendsen—
Wang evolution for the Potts model is as follows.

Suppose that, at some time 7, we have obtained a configuration o,, € X. We
construct 0,41 as follows.

I. Letw, € 2 be given by: foralle = (x, y) € E,

if 0 (x) # on(y), letwy(e) =0,

. 1 with probability p,
if o (x) = 0,(y), letwy(e) = )
0 otherwise,

different edges receiving independent states. The edge-configuration w, is
carried forward to the next stage.

II. To each cluster C of the graph (V, n(w,)) we assign an integer chosen
uniformly at random from the set {1, 2, ..., g}, different clusters receiving
independent labels. Let 0,41 (x) be the value thus assigned to the cluster
containing the vertex x.

(8.13) Theorem [310]. The Markov chain 0 = (0, : n = 0,1,2,...) has as
unique invariant measure the q-state Potts measure on X with parameter f3.

Proof. There is a strictly positive probability that w,(¢) = O for all e € E.
Therefore, P(o,+1 = 0 | 6, = ¢’) > 0 forall 0,0’ € X, so that the chain is
irreducible. The invariance of ¢, 4 is a consequence of Theorem 1.13. O

The Swendsen—Wang algorithm generates a Markov chain (o, : n =0, 1,...).
It is generally the case that this chain converges to the equilibrium Potts measure
faster than time-evolutions defined via local dynamics. This is especially evident
in the ‘high B’ (or ‘low temperature’) phase, for the following reason. Consider
for example the simulation of an Ising model on a finite box with free boundary
conditions, and suppose that the initial state is 41 at all vertices. If g is large, local
dynamics result in samples that remain close to the ‘+ phase’ for a very long time.
Only after a long delay will the process achieve an average magnetization close
to 0. Swendsen—Wang dynamics, on the other hand, can achieve large jumps in
average magnetization even in a single step, since the spin allocated to a given large

2See [249, 292] for accounts of recent work of relevance.
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cluster of the corresponding random-cluster model is equally likely to be either
of the two possibilities. A rigorous analysis of rates of convergence is however
incomplete. It turns out that, at the critical point, Swendsen—Wang dynamics
approach equilibrium only slowly, [64]. A further discussion may be found in
[136].

Algorithms of Swendsen—Wang type have been described for other statistical
mechanical models with graphical representations of random-cluster-type, see [93,
94]. Related work may be found in [322].

8.6 Coupled dynamics on a finite graph

Let G = (V, E) be a graph, possible infinite. Associated with G there is a family
&G, p,q of random-cluster measures indexed by the parameters p € [0, 1] and
q € (0, 00); we defer a discussion of boundary conditions to the next section.
It has proved fruitful to couple these measures, for fixed g, by finding a family
(Z4(e) : e € E) of random variables taking values in [0, 1] whose ‘level-sets’
are governed by the ¢¢, , 4. It might be the case for example that, for any given
p € (0, 1), the configuration (Z, 4(e) : e € E) given by

1 if Zy(e) < p.

Zpq(@) = { 0 otherwise,

has law ¢¢ p.4. Such a coupling has been valuable in the study of percolation
theory (that is, when g = 1), where one may simply take a family of independent
random variables Z(e) with the uniform distribution on the interval [0, 1], see
[154, 178]. The picture for random-cluster measures is more complex owing
to the dependence structure of the process. Such a coupling has been explored
in detail in [152] but we choose here to follow a minor variant which might be
termed a ‘coupled Gibbs sampler’. We shall assume for the moment that G is
finite, returning in the next two sections to the case of an infinite graph G.

Let G = (V, E) be finite, and let g € [1, 00). Let X = [0, 11€, and let B be
the Borel o-field of subsets of X, that is, the o-field generated by the open subsets.
We shall construct a Markov process Z = (Z; : t > 0) on the state space X, and
we do this via a so-called graphical construction. We shall consider the states
of edges chosen at random as time passes, and to this end we provide ourselves
with a family of independent Poisson processes termed ‘alarm clocks’. For each
arrival-time of these processes, we shall require a uniformly distributed random
variable.

(a) Foreachedgee € E,let A(e) = (Ay(e) : n=1,2,...) be the (increasing)
sequence of arrival times of a Poisson process with intensity 1.

(b) Let (ap(e) : e € E, n = 1,2,...) be a family of independent random
variables each of which is uniformly distributed on the interval [0, 1].
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We write P for the appropriate probability measure?.

Let e = (x, y), and let P, be the set of paths in G having endvertices x and y
but not using the edge e. Let F : E x X — [0, 1] be given by

(8.14) F(e,v) = inf maxv(f), ecE,velX,

nePe fen
where the infimum of the empty set is taken to be 1. The maximum is taken over
all edges f in the path 7, and the infimum is taken over the finite set /,; we shall
later consider situations in which 4, is infinite.

The state of the edge e may jump only at the times A,(e). When it jumps,
it takes a new value which depends on the states of the other edges, and also on
the value of the corresponding o, (¢). We describe next the value to which it will
jump.

Suppose that the Poisson alarm clock at edge e rings at time 7 = Ay (e), with
corresponding uniform random variable @ = ay(e). Let v € X, let the current
state of the process be Zr_ = v, and write F = F (e, v). We define Z7 by

v(f) if e,
(8.15) Zr(f) = { ! . 7
pe) if f =e,
where the new value p(e) is given by
o ifa > F,
F if F <F
1 < ’
(8.16) ple) = F+q(1-F) -

qo .

ifa < .

l —o+gqa F+q(-F)

Since g € [1, 00),
F
<F
F+qg(1-F)
Here is a more formal definition of the process. Let C(X) be the space of

continuous real-valued functions on X. The generator S of the process is the
mapping S : C(X) — C(X) given by

1
8.17)  Sgw) =Y fo (g — g dHe o), g€ C(X), veX.

ecE

Here, the configuration v} € X is given by

e
v;%f):{”(f) ;;Z

3In order to avoid certain standard difficulties later, we shall assume that the Aj, (e) are distinct,
and that, for each e € E, the set {A,(e) : n = 1, 2, ...} has no accumulation points. We adjust
the probability space accordingly.
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and, by (8.16), the distribution function H, ,(-) : [0, 1] — [0, 1] satisfies

u ifF<u<l,

(8.18) He () = { u if0<u<F.
u+q(l —u)

Equation (8.17) is to be interpreted as follows. Suppose the alarm clock at e rings
at time 7', and the current state of the process is v. The local state at e jumps to
a new value p(e) which (conditional on v) does not depend on its previous value
and has distribution function H, .

There follows the main theorem of this section. The proof is based on that to
be found in [152] and is deferred until later in the section.

(8.19) Theorem. The Markov process Z = (Z; : t > 0) has a unique invariant
measure [ and, in particular, Z; = [ ast — oo.

The purpose of the above construction is to achieve a level-set representation
of evolving random-cluster processes on G. Let p € [0, 1], and recall that Q =
{0, 1}£. We define two ‘projection operators’ IT7, I, : X - Qby

1 ifv(e) < p,
(8.20) M7y (e) = { e
0 ifv(e) > p,
1 ifv(e) < p,
(8.21) yv(e) = . eecE, velX,
0 ifv(e) > p,
and point out that
(8.22) My <MPv,  pel01] veX,
(8.23) Iy v < Ip,vp, NPty < T1P21;, pP1 < p2, vi = 1.

In writing v > vy, we are using the partial order > on X givenby: v; > 1, ifand
only if vi(e) > vy(e) for all e € E. A source of possible confusion later is that
fact that I[T”v and I1,v are decreasing functions of v.

We concentrate next on the projected processes [17Z = (I1”Z; : t > 0) and
M,Z = (Il,Z; : t = 0). An important difference between these two processes
will become clear in the next section when we introduce boundary conditions.

(8.24) Theorem [152]. Let p € (0, 1).

(a) The process TP Z = (I1?Z, : t > 0) is a Markov chain on the state space
Q with unique invariant distribution ¢, 4, and it is reversible with respect
to ¢p.q. Furthermore,

"z, <Pz, forallt, if p1 < pa. (8.25)
(b) Statement (a) is valid with the operator I1P replaced throughout by T1,.

This theorem provides a coupling of the random-cluster measures ¢,, , for fixed
q € [1, 0o) and varying p. We make two notes concerning the parameter g. First,
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the above construction may be extended in order to couple together random-cluster
processes with different values of p and different values of ¢ € [1, 00). Secondly,
some of the arguments of this section may be re-cast in the ‘non-FKG’ case when
q € (0,1).

It is noted that the level-set processes are reversible, unlike the process Z.

Proof of Theorem 8.24. (a) We begin with a calculation involving the function F'
defined in (8.14). Lete € E, v € X, and let y = [17v € Q. We claim that

(8.26) F(e,v) > p ifandonlyif y =TII"v e D,,

where D, C € is the set of configurations in which the endvertices of e are
joined by no open path of E \ {e}. This may be seen from (8.14) by noting that:
F(e,v) > p if and only if, for every w € &, there exists an edge f € 7 such
that v(f) > p.

The projected process I17 Z changes its value only when Z changes its value.
Assume that Z; = v and [17Z;, = IT”v = y. Let ¥’ € Q. By the discussion
around (8.16)—(8.18), the rate at which I1” Z jumps subsequently to the new state
y’ depends only on:

(i) the arrival-times of the Poisson processes A(e) subsequent to ¢,

(ii) the associated values of the random variables «, and

(iii) the set F, = {e € E : F(e,v) > p} of edges.
By (8.26), F, = {e € E : y € D,}, which depends on y only and not further on
v. It follows that [17Z = (I17Z; : t > 0) is a time-homogeneous Markov chain
on 2. This argument is expanded in the following computation of the jump rates.

Let O = (¢y,0 : ¥, @ € ) denote the generator of the process 17 Z. Since Z
proceeds by local moves,

dy0=0 if H(y,w)=>2,

where H denotes Hamming distance. It remains to calculate the terms ¢, e and
qye,y, fory € Q and e € E. Consider first gy, . By (8.17),

PP Zisn = y¢ [P Z; = ye) = hHe,(p) +0(h)  ash |0,

whence, by (8.18) and (8.26),

p ify € D,,
(8.27) Qypye = Hen(p) =4 P+a(1=p)
p ify ¢ D,.
By a similar argument,
1 —
1P ity e,

(8.28) Gyeye =1 —Hey(p) =41 P+q(—p)
I1—p ify ¢ D,.
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Therefore,
p .
ify € D,,
Grye  Hew(p) | q—p) "V T
(8.29) = =
ayeye 1= Heo(p) P ify ¢ D,
l—p
_ ¢p,q(ye)
¢p,q(Ve)

It follows as in (8.3) that the detailed balance equations hold, and the process I1” Z
is reversible with respect to ¢, ;. That ¢, , is the unique invariant measure is a
consequence of the irreducibility of the chain. Inequality (8.25) follows by (8.23).

(b) A similar argument is valid with IT? replaced by I1,, and (8.26) by
(8.30) F(e,v) > p ifandonlyif y =Il,v e D,,
and on replacing H, ,(p) by

H,,(p—) =1lim H, ,(u)
utp

in the calculations (8.27)—(8.29). O

We turn now to the proof of Theorem 8.19, which is preceeded by a lemma.
The product space X = [0, 11 is equipped with the Borel o-field 8. An event
A € 8 is called increasing if it has the property that v’ € A whenever there exists
v € Asuchthatv < v/, and it is called decreasing if its complement is increasing.
For¢ € X, let Z¢ = (Zf : t > 0) denote the above Markov process with initial
state Zg = ¢.

(8.31) Lemma.
(@) If ¢ < v then Zf < Z} forallt.

(b) Let E be an increasing event in 8. The function gh(t) = ]P’(Zf’ e E) is
non-decreasing in t if b = 0, and is non-increasing if b = 1.

Proof of Lemma 8.31. (a) This follows from the transition rules (8.15)—(8.16)
together with the fact that F (e, v) is non-decreasing in v.

(b) Using conditional expectation,
P +n =P[Rz, eE|Z)}, b=01

By the time-homogeneity of the processes (A, «), the fact that 0 < Zf <1, and

part (a), )
>g’@) ifb=0,
gb(s—i-t){ _gb() . O
<g’@) ifb=1.
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Proof of Theorem 8.19. In order to prove the existence of a unique invariant
probability measure ., we shall prove that Z; converges weakly as t — oo, and
we shall write u for the weak limit. By Lemma 8.31(a),

(8.32) 720<z7V<z!, t=0,veX.

By Lemma 8.31(b), Z ;’ is stochastically increasing in ¢ if » = 0, and stochastically
decreasing if b = 1. It therefore suffices to show that

(8.33) Zl-72°=0 ast — oo

Lete > 0, and write & = {k/N : k = 1,2,..., N — 1} where N is a positive
integer satisfying N~! < €. Then

P(1Z}(e) — Z)(e)| > € forsome e € E) < Z Z]P(z?(e) < p<Z ().

ecE pe€
Now,
P(Z2(e) < p < Z}(e)) < P(I1,Z0(e) = 1) — P(I1,Z} (e) = 1)
-0 ast — 00
by the ergodicity of the Markov chain I, Z, see Theorem 8.24. g

8.7 Box dynamics with boundary conditions

In the last section, we constructed a Markov process Z on the state space X =
[0, 11% for a finite edge-set E. In moving to an infinite graph, we shall require a

discussion of boundary conditions. Letd > 1 and X = [0, I]Ed, a compact metric
space when equipped with the Borel o-field 8 generated by the open sets.

Since our target is to study processes on the lattice L¢ = (Z¢, E?), we shall
assume for convenience that our finite graphs are boxes in this lattice. Let A be
such a box. For ¢ € X, let

(8.34) X5 ={veX:vie)=cle) fore ¢ Epl.
As in (8.14), we define F : E¢ x X — R by

(8.35) F(e,v) = inf maxv(f), e=(x,y)eE% veX,
neP, fen

where £, is the (infinite) set of all (finite) paths of E¢ \ {e} that join x to y.
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Let ¢ € [1, 00). We provide ourselves* with a family of independent Poisson
processes A(e) = (Ay(e) :n =1,2,...), e € E4, with intensity 1, and an
associated collection (au(e) 1 e € E4, n = 1,2,...) of independent random
variables with the uniform distribution on [0, 1]. Let ¢ € X. The above variables
may be used as in the last section to construct a family of coupled Markov processes
Zf\ = (Zf\’t : t > 0) taking values in Xi and indexed by the pair A, ¢. The
process Zf\ has generator Sf\ given by (8.17)—(8.18) for v € Xf\ and with F =
F (e, v) given in (8.35).

As in Lemma 8.31(a),

(8.36) Z8,<Zh,  t<v, >0

Forv, ¢ € X and abox A, we denote by (v, ) [= (v, {)a € X] the composite
configuration that agrees with v on E5 and with ¢ off E,. We sometimes suppress
the subscript A when using this notation. For example, the expression Zgjf )
denotes the value of the process on the box A at time ¢, with initial value (v, {)a.
Finally, with IT”, I1,, given as in (8.20)—(8.21), we write TK for the set of all
¢ € X with the property that IT”[(1, ¢) o] has at most one infinite cluster.

(8.37) Theorem. Let ¢ € X and let A be a box of L. The Markov process
ZX)’D = (Zx)”f) 1t > 0), viewed as a process on (X, 8B), has a unique invariant
measure ui\ and, in particular, Zx)’f) = uf\ ast — oo.

We turn as before to the projected processes I17 Zf\ andI1,Z 5\ A complication
arises in the case of the first of these, depending on whether or not ¢ € Tﬁ.

(8.38) Theorem. Let p € (0, 1), ¢ € X, and let A be a box of L.
(a) The process Hpi\ = (l'Ipi\,t : t > 0) is a Markov chain on the state

space H,,Xf\ with unique invariant measure ¢ , ”; e and it is reversible with
respect to this measure. Furthermore,

My, Z5 , <M, 2%, fort >0,  ifpi < po. (8.39)

(b) Assume that ¢ € Tﬁ. Statement (a) is valid with the operator I, replaced
throughout by T17.

We note two further facts for future use. First, there is a sample-path mono-
tonicity of the graphical representation which will enable us to pass to the limit of

the processes Zf\ as A 1 Z¢. Secondly, if v and ¢ are members of X that are close

to one another, then so are Zg\vth ) and fo,’[b ), for b € {0, 1}. These observations

are made formal as follows.

4We make the same assumption as in the footnote on page 233.
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(8.40) Lemma.
(a) Let A and A be boxes satisfying A C A. Then:
Z9) <zZ8Y, ceX 120 (8.41)
zZ&V=z8).  cex i=o. (8.42)

(b) Let A beabox, b € {0, 1}, andv, ¢ € X. Then:
120D (e) — Z5P ()] < max {[p() =N} 120 eeka,
(8.43)

Proof of Theorem 8.38. (a) The projected process (I, Zf\,t : t > 0) takes values

in the state space Q,r\["{ = I, X f\ The proof now follows that of Theorem
8.24(b), the key observation being that (8.30) remains valid with D, the set of all
configurationsin 2 = {0, I}Ed such that the endvertices of e are joined by no open
path of EZ \ {e}.

(b) The claim will follow as in Theorem 8.24(a) once we have proved (8.26) for
NS TK. We are thus required to show that:

(8.44) forv e Tf\’, F(e,v) > p ifandonlyif y =TI”v € D,.

Lete €e Ep and v € X. If F(e,v) > p, then [1”v € D,. Suppose conversely
that v € T} and T1’v € D,. By the definition (8.20) of 1P, the function
w: P. — [0, 1] given by

p(r) = maxv(f), T € Pe,
fen

satisfies
(@) > p, T € Pe.

By (8.35), F(e,v) > p. Suppose F(e,v) = p. There exists an infinite sequence
(my :n=1,2,...) of distinct paths in &, such that p(7w,) > p and pu(w,) — p
asn — oo. Let & be the set of edges belonging to infinitely many of the paths
7,,. Now,

v(f) = lim p(m) = p, feeg,

so that [TPv(f) = 1 for f € €.

Write e = (x, y), and let C(x) (respectively, C(y)) denote the set of vertices of
L4 joined to x (respectively, y) by paths comprising edges f with [T7v(f) = 1.
By a counting argument, we have that x (respectively, y) lies in some infinite path
of &, and therefore |C(x)| = |C(y)| = 0. Since v € TX, IT7v has at most one
infinite cluster. Therefore, C(x) = C(y), whence I1P’v ¢ D,, a contradiction.
This proves that F (e, v) > p, as required for (8.44). Il
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Proof of Theorem 8.37. This follows the proof of Theorem 8.19, with Theorem
8.38 used in place of Theorem 8.24. O

Proof of Lemma 8.40. (a) We shall consider (8.41), inequality (8.42) being exactly
analogous. Certainly,

0=28") <280, e eE!\E,.

Let e € EA, and note that Z(g 0)(e) = Z({ 0)(e) since A C A. It suffices to
check that, at each ring of the alarm clock on the edge e, the process Z (C’O) (e)

cannot jump above Z ¢.0 (e). Asin Lemma 8.31(a), this is a consequence of the
transition rules (8. 15) (8 16) on noting that F'(e, v) is non-decreasing in v.

(b)Letb € {0, 1} and v, ¢ € X. It suffices to show that

(8.45) My = max {|Z300 () = 5 (D)

is a non-increasing function of r. Now, M; is constant except when an alarm clock
rings. Suppose that Ay(e) = T for some N > 1 and e € E,. It is enough to
show that

(8.46) 1202 (e) — 257 ()| < Mr—.
By (8.35),

|Fe.&) — Fe.&)| < ma {lecH -1}, &8 exX,

and (8.46) follows by (8.16). Il

8.8 Coupled dynamics on the infinite lattice

The reader is reminded of the assumption that ¢ € [1, co). We have constructed
two Markov processes Zi = (Zf’\,t : t > 0) on the state space X = [0, I]Ed,
indexed by the finite box A and the boundary condition b € {0, 1}. Similar pro-
cesses may be constructed on the infinite lattice L¢ by passing to limits ‘pathwise’,
and exploiting the monotonicity in A of the processes Z f\.

The following (monotone) limits exist by Lemma 8.40,

(8.47) 2% = 1im z§P, z&D = 1im z§P,
ALZd Atzd

and satisfy

(8.48) zE0 < Z&D e x 1>0.
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We write in particular
(8.49) 70 =709 zl=z"Y.

It is proved in this section that the processes zb = (Zf’ :t>0),b =01,
are Markovian, and that their level-set invariant measures are the free and wired
random-cluster measures q&ij 7 The arguments of this section are those of [152],
where closely related results are obtained.

The state space X = [0, 1]Ed is a compact metric space equipped with the Borel
o-field B generated by the open sets. Let B(X) denote the space of bounded
measurable functions from X to R, and C(X) the space of continuous functions.

We now introduce two transition functions and semigroups, as follows’. For
be{0,1}andt > 0, let

(8.50) PP, A =Pz ed), eX Aes,
and let S,h : B(X) = B(X) be given by
(8.51) SPe() =Pz, ¢ eX, geBX).

(8.52) Theorem. Let b € {0, 1}. The process Z" = (Zf7 2t > 0) is a Markov
process with Markov transition functions (P,b 1t >0).

(8.53) Theorem. There exists a translation-invariant probability measure |1 on
(X, B) that is the unique invariant measure of each of the two processes Z°, Z.
In particular, 79, Z,1 = [Last — oo.

By the last theorem and monotonicity (see (8.36) and (8.47)),
(8.54) ZEP =y ast > o0,  ¢eX, b=0,1.

The ‘level-set processes’ of Z¥ and Z! are given as follows. Let p € (0, 1), and
write

(8.55) L), =M,z L, =07z}, >0,

where the projections 17 and I1,, are defined in (8.20)—(8.21). Note the apparent
reversal of boundary conditions in (8.55).

3 A possible alternative to the methodology of this section might be the ‘martingale method’
described in [186, 235]. For general accounts of the theory of Markov processes, the reader may
consult the books [51, 113, 235, 299].
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(8.56) Theorem.
(a) Letb € {0,1} and p € (0, 1). The process Lf, is a Markov process on the

d o, . . .
state space 2 = {0, 1VE, with as unique invariant measure the random-
cluster measure d)fU” q on L4, The process LZ is reversible with respect to

b
¢P»¢I'
(b) The measures qbg @ b =0, 1, are ‘level-set’ measures of the invariant mea-
sure u of Theorem 8.53 in the sense that, for A € F,

¢y o (A) = p({Z :Te € AY), ¢, ,(A) = p({Z : TP € A}). (8.57)

We make several remarks before proving the above theorems. First, the invari-
ant measures ¢2, 4 and ¢;,, 4 of Theorem 8.56 are identical if and only if p ¢ Dy,
where D, is that of Theorem 4.63.

Secondly, with p as in Theorem 8.53, and e € EY, let J : [0,1] — [0, 1] be
given by

(8.58) J(x) = u({; eX:¢(e) = x}), x € [0, 1].

Thus, J is the atomic component of the marginal measure of u at the edge e and,
by translation-invariance, it does not depend on the choice of e. We recall from
(4.61) the edge-densities

hb(p,q):qb];’q(e is open), b=0,1.
(8.59) Proposition. It is the case that
J(p)=h'(p.g) —h’(p.q),  pe(O1).

We deduce by Theorem 4.63 that p € D, if and only if J(p) # 0, thereby
providing a representation of &, in terms of atoms of the weak limit x. This may
be used to prove the left-continuity of the percolation probability 6°(-, ¢). See
Theorem 5.16(a), the proof of which is included at the end of the current section.

As discussed after Theorem 4.63, it is believed that there exists O = Q(d)

such that
. { %] ifg < Q,
T U pe@)) it > 0,

and it is a first-rate challenge to prove this. The above results provide some
incomplete probabilistic justification for such a claim, as follows. The set D is
the set of atoms of the one-dimensional marginal measure of ©. Such atoms arise
presumably through an accumulation of edges e having the same value Z ,b (e). Two
edges e and f acquire the same state in the process Z by way of transitions at some
time T for which, say, the alarm clock at e rings and F = F (e, Z7-) = Z7_(f).
Discounting events with probability zero, this can occur only when the new state
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at e is at the (unique) atom of the function H, , in (8.18), where v = Zr_. The

size of this atom is F

F —
F+q(1-F)
which is an increasing function of ¢g. This is evidence that the number of pairs e,
f of edges having the same state increases with g.

Finally, we describe the transition rules of the projected processes Lg and L }U. It
turns out that the transition mechanisms of these two chains differ in an interesting
but ultimately unimportant regard. It is convenient to summarize the following
discussion by writing down the two infinitesimal generators.

Lete = (x, y) € E?. Asin (8.35), let P, be the set of all paths of E¢ \ {e} that
join x to y. Let @, be the set of all pairs « = («1, @2,...), 8 = (B1, B2, ...) of
vertex-disjoint semi-infinite paths (where «; and B; are the vertices of these paths)
with 1 = x and B1 = y; we require o; # B; for all i, j. Thus @, comprises
pairs (o, B) of paths and, for w € 2, we call an element («, 8) of @, open if all
the edges of both « and § are open.

For b = 0, 1, let G? be the linear operator, with domain a suitable subset of
C(S2), given by

(8.60)
G'g(@) =) [qh pel8(@®) = g(@)} + ¢, {g8(@e) — g(@)}],  weQ,
ecEd
where
8.61) @b o= p(l— 1)+ p 1,
’ < ptql—=p) 7
(I-p)
862) q¢b, =1—-qt . =(—pA—1p)+ :
( ) qw,a)(, qa),w ( p)( Dﬁ,’) p+q(1 _ p) Dé’
with
(8.63) Dg = {no path in P, is open},
(8.64) Dg = {no element in £, U @, is open}.

Note that G”g is well defined for all cylinder functions g, since the infinite sum
in (8.60) may then be written as a finite sum. However, G”g is not generally
continuous when g € (1, 00), even for cylinder functions g. For example, let
q € (1, 00), let g be the indicator function of the event that a given edge e is open,
and let w be a configuration satisfying:

(@) w(e) =1,

(b) no path in £, is open in w,

(c) some pair (o, B) in @, is open in .
Then Glg(w) = —qi’),we. However, qi’),we is discontinuous at w for b = 0,1
since, for every finite box A, there exists p € Q agreeing with w on E such that
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qg, 0 7 qf)’we. However, the set of configurations satisfying (a), (b), (c) has zero

¢1’§ ,¢-probability since such configurations have two or more infinite open clusters
(see the remark following Theorem 4.34). One may see that the Markov transition
functions of L?, and L[], are not Feller, see Proposition 8.90.

We shall make use of the following two lemmas in describing the transition
rules of the processes Lg and Lll,. Let G : E¢ x X — [0, 1] be given by

(8.65) G(e,v)= inf supv(f), ecE? veX.

TePUQ, fem

Here, &, contains certain paths m, and @, contains certain pairs 7 = («, 8) of
paths; for 7 = (a, B) € @, the infimum in (8.65) is over all edges f lying in the
union of o and S.

(8.66) Lemma. Lete € EY v € X, and let (vp: A C Zd) be a family of elements
of X indexed by boxes A.

(@) Ifva L vas At Z9, then
F(e,vp) | F(e,v)  asA 1 7% (8.67)
d) Ifvp € X?\ and vy Y vas A 1 Z4, then
F(e,vp) 1 G(e,v) as A 1 7°. (8.68)
(8.69) Lemma. Lete € E¢ and v € X. Then:

(i) p < F(e,v)ifandonlyif T1,v € DY,
(i) p < G(e,v) ifandonlyif TIPv € Dg.

Consider the process Lg =T,Z]. Since Z] is the decreasing limit of ZE\I”:),

0 _ 13 (1,1
(8.70) L,, = 111&10[ N,z

Fix ¢t > 0, and write £p = Zg\lg’tl) and ¢ = limMZd ZA, SO that

(8.71) LY, =Tp¢ = lim I,¢x.
Atzd

Let e € E9, and assume first that ¢ is such that I1,¢ (e) = 0. At what rate does
the state of e change from O to 1 in the process Lg? Since ¢(e) > p, we have that

¢a(e) = pforall A. The process IT, Zﬁ\l”_l) acquires® the edge e at rate He o (p—)
given by (8.18) with F = F(e, {5). Now,
p if p> F(e, a),

Hegy(p—) = p if p < Fe, ¢n),
p+q—p)

SWe speak of a process ‘acquiring’ (respectively, ‘losing’) the edge e when the state of e
changes from closed to open (respectively, open to closed).
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which by Lemma 8.66(a) converges as A 1 Z¢ to

p if p> F(e, ),

He,{(P—)={ P if F
pra—p "PEFEO

Thus, by Lemma 8.69(i), Lg acquires the edge e at rate

p if M,¢ ¢ DY,
(8.72) {

p . o
if [1,¢ € D;.
p+q(l—p P ¢

Assume next that ¢ is such that I1,¢(e) = 1, and consider the rate at which
Lg loses the edge e. Since ¢ (e) < p, we have that {5 (e) < p for all large A. As

above, I1, Zg\l ’_1) loses e atrate 1 — H, ¢, (p—), whence L?, loses e at rate

1-p if ,¢ ¢ DY,
8.73 1—
®.73 0P e e pp.
p+q(l—p)

These calculations are in agreement with (8.60) with b = 0.
We turn next to the process L},, , = 1770, This time, Z? is the increasing limit
of Z ,as A 1 2%, and

1 _ 1 p ~(0,0)
(8.74) Lp,t _il&ldn ZA,t .

The above argument is followed, noting that decreasing limits are replaced by
increasing limits, [T, by I17, F(e, v) by G(e, v), and DS by Del. The conclusion
is in agreement with (8.60) with b = 1.

Proof of Lemma 8.66. (a) Lete € E€ and va | vas A 1 Z4. Certainly F(e, vp)
is non-increasing in A, whence the limit

A= lim F(e,vy)
AtzZd

exists and satisfies A > F(e, v). We prove next that
(8.75) A< F(e,v).
Since F(e,vp) > A for all A, by (8.35),
Vr € P, YA, 3f € m with va(f) > A.
Since all paths in &, are finite, this implies

Vr € P, Af € 7w with v(f) > A,
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which implies (8.75). We deduce as required that A = F(e, v).

(b) Let e = (x, y) € E4. Suppose vy € X% and vy 1t vas A 1 Z¢. We prove
first that the increasing limit

(8.76) A= lim F(e,vp)
Az

satisfies

(8.77) A>G(e, ).

Let § € (0, 1), and suppose G(e,v) > §; we shall deduce that A > §, thus
obtaining (8.77).
A finite set S of edges of L4 is called a cutset (for e) if:
i) e¢S,
(ii) every path in P, contains at least one edge of S,
(iii) S is minimal with the two properties above, in the sense that no strict subset
of S satisfies (i) and (ii).
We claim that:

(8.78) there exists a cutset S with v(f) > d forall f € §,
and we prove this as follows. First, we write G(e, v) = min{A, B} where

(8.79) A = F(e,v) = inf maxv(f), B= in(,l{’2 sup v(f).

neP, fen e fer

Since G(e, v) > 8, we have that A, B > 8. For w € Z4, let C,,(v) denote the set
of vertices of ¢ that are connected to w by paths 7 of ¢ satisfying:

(a) m does not contain the edge e, and

(b) every edge f of & satisfies v(f) < é.
If x € Cy(v), then there exists ¥ € #, with v(f) < 6 for all f € 7, which
contradicts the fact that A > §. Therefore x ¢ C,(v). Furthermore, either C, (v)
or Cy(v) (or both) is finite, since if both were infinite, then there would exist
7 = (o, B) € @, with v(f) < § for all f in o and B, thereby contradicting the
fact that B > §. We may suppose without loss of generality that C, (v) is finite,
and we let R be the subset of EZ \ {¢} containing all edges g with exactly one
endvertex in Cy (v). Certainly v(g) > ¢ for all g € R, and additionally every path
in &, contains some edge of R. However, R may fail to be minimal with the last
property, in which case we replace R by a subset S C R that is minimal. The set
S is the required cutset, and (8.78) is proved.

Since S is finite and v(f) > § forall f € S,

for all large A and all f € S, va(f) > 6,
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w1 /ﬂ
oA

A N

w2 s

Ba =

Figure 8.2. A path from x to y may be constructed from two disjoint infinite paths.

and therefore (using the finiteness of S again)
for all large A, F(e,vp) > 4,

implying that A > § as required for (8.77).
We prove secondly that

(8.80) A< Gle, ),

by provinginturnthatt < AandA < B. That} < Aisanimmediate consequence
of the assumption vy < v, so we concentrate on the inequality A < B. For 7 =
(o, B) € @., where o has endvertex x, and 8 has endvertex y, let @ (respectively,
Ba) denote the initial segment of « (respectively, B) joining x (respectively, y) to
the earliest vertex w of & (respectively, wa, of 8) lyingin 0 A. Since wy, wp € dA
and w; # wy, there exists a path y joining w to wy and using no other vertex of
A. We denote by 7’ the path comprising a5 , followed by y, followed by 8, taken
in reverse order; note that 7’ € £, and denote by &, A the set of all 7’ € P,
obtainable in this way from any 7 = (o, 8) € Q.. See Figure 8.2. Now,

F(e,vpa) < inf maxva(f) since P, o S P
n'e€Pe,n fer’

= inf max va (f) since vA(f) =0 for f ¢ Ep

' €Pe,n fET'NEA

< inf max v(f) since vp < v
JT/EJPC,A fEH/ﬂ]EA

IA

inf max v
ne@, fexNEp (f)

inf supv(f) =B,

TE€e fem

IA

where we have used the fact thatevery 7’ € &, 4 arises in the above manner from
some 7 € @,. Inequality (8.80) follows. Il
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Proof of Lemma 8.69. (i) By (8.35), p < F(e,v) if and only if every m € £,
contains some edge f with v(f) > p, which is to say that IT,v € Dg.

(i1) Suppose that p < G(e, v). Forr € £, U @,, there exists an edge f € 7 such
that v(f) > p. Therefore, [TPv € De}.

Suppose conversely that [T7v € D(}. It is elementary that p < G(e, v). Sup-
pose in addition that p = G(e, v), and we shall derive a contradiction. Let
e = (x,y), and let Cy(v) (respectively, Cy(v)) be the set of vertices attainable
from x (respectively, y) along open paths of IT”v not using e. Since [17v € D(},
Cy (v) and Cy (v) are disjoint. We shall prove that C, (v) (and similarly C, (v)) is
infinite. Since p = G (e, v), there exists an infinite sequence (o, : n =1,2,...)
of distinct (finite or infinite) paths of E4 \ {e} with endvertex x such that

(8.81) sup v(f) I p asn — oo.
fean

If |Cx (V)] < oo, there exists some edge g # e, having exactly one endvertex in
C, (v), and belonging to infinitely many of the paths «,. By (8.81), any such g
has v(g) < p, in contradiction of the definition of C, (v). Therefore C, (v) (and
similarly C (v)) is infinite.

Since Cy (v) and Cy(v) are disjoint and infinite, there exists 7 = (a, B) € @,
such that v(f) < p for f € o U B, in contradiction of the assumption I[17v € D;.
The proof is complete. O

Proof of Theorem 8.52. Let b € {0,1}. The transitions of the process (Z” :
t > 0) are given in terms of families of independent doubly-stochastic Poisson
processes. In order that Zf’ be a Markov process, it suffices therefore to prove that
the conditional distribution of (Zf L, ot > 0), given (ij :0 <u <s), depends
only on Zﬁ’ .

Here is an informal proof. We have that Z° b = limy 470 zb where the

A,s+t°

processes Zi’m 4, are given in terms of a graphical representation of compound
Poisson processes. It follows that, given (Z?\,u’ ij 0<u<s, AC Zd),
(22, : t > 0) has law depending only on the family (Z}z)\,s : A € Z%). Write
in = Zﬂ’\’ gand & =1limy,z0 Ln = Zf . We need to show that the (conditional)
law of (Zf ;- t > 0) does not depend on the family (A : A € Z%) further than
on its limit ¢. Lemma 8.40(b) is used for this.

Lets,t > O and v € X. Denote by Y2 the state (in X{,’\) at time 5 + ¢

A, s+t
obtained from the evolution rules given prior to (8.36), starting at time s in state

(v,b) = (v, D)a.
Suppose that b = 0, so that £y 1 ¢ as A — Z¢. Lete > 0 and let A be a finite
box. There exists a box A’ such that A’ D A and

{(e) —e = &tale) = ¢(e), ecEa, ADA.
By Lemma 8.40(b),

¢.b) (¢asb) (¢a,b) (¢,b) /
YN ohe =€ S YA S YN S YR A2 A
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&ab) _ b
NOW’ YA,s—i—t - ZA,s—i—t’

obtain that

and we pass to the limits as A 1 74, A 0 74 € J 0, to

; €.b)y _ b
(8'82) IPTHZld YA,s-i—t - ZS-H’

implying as required that Z ? .+ depends on ¢ but not further on the family (¢4 :
A cC74 ). The same argument is valid when b = 1, with the above inequalities
reversed and the sign of € changed.

The Markov transition function of Z? is the family (Qf,t :0 <s <t)givenby
00, . A =Pzl e A| 2L =), ceX, Ae 8.
In the light of the remarks above and particularly (8.82),

0% (¢, A) = 0f,_, (¢, A)
=P(z%? ¢ A) =Pt (¢, A). 0

r—s

Proof of Theorem 8.53. As in Lemma 8.31, the limits
vh(A) = Jim P(Z° € A), b=0,1,
—00

exist for any increasing event A € B. The space X is compact, and the increasing
events are convergence-determining, and therefore ZtO and Zt1 converge weakly
as t — oo. It suffices to show that

Z}—Z?:>0 ast — o0.

Since we are working with the product topology on X, it will be enough to show
that, fore > 0 and f € E¢,

(8.83) P(IZ () = Z0(f)| > €) >0  ast — oo.

Let & = D, be as in Theorem 4.63, and let € > 0. Pick a finite subset & of
D = (0, 1)\ D such that every interval of the form (§, 6 + €) contains some point
of &, as § ranges over [0, 1 — €). By Theorem 4.63,

(8.84) ¢y =0y,  PEE.
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For f € E4,

P(1Z}(f) = Z2(f)] > €)
<> P(ZN(H =p=Z()

peé

<Y P(Z.(f) < p = Z) () for all boxes A
peé

=Y P(IPZY (f) =1, ,Z) ,(f) =0)

peé

= > [bhpa () = 0% .0 U] ast — 00
peé

=Y [p.aUr) = ¢, (Jp)] as A 1 24
peé
=0 by (8.84),

where Jy is the event that f is open.

The translation-invariance of the limit measure w is a consequence of the fact
that the limits in (8.47)—(8.48) do not depend on the way in which the increasing
limit A 4 Z¢ is taken. O

Proof of Theorem 8.56. (a) That the projected processes (L;’,,, :t>0),b=0,1,
are Markovian follows from Theorem 8.52 and the discussion after Lemma 8.69.

Let A € ¥ be increasing. As in Lemma 8.31, the limits
Y2(A) = lim P(L , € A)
p 1—00 Pt

1
p.t>

exist forb = 0, 1. Since Lg,, <L
(8.85) Yp(A) <Y, (A)  forincreasing A € F.
Let A € ¥ be an increasing cylinder event. Then
v2(A) = lim P(LY | € A)
P t—00 Pt
> tl_i)nolo]P(l'Ilel\J € A) since Lg,t > l'IpZ[l\,t
=3 gD by Theorem 8.38

— 2’q(A) asA—>Zd,
and similarly

(8.86) Y (A) < ¢, (A).
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Let D, be given as in Theorem 4.63. Since qﬁg g = q&},, q for p ¢ Dy, we have by
(8.85)—(8.86) that

¢p ,(A) =V (A) =Yy (A) = ¢, ,(A),  p¢ Dy

Since ¥ is generated by the increasing cylinder events, ¢£, 4 1s the unique invariant
b
measure of L) whenever p ¢ Dj.
In order to show that

By 4 (A) = Vp(A), ¢, ,(A) =V, (A),

for all p and any increasing cylinder event A, it suffices to show that 1//[(,) (A) is left-
continuous in p, and wll (A) is right-continuous (the conclusion will then follow

by Proposition 4.28). We confine ourselves to the case of 1//1(,)(A), since the other
case is exactly similar.

Let p € (0, 1), and let A € ¥ be an increasing cylinder event. Let
By={¢eX: N, €A}, C,={teX:II°¢ €A},
be the corresponding events in 8, and note from the definitions of I, and I'1? that
By, is decreasing and open, and that C,, is decreasing and closed. Furthermore,
Cp—e € By fore > 0, and

(8.87) B,\Cp_c > O ase | 0.

By stochastic monotonicity, the limit lim;_ oo IP’(Ztl € B)) exists and, by weak
convergence (see Theorem 8.53),

Jlim P(Z! € By) > u(By).
We claim further that ]P’(Z,l € By) < w(B)) for all ¢, whence
(8.88) P(Z! € By) - w(By)  ast— oo.
Suppose on the contrary that
]P)(Z% € By) > u(Bp) +1 for some 7 and n > 0.
Now Zt1 <t ZIT fort > T, and hence
IF"(Ztl €Cp_c) > u(Cp_e) + ;7] for some e > Oandallt > T,

by (8.87). Since C),—¢ is closed, this contradicts the fact that Zt1 = U.



252 Dynamics of Random-Cluster Models [8.8]

Forh > 0,

Yp(A) = Yy (A) = lim [P(Z] € By) = P(Z/ € By-1)]
=u(By\ Bys) by (8.88).

The sets B, and B,,_j, are open, and B,\ B, — @ash | 0. Hence 1/f[?_h (A) —>
wB(A) ash | 0.

In the corresponding argument for wll(A), the set By, is replaced by the de-
creasing closed event Cp, and the difference B), \ B, is replaced by Cp 1 \ C).

We prove finally that Lgy, is reversible with respect to ¢2’ g5 the argument
is similar for Lzlv,t' Let f and g be increasing non-negative cylinder functions
mapping 2 to R, and let UR,; (respectively, Uto) be the transition semigroup of
the process IT, le\’t (respectively, Lg,, = l'IpZ,1). For A C A,

FUY () < fFUR g < fFULg(), 0 e,

by Lemmas 8.31 and 8.40. Therefore,

X o (FODUR gm) < ¢, (FDUR ,g(n)
<¢p,(FUem). ACA,

since ¢0A pg Sst ¢2, g LetA 1 7% and A 1 Z¢, and deduce by the monotone
convergence theorem that

889) PR, (fUR g) = ¢p,(FUL2m)  as At 27

The left side of (8.89) is unchanged when f and g are exchanged, by the reversibil-
ity of I1,Z IAJ, see Theorem 8.38. Therefore, the right side is unchanged by this
exchange, implying the required reversibility (see [235, p. 91]).

(b) It suffices to prove (8.57) for increasing cylinder events A, since such events
generate ¥. For such A, (8.57) follows from (8.88) in the case of 4’2,,], and

similarly for 4)11,, Pe U
Proof of Proposition 8.59. This is a consequence of Theorem 8.56(b). O

(8.90) Proposition. Let g € (1,00) and p € (0, 1). The Markov processes Lg
and L}, are not Feller processes.

Proof. For simplicity we take d = 2 and b = 0; a similar argument is valid for
d > 2 and/or b = 1. Let e be the edge with endvertices (0, 0) and (1, 0), and let
J. be the indicator function of the event that e is open. We shall show that the
function USO Je 1 2 — R is not continuous for sufficiently small positive values
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Figure 8.3. In the inner square, edges other than e are open if and only if they are in the shaded

area. In the grey area A \ A, all edges have the same state, namely O for " and 1 for w!. The

endvertices of e are joined by an open path of E5 \ {e} in w! but not in «°.

of s, where (U SO : s > 0) is the transition semigroup of Lg. Let V be the set of
vertices x = (x1, x) € Z? satisfying

either x; > |xp|+1 or —x; > |x2],

and let Ey (3 e) be the set of edges with both endvertices in V. See Figure 8.3.
Let n be a positive integer, and A the box [—n, n]z. Let oY, w! € Q be the
configurations given by

1 if feEaNEy,

o’ (f)=10 if f eEs\Ey,
b otherwise.

Note that @ and w' depend on n, and also that ' ¢ D, but 0® € D,, where D,
is the event that there exists no open path of E? \ {e} joining the endvertices of e.
We shall couple together two processes, with respective initial configurations °,
w!, and we claim that there exists a non-zero time interval during which, with a
strictly positive probability, the lower of these two processes remains in D, and

the upper process remains in its complement.

b
For b = 0,1, let Kf(l be the process Hngft’l) for some ¢? € X satis-
fying @® = T1,¢?; the value of ¢ is otherwise immaterial. We write K7 =
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limp pza K Ib\ ;» alimit which exists by the usual monotonicity. We claim that there
exist €, n > 0, independent of the value of n, such that

(8.91) P(K,(e) =1, K)(e) =0) > €.
Inequality (8.91) implies that
P(K,(e) = 1) = P(K)(e) = 1) > €,

irrespective of the value of n, and therefore that the semigroup U, ? is not Feller.

In order to prove (8.91), we use a percolation argument. Let n > 0. As in
Section 8.6, we consider a family of rate-1 alarm clocks indexed by E2. For each
edge f, weset By = Oif the alarm clock at f does notring during the time-interval
[0, n], and By = 1 otherwise. Thus, (By : f € ]EZ) is a family of independent
Bernoulli variables with common parameter 1 — e~"7. Choose 1 sufficiently small
such that

1—e "< 411 ,

noting that 3; is less than the critical probability of bond percolation on the square
lattice (see Chapter 6 and [154]). Routine percolation arguments may now be used
to obtain the existence of €’ > 0 such that, for all boxes A containing [—2n, 2n]2,

P(K), ¢ De, K3, € D, forallt €[0,n]|§y) >€  P-as,

where §,, is the o-field generated by the ringing times of the alarm clock at e up
to time ¢, together with the associated values of « (in the language of Section 8.6).

Suppose that the alarm clock at e rings once only during the time-interval [0, 7],
at the random time 7', say. By (8.72)—(8.73), there exists €’ = €¢”(p, ¢) > 0 such
that: there is (conditional) probability at least €” that, for all A D [—2n, 2n]?, the
edge e is declared closed at time 7 in the lower process K R’T but not in the upper
process K }\,T. The conditioning here is over all values of the doubly-stochastic
Poisson processes indexed by edges other than e. Therefore,

P(K}\’n(e) =1, Kgyn(e) =0) > e'e"ne ",

for all A containing [—2n, 2n]?. Let A 1 Z¢ to obtain (8.91) with an appropriate
value of €. u

Proof of Theorem 5.16(a). This was deferred from Section 5.2. We follow the

argument of [36] as reported in [154]. For p € (0, 1] and ¢ € X, we say that an

edgeeis p-openif [1,¢(e) = 1, whichistosay that{(e) < p. LetCp, = C,(¢) be

the p-open cluster of L4 containing the origin, and note that C,y C C), if p <p.
By Theorem 8.56(b),

0%(p, ) = u(ICp| = 00),
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where p is given in Theorem 8.53. Therefore,
(8.92)
6°(p.q) = 6°(p=.q) = lim u(|Cy| = 00, |Cy| < o0)

= u(ICpl = 00, |Cp| < oo forall p’ < p).

Assume that p > pc(g), and suppose |Cp| = 0. If pe(q) < o < p, there exists
(almost surely) an «-open infinite cluster I, and furthermore I is (almost surely) a
subgraph of C,, by the 0/1-infinite-cluster property of the 0-boundary-condition
random-cluster measures. Therefore, there exists a p-open path 7 joining the
origin to some vertex of /. Such a path 7 has finite length and each edge e in
satisfies ¢ (¢) < p, whence B = max{¢(e) : e € 7} satisfies B < p. If p’ satisfies
p' > aand B < p’ < p then there exists a p’-open path joining the origin to
some vertex of I, so that |C,/| = co. However, p’ < p, implying that the event
on the right side of (8.92) has probability zero. u

8.9 Simultaneous uniqueness

One of the key facts for supercritical percolation is the (almost-sure) uniqueness
of the infinite open cluster, which may be stated in the following form. Let ¢, be

the percolation (product) measure on 2 = {0, I}Ed where d > 2. We have that:
(8.93) forall p € [0, 1], ¢, has the 0/1-infinite-cluster property.

Ithas been asked whether or not there exists a unique infinite cluster simultaneously
for all values of p. This question may be formulated as follows. First, we couple
together the percolation processes for different values of p by defining

(€)= { 1 ifU(e) < p,

0 otherwise,
where the U (e), e € E9, are independent and uniformly distributed on the interval
[0, 1]. Let I (w) be the number of infinite open clusters in a configuration w €
Q. It is proved in [13] that there exists a deterministic non-decreasing function
i:[0,1] — {0, 1} such that

(8.94) P(1(np) = i(p) forall p € [0, 1]) = 1,

a statement to which we refer as ‘simultaneous uniqueness’. By (8.93) and the
definition of the critical probability p,
0 if p < pe,

i(p) =

) { 1 ifp > pe.

It is an open question to prove the conjecture that i (p.) = O for d > 2. See the
discussion in [154, Section 8.2].

Simultaneous uniqueness may be conjectured for the random-cluster model
also, using the coupling of the last section.
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(8.95) Conjecture (Simultaneous uniqueness). Let g € [1, 00), and consider
the coupling n of the random-cluster measures ¢£’ q on L4 with parameter q.
There exist non-decreasing functions iy, i,; : [0, 1] — {0, 1} such that

u(I(Tp2) = ig(p) and 1(117¢) = i/ (p), forall p € [0, 1]) = 1.

It must be the case that iy (p) = i;(p) for p # pc(q).

Here is a sufficient condition for simultaneous uniqueness. For r € (0, 1) and
a box A, let E(r) be the subset of the configuration space X containing all v
with v(e) < r for all e € E5. Thus, Ex (7) is the event that every edge in E, is
open in the configuration I1,v. By [13, Thm 1.8], it suffices to show that u has a
property termed ‘positive finite energy’. This is in turn implied by:

(8.96) W(EA(r) | TA) > 0, JL-a.s.
for all » € (0, 1) and boxes A. Here as earlier, 7 is the o-field generated by the

states of edges not belonging to E, . It seems reasonable in the light of Theorem
4.17(b) to conjecture the stronger inequality

[EAl
M(EA<r)|TA>z<r+q(rl_r)) . peas,



Chapter 9

Flows in Poisson Graphs

Summary. The random-cluster partition function with integer ¢ on a graph
G may be transformed into the mean flow-polynomial of a ‘Poissonian’ ran-
dom graph obtained from G by randomizing the numbers of edges between
neighbouring pairs. This leads to a flow representation for the two-point
Potts correlation function, and extends to general g the so-called ‘random-
current expansion’ of the Ising model. In the last case, one may derive the
Simon-Lieb inequality together with largely complete solutions to the prob-
lems of exponential decay and the continuity of the phase transition. It is
an open problem to adapt such methods to general Potts and random-cluster
models.

9.1 Potts models and flows

The Tutte polynomial is a function of two variables (see Section 3.6). For suitable
values of these variables, one obtains counts of colourings, forests, and flows,
together with other combinatorial quantities, in addition to the random-cluster
and Potts partition functions. The algebra of the Tutte polynomial may be used
to obtain representations of the Potts correlation functions, which have in turn
the potential to explain the decay of correlations in the two phases of an infinite-
volume Potts measure. It is thus that many beautiful results have been derived
for the Ising model (when ¢ = 2), see [3, 5, 9]. The cases g € {3,4,...},
and more generally g € (1, 00), remain largely unexplained. We summarize this
methodology in this chapter, beginning with the definition of a flow on a directed
graph.

Let H = (W, F) be a finite graph with vertex-set W and edge-set F, and let
q € {2,3,...}. We permit H to have multiple edges and loops. To each edge
e € F we allocate a direction, turning H thus into a directed graph denoted by
= (W, F) When the edge e = (4, v) € F is directed from u to v, we write



258 Flows in Poisson Graphs [9.1]

¢ = [u, v) for the corresponding directed edge!, and we speak of u as the tail and
v as the head of e. It will turn out that the choices of directions are immaterial to
the principal conclusions that follow. A function f : F — {0,1,2,...,g — 1}1is
called a mod-q flow on H if

9.1) Y f@O- ) f@=0 modg, forallweW,

_ eeF: _ éeF:

¢ has head w ¢ has tail w
which is to say that flow is conserved (modulo g) at every vertex. A mod-¢q flow
f is called non-zero if f(&) # 0 forall é € F. We write C;(¢) for the number
of non-zero mod-g flows on H. Tt is standard (and an easy exercise) that Cy(q)
does not depend on the directions allocated to the edges of H, [313]. The function
Cp(q), viewed as a function of g, is called the flow polynomial of H .

The flow polynomial of H is an evaluation of its Tutte polynomial. Recall from

Section 3.6 the (Whitney) rank-generating function and the Tutte polynomial,

9.2) Wy, o)=Y w0y yeR,
F'CF
9.3) Ty (u,v) = @ — D™ Wy (- D7 v —1),

where r(H') = |W| — k(H’) is the rank of the subgraph H' = (W, F'), c(H') =
|F'| — |W| + k(H’) is its co-rank, and k(H') is the number of its connected
components (including isolated vertices). Note that

(9.4) Wi (e, v) = (/0)™ S ol ) H v £ 0.
F'CF

The flow polynomial of H satisfies

9.5)  Cu(g) = =DFlWy(-1,—-9)
= (=D 0,1 -9, gef{2.3,...}.

See [40, 313]. When the need for a different notation arises, we shall write C(H; q)
for Cy (q), and similarly for other polynomials.

We return now to the random-cluster and Potts models on the finite graph
G = (V, E). Itis convenient to allow a separate parameter for each edge of G,
and thus weletJ = (J, : e € E) be a vector of non-negative numbers, and we take
B € (0,00). Forg € {2, 3, ...}, the g-state Potts measure on the configuration
space ¥ ={1,2,..., q}V is written in this chapter as

1
O6) @ =, eXP{ZﬁJe(qSe(G)— 1)}, o€z,

ecE

IThis is not a good notation since H may have multiple edges.
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where, fore = (x, y) € E,

5.(0) = 8 1 if oy =0y,
o) = —
¢ %20y 0 otherwise,

and Zp is the partition function

0.7) Zp=)" exp{Zﬁuqae(a) - 1)}.

og€eX ecE

This differs slightly from (1.5)—(1.6) in that different edges ¢ may have different
interactions J,, and these interactions have been ‘re-parametrized’ by the factor
g. The reason for defining 7gj 4 thus will emerge in the calculations that follow.

The corresponding two-point correlation function is given as in (1.14) by

1
(9.8) 18),4(x,y) =7y q(0x = 0y) — g x,yeV.

We shall work often with the quantity gty 4 (x, y) = 785,4(¢0s,,0, — 1) and, for
ease of notation in the following, we write

9.9) o(x,y) =qtpy4(x,y), x,yevV,

thereby suppressing reference to the parameters 8J and g. Note that, for the Ising
case with g = 2, o (x, y) is simply the mean of the product o, oy of the Ising spins
at x and at y, see (1.7).

From the graph G = (V, E) we construct next a certain random graph. For any
vector m = (m(e) : e € E) of non-negative integers, let G,, = (V, E;;) be the
graph with vertex set V and, for each e € E, with exactly m(e) edges in parallel
joining the endvertices of the edge e [the original edge e is itself removed]. Note
that

(9.10) |Ep| = Zm(e).

ecE

Let A = (A : e € E) be a family of non-negative reals, and let P =
(P(e) : e € E) be a family of independent random variables such that P(e)
has the Poisson distribution with parameter A,. We now consider the random
graph Gp = (V, Ep), which we call a Poisson graph with intensity ». Write Py,
and E, for the corresponding probability measure and expectation operator.

For x,y € V, x # y, we denote by G);,’y the graph obtained from G p by
adding an edge with endvertices x, y. If x and y are already adjacent in Gp,
we add exactly one further edge between them. Potts-correlations and flows are

related by the following theorem?.

2The relationship between flows and correlation functions has been explored also in [112,
246, 247].
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(9.11) Theorem [146, 157]. Letq € {2,3, ...} and Ao = BJ.. Then

_ Eu(C(Gy: )

(9.12) o(x,y) = EA(C(Gp: q)) , x,yeV.

This formula takes an especially simple form when ¢ = 2, since non-zero
mod-2 flows necessarily take the value 1 only. A finite graph H = (W, F) is
called even if the degree of every vertex w € W is even. It is elementary that
Cp(2) =1 (respectively, Cy(2) = 0) if H is even (respectively, not even), and
therefore

(9.13) Ex(Cg(2)) = Py (H is even).
By (9.12), for any graph G,

Pr(G " is even)

9.14 ,Y) = . )
( ) o, 7) Py (G p is even)

when ¢ = 2. Observations of this sort have led to the so-called ‘random-
current’ expansion for Ising models, thereby after some work [3, 5, 9] yielding
proofs amongst other things of the exponential decay of correlations in the high-
temperature regime. We return to the case ¢ = 2 in Sections 9.2-9.4.

Whereas Theorem 9.11 concerns Potts models only, there is a random-cluster
generalization. We restrict ourselves here to the situation in which every edge has
the same parameter p, but we note that the result is easily generalized to allowing
different parameters for each edge. Recall that ¢, , denotes product measure on
Q = {0, 1}£ with density p.

(9.15) Theorem [146, 157]. Let p € [0, 1) and q € (0, 00). Let A, = X for all
ec E, wherep=1—e*4

(a) Forx,y eV,
Ex((=D'"TEPIT(GEY;0,1—q))

B ((=DIEPIT(Gp; 0,1 —¢)) ©-10

(q - 1)¢G,p,q(x <~ Y) =

and, in particular,

EA(C(Gp'5 q))

, 2,3,...}. (9.17
E.(CGpiqn 1€ b O17)

(q - 1)¢G,p,q(x <~ y) =

(b) Forq € {2,3,...},
$6.p(q" ) = (1 — p)FIa=2144VIE, (C(Gp; q)). (9.18)
When g = 2, equation (9.18) reduces by (9.13) to

(9.19) b6, p25@) = 2VIP, (G p is even).
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This may be simplified further. Let {(e) = P(e) modulo 2. It is easily seen that
G p is even if and only if G, is even, and that the {(e), e € E, are independent
Bernoulli variables with

Pigle) =1 =} —e ) =]p.
Equation (9.18) may therefore be written as

(9.20) ¢G,p(2k(“’)) = 2|V|¢G,,,/2(the open subgraph of G is even).

Proof of Theorem 9.11. Since the parameter 8 appears always with the multiplica-
tive factor J,, we may without loss of generality take 8 = 1.

We begin with a calculation involving the Potts partition function Zp given in
(9.7). Let Z4 = {0, 1,2, ...} and consider vectors m = (m, : e € E) € ZE. By
a Taylor expansion in the variables J,,

(9.21) exp{—ZJg}Zp = Z (H ;e :e—]e)amZP‘J=O

eckE mer ecE

=Ey <3PZP‘ )
J=0

ome
3" Zp = (1_[ 8Jme)Zp, meZE.

ecE €

By (9.7) with 8 = 1, and similarly to the proof of Theorem 1.10(a),
9.22) a’"zp‘Jzo = [[@see) -1

oceX eckE

=Y ] @@ -1

oeX eck,

=Y I1 D [=6u.0+6n.198(0)]

oeX ecEy, n.€{0,1}

S Z(_1)|{e:ne—onque:ne—ln(H se(a)ne)

where

nef0,1}Em oex eckE,,
— Z (_l)l{e:ne:O}lql{e:ne:l}lqk(m,n)’
nef{0,1}Em

where k(m, n) is the number of connected components of the graph obtained from
G, after deletion of all edges e with n, = 0. Therefore, by (9.4)—(9.5),

.= (—1)IEml Z (_q)|{e:ne=1}|qk(m,n)
nef0,1)Em
— (—l)lE’"qulWG,,,(—l, —q)
=4¢"1C(Gm: 9.

(9.23) o ZP(J
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Combining (9.21)-(9.23), we conclude that

(9.24) exp{—ZJe}Zp = ¢!VEL(C(Gp; 9)).
ecE
Note in passing that equation (9.18) follows as in (1.12).

Let x,y € V. We define the unordered pair f = (x, y), and write §7(0) =
80,0, foro € X. Then

(9.25)  o(x,y) =mpyq(gds(o) = 1)

1
= 4, 2 (@¥) = 1>exp{ZﬁJe<qse(a> - 1)}.

ceX ecE

By an analysis parallel to (9.21)—(9.24),

9.26) exp{— > Je} D (gdp(@) — 1) exp{Z Ble(qde(0) — 1)}

ecE oeX ecE

= ¢V EA(C(G}3 9)),
and (9.12) follows by (9.24) and (9.25). O

Proof of Theorem 9.15. This theorem may be proved directly, but we shall derive
it from Theorem 9.11.

(a) Equation (9.17) holds by Theorems 1.16 and 9.11. By (9.5), equation (9.16)
holds for ¢ € {2,3,...}. Since both sides are the ratios of polynomials in g of
finite order, (9.16) is an identity in g € (0, 00).

(b) This was noted after (9.24) above. Il

9.2 Flows for the Ising model

Henceforth in this chapter we assume that ¢ = 2, and we begin with a reminder.
Let H = (W, F) be afinite graph, and let degr (w) denote the degree of the vertex
w. Wecall H an even graphif degr (w) is even forevery w € W. Let H= (v, 17“)
be a directed graph obtained from H by assigning a direction to each edge in F.
Since a non-zero mod-2 flow on H may by definition take only the value 1,

1 if H is even,
(9.27) Cy(2) = .
0 otherwise.

Consider the Ising model on a finite graph G = (V, E) with parameters A, = 8 J,,
e€ E. Asin (9.14),
Py (G);,’y is even)

9.28 ,y)=2 , V) = . .
(9.28) o(x,y) 20X, y) Py(Gp is even)
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The value of such a representation will become clear in the following discussion,
which is based on material in [3, 234, 300]. In advance of this, we make a remark
concerning (9.28). In deciding whether G p or G);,’y is an even graph, we need
only know the numbers P (e) when reduced modulo 2. That is, we can work with
¢ € Q = {0,1}F given by ¢(e) = P(e) mod 2. Since P(e) has the Poisson
distribution with parameter A., ¢ (e) has the Bernoulli distribution with parameter

P, =Pi(P(e)isodd) = J(1 — e ).
We obtain thus from (9.28) that

Oy (9¢ = [x. y))
9.29 ,Y) =
(9.29) =" e~ o)

’

where p’ = (p, : e € E), ¢y denotes product measure on Q with edge-densities
/
p.,, and

= {v ev: Y ;“(e)isodd}, e,
e.e~v
where the sum is over all edges e incident to v.

Let M = (M, : e € E) be a sequence of disjoint finite sets indexed by E,
and let m, = |M,|. As noted in the last section, the vector M may be used to
construct a multigraph G,, = (V, E;;) in which each e € E is replaced by m,
edges in parallel; we may take M, to be the set of such edges. Forx,y € V, we
write ‘x <> y in m’ if x and y lie in the same component of G,,. We define the
set 9 M of sources of M by

(9.30) IM = {v evV: Z m, is odd}.
e.e~v

For example, G, isevenif and only if 9M = @. From the vector M we construct a
vector N = (N, : e € E) by deleting each member of each M, with probability é ,
independently of all other elements. Thatis, welet B;,i € | J . M., beindependent
Bernoulli random variables with parameter é, and we set

N, =1{ieM,:B; =1}, ecE.

Let PM denote the appropriate probability measure.
The following technical lemma is pivotal for the computations that follow.

(9.31) Theorem. Let M and m be as above. If x,y € V are such that x # y and
X < yinmthen, for ACV,

PM(ON = {x,y}, d(M\N) = A) =PM (3N = 2, 3(M \ N) = A A {x,y}).
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Proof. Take M, to be the set of edges of G, parallel to e, and assume that x < y
inm. Let A C V. Let M be the set of all vectorsn = (n, : ¢ € E) withn, C M,
for e € E. Let « be a fixed path of G,, with endvertices x, y, viewed as a set of
edges, and consider the map p : M — M given by

p(n)y=n A a, neM.
The map p is one-one, and maps {n € M : an = {x,y}, 0(M \ n) = A}
to{n € M :9n =@, d(M\n') = A A {x,y}}. Each member of M is
equiprobable under PM, and the claim follows. g

Let A = (X, : e € E) be a vector of non-negative reals, and recall the Poisson
graph with parameter A. The following is a fairly immediate corollary of the last
theorem. Let M = (M, : e € E) and M’ = (M} : e € E) be vectors of disjoint
finite sets satisfying M.N\M', = @ foralle, f € E,andletm, = |M,|,m,, = |M}],
e € E,beindependent random variables such that each m,and m; have the Poisson
distribution with parameter A,. Let M UM’ = (M, UM, : e € E), and write
P for the appropriate probability measure. The following lemma is based on the
so-called switching lemma of [3].

(9.32) Corollary (Switching lemma). Ifx, y € V aresuchthatx # y andx <> y
inm~+ m' then, for A CV,
P(OM = {x,y}, 0M' = A|MUM')
=P(0M =2, 0M' =A A {x,y}|MUM'),  Pas.

Proof. Conditional on the sets M, U M é, e € E, the sets M, are selected by the

independent removal of each element with probability é . The claim follows from
Theorem 9.31. 0

We present two applications of Theorem 9.32 to the Ising model, as in [3]. For
m=(m:ecE)eZf, let

(9.33) om = {v evV: Z M, 18 odd},

e.e~v
as in (9.30). In our study of the correlation functions 7y 2(x, y), we shall as before
write
o(x,y) =2n2(x,y) = m2(280,,6, — 1), x,yeV.
By (9.29),
PA(P = {x,y})
Py(0P = @)
Let Q4 denote the law of P conditional on the event {0 P = A}, that is,

(9.34) ox,y)=

We shall require two independent copies P;, P> of P with potentially different
conditionings, and thus we write Q4.p = Q4 x Qp.
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(9.35) Theorem [3]. Let x,y,z € V be distinct vertices. Then:
o(x,y)* = Qgp(x < yin P + Py),
o(x,y)0(y,2) = 0(x, 2)Qu z3;0(x < yin P + P2).

Proof. By (9.34) and Theorem 9.32,

Py x PA(@P1 = {x,y}, 0P> = {x,y})

2
oty = Py (3P = ©)?
_ PaxPy(@Pr ={x,y}, 0P» ={x,y}, x & yin P1 + P2)
B PL(dP = ©)2
_ Py xPy(0P1 =0P, =9, x < yin P+ P)
B PL(dP = 2)2

=Qg;p(x < yin P + P»).
Similarly,

o(x,y)o(y,z)
_ Py xPy(@P1 ={x,y}, oP» ={y, 2})

Py (0P = )2
_ Py xPr(0P1 =@, 0P, = {x,z}, x < yin P + P»)
- PL(3P = ©)2

_ Pa@P={x,z})
T PP =2)
=0(x,2)Qu ;. o(x < yin Py + P»).

-PxXPA(XeyinP1+P2|3P1 =g, 8P2={X,Z})
Il

Theorem 9.35 leads to an important correlation inequality known as the ‘Simon
inequality’. Let x, z € V be distinct vertices. A subset W C V is said to separate
x and z if x, z ¢ W and every path from x to z contains some vertex of W.

(9.36) Corollary (Simon inequality) [300]. Let x,z € V be distinct vertices,
and let W separate x and z. Then

o(x,2) < Y olx, oy, 2).

yeW

Proof. By Theorem 9.35,

3 o(x,y)0(y,2) _ Y Qupo < yin P+ Py

o
yew (x.2) yew

= Que(l{y € W:x « yin P+ P2}).
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Assume that the event d Py = {x, z} occurs. On this event, x <> z in P| + P5.
Since W separates x and z, the set {y € W : x < yin P + P»} is non-empty
on this event. Therefore, its mean cardinality is at least one under the measure
Qx,2); o> and the claim follows. Il

The Ising model on G = (V, E) corresponds as described in Chapter 1 to a
random-cluster measure ¢¢, p 4 With g = 2. By Theorem 1.10,if A, = A forall e,

o(x,y) =25.20x,y) = ¢G.pq(x < ),

where p = 1 —e™*7 and ¢ = 2. Therefore, the Simon inequality> may be written
in the form

9.37) #G.p.q(x < 2) < Z ?G.p.qg(x < YOG, p.q(y < 2)
yeWw

whenever W separates x and z. It is a curious fact that this inequality holds also
when ¢ = 1, as noticed by Hammersley [177]; see [154, Chapter 6]. It may be
conjectured that it holds whenever g € [1, 2].

The Simon inequality has an important consequence for the random-cluster
model with ¢ = 2 on an infinite lattice, namely that the two-point correlation
function decays exponentially whenever it is summable. Let ¢, , be the random-
cluster measure on ¢ where d > 2. We shall consider only the case p < pc(q),
and it is therefore unnecessary to mention boundary conditions.

(9.38) Corollary [300]. Letd > 2, g = 2, and let p be such that
(9.39) D p.q (0 x) < 0.
xezd

There exists y = y(p, q) € (0, 00) such that

Gp.g(0 < 2) < e Illv(p.a) ze79.

By the corollary, condition (9.39) is both necessary and sufficient for exponen-
tial decay. Related results for exponential decay appear in Section 5.4-5.6.

Proof. We use the Simon inequality in the form (9.37) as in [177, 300]. Let
Ap =[-n,nl%and dA, = A, \ A,_1, and take ¢ = 2. By (9.37) with G = A,,,
and Proposition 5.12,

(9.40) ¢p,q(x < 7)< Z ¢p,q(x < y>¢p,q(y < 2),
yeW

3In association with related inequalities of Hammersley [177] and Lieb [234], see Theorem
9.44(b), this is an example of what is sometimes called the Hammersley—Simon-Lieb inequality.
The Simon inequality is a special case of the Boel-Kasteleyn inequalities, [56, 57].
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for x, z € Z% and any finite separating set W.
By (9.39), there exists ¢ € (0, 1) and N > 1 such that
Z ¢p,q(0 < x) <c.
xedA N

For any integer k > 1 and any vertex z € d Axn, we have by progressive use of
(9.40) and the translation-invariance of ¢, , (see Theorem 4.19(b)) that

$p.q(0 < 2)
< Y bpg0 o x)Pp g1 < 2)
(Y
< Y Y 800 XD g1 S Xy (X2 2)
=N =1 =N
< Y Y 0o x) gt © x)Gp (k> 2)

X1t Xk
X1 lI=N Xk —xk—1 =N

< k.

Therefore, there exists g > 0 such that
$p.q(0 <> 7) < e~ llg if ||z]| is a multiple of N.

More generally, let z € 7% and write ||z|| = kN 4+ where 0 <[ < N. By (9.40),
bpg0 2= D (0o x)pyq(x <2) <e V8.

e [ZkN
Furthermore, ¢, 4(0 <> z) < 1 for z # 0, and the claim follows. O

We close this section with an improvement of the Simon inequality due to Lieb
[234]. This improvement may seem at first sight to be slender, but it leads to a
significant conclusion termed the ‘vanishing of the mass gap’.

We first re-visit Theorem 9.31. As usual, G = (V, E) is a finite graph, and we
partition E as E = FUH,where FNH = &. Let M = (M, : e € E) be a vector
of disjoint finite sets with cardinalities m, = |M,|. We write M¥ = (M, : e € F)
and define the vector m’ by
F
e

{me ifeeF,
m

0 otherwise,

and similarly for M and m® . It is elementary that m = m® 4+ m*!, and that the
sets of sources of M¥ and M are related by

(9.41) oMt A oMT =M.

As before Theorem 9.31, we select subsets N, from the M, by deleting each
member independently at random with probability é For given M, the associated
probability measure is denoted by PY .
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(9.42) Theorem. Let F, H, M, and m be as above. If x,y € V are such that
x #yandx < yinm¥ then, for ACV,

PM(ANT = {x,y}, IN" =2, (M \ N) = A)
=PY(ONF =2, IN" =2, 9(M\N) = A A {x,}).

Proof. This follows that of Theorem 9.31. Let « be a fixed path of G, r with
endvertices x and y, and consider the map p(n) =n A «,n € M. Thismapis a
one—one correspondence between the two subsets of M corresponding to the two
events in question. |

We obtain as in the switching lemma, Theorem 9.32, the following corollary
involving the two independent random vectors M and M’, each being such that
me = |M,| and m/, = |M_| have the Poisson distribution with parameter 1 €
[0, c0). The proof follows that of Theorem 9.32.

(9.43) Corollary. Let E be partitionedas E = FUH. Ifx,y € V are such that
x #yandx < yinm® +m'F then, for A C V,

POM" = {x,y}, aM" =2, aM' = A|MUM)
=P(0M" =2, IM" =2, IM' = A A {x,y}|MUM'),  Pas.
Let P; and P> be independent copies of the Poisson field P, with inten-
sity A € [0, 00), and let E be partitioned as E = F U H. We write Q4 p.c
for the probability measure governing the pair Py, P conditional on the event
{oPf = Ayn{aPf! = Byn{aP, = C}. We recall from (9.28) that o (x, y)

denotes a certain correlation function associated with the graph G = (V, E), and
we write 0¥ (x, y) for the quantity defined similarly on the smaller graph (V, F).

(9.44) Theorem. Let x,y,z € V be distinct vertices, and let F C E.
(a) We have that

of(x,y)o(y,2) =0(x,2)Qu.z: (.o} (x < zin P + Py).

(b) Lieb inequality [234]. Let W separate x and z, and let F be the set of edges
with at least one endvertex not separated by W from x. Then

o(x,2) < Y oFx, »o(y,2).

yeW

The sets W and F of part (b) are illustrated in Figure 9.1. By the random-cluster
representation of Theorem 1.16 and positive association,

of(x, Y) = ¢G,p.q(x <> y | alledgesin E \ F are closed)
= ¢G,p,q(x < y)=o0x,y),
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Figure 9.1. Every path from x to y passes through W. The edges inside W comprise F.

where ¢ = 2 and p = 1 — e~ >* as before. Therefore, the Lieb inequality is a
strengthening of the Simon inequality.

Proof. (a) Since F and H are disjoint, PlF and PlH are independent random
vectors. As in the proof of Theorem 9.35, by Corollary 9.43,

of (x, y)o(y,2)
P xPr@Pf ={x.y}, 0P =2, 0Py = {y.z})
PP} = 2)P. (0Pl = 2)P (0P, = )
P xP@Pf =0Pf =2, 0P, ={x,z}, x & yin P[ + P))
N P3P = 2)P, (0P = 2)Py (0P, = ©)
Py x PP =0Pf =2, 9P, ={x,z}, x & yin P[ + Pf)
P, (0P = 2)P.(dP! = 2)PL(9P> = {x,2})
=0(x,2)Qg.: (x5 (x < yin P + Py),

= 0()672) :

(b) Evidently,

F
o (X, y)o(y,z) .
Z - Z Qg,0:(x,2j(x < yin PlF + sz)
o(x,z)
yeW yew

> 1,

since, conditional on d P, = {x, z}, P> contains (almost surely) a path from x to
z, and any such path necessarily intersects W. O

We return now to the question of exponential decay, which we formulate in the
context of the random-cluster model on Z¢ with ¢ = 2. By Theorem 9.44(b) with
W = 9 Ay as before, ¢p (0 <> z) decays exponentially as |z|| — oo if and only
if
(9.45) > Gapg@<x) <1 forsomek > 1,

x€dAk
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where ¢ = 2. Condition (9.45) is a ‘finite-volume condition’ in that it uses
probability measures on finite graphs only. We arrive thus at the following result,
sometimes termed the ‘vanishing of the mass gap’. Let ¢ = 2 and

1
¥(p.q) = lim {_n log ¢)) ,(0 < 8An)}

asin Theorem 5.45. Itisclear that ¥/ (p, ¢ ) isnon-increasing in p,and ¥ (p, g) =0
if p > pc(g). One of the characteristics of a first-order phase transition is the
(strict) exponential decay of free-boundary-condition connectivity probabilities at
the critical point, see Theorems 6.35(c) and 7.33.

(9.46) Theorem (Vanishing mass gap) [234]. Ler ¢ = 2. Then ¥ (p,q)
decreases to 0 as p 1 pc(q). In particular, ¥ (pc(q), q) = 0.

Proof. We consider only values of p satisfyinge < p < 1 — € where ¢ > 0 is
fixed and small. Letk > 1, and let () be the set of open edges of a configuration
. By Theorem 3.12 and the Cauchy—Schwarz inequality, with ¢ = 2 throughout,

> barpq0 < x)

X€3Ak
< Z ¢ vkl o)
x€dA,
=y 6(1 \/¢Ak pra ()
x€IA,
< €1k,
for some constant C1 = Cj(€), where covy denotes covariance with respect to

@Ay, p.q- Therefore, fore < p < p’ <1 —k,

> baep g0 x) CE NP = p)+ Y bapp.q0 < x).
xedAg xeadAg

It follows that, if (9.45) holds for some p € (e, 1 —¢), thenitholds for some p’ > p.
That is, if ¢ 4(0 <> z) decays exponentially as ||z|| — oo, then the same holds
for some p’ satisfying p’ > p. The set {p € (0, 1) : ¥(p, g) > 0} is therefore
open. Since ¥ (p, g) = 0 for p > p.(q), we deduce that ¥ (p.(q), q) = 0.

By Theorem 4.28(c) and the second inequality of (5.46), ¥ (p, ¢q) is the limit
from above of upper-semicontinuous functions of p. Therefore, ¥ (p, ¢) is itself
upper-semicontinuous, and hence left-continuous. d

Could some of the results of this section be valid for more general values of ¢
than simply ¢ = 2? It is known that the mass gap vanishes when ¢ = 1, [154,
Thm 6.14], and does not vanish for sufficiently large values of ¢ (and any d > 2),
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see [224] and Section 7.5. Therefore, Theorem 9.44(b) is not generally true for
large g. It seems possible that the conclusions hold for sufficiently small g, but
this is unproven.

One may ask whether the weaker Simon inequality, Corollary 9.36, might hold
for more general values of g. The following example would need to be assimilated
in any such result.

(9.47) Example*. Let G = (V, E) be a cycle of length m, illustrated in Figure
9.2. We work with the partition function

N
(9.48) y=% (1 p) .

weR -
where = {0, l}E as usual. Since
1 if n(w) = E,
k(@) = { n( )'
m — |n(w)| otherwise,

we have that

m—1
(9.49) Y = Z (n,l)aqu_j +a"g=(a+q)" —a" +a"q
j=0
= Q0"+ (g — Da™.
where
o= , O0=q+a.
p

Let x,y € V, let P;, P, be the two paths joining x and y, and let k and / be
their respective lengths. Configurations which contain P; but not P, contribute

-1

-1
Z l . . AN
Y] — <j>ak+]qm—k—] =(Xk E (j)aqu_J =(Xk(Q[ _a[)
j=0

j=0

to the summation of (9.48), with a similar contribution ¥> from configurations
containing P, but not P;. The single configuration containing both P; and P,
contributes Y12 = ga’™ to the summation. Therefore,

Yi+h+Yn
(9.50) bpgx < y) =" , !

_ @/0f +@/Q) +(q = (@/Q)"
I+ (g = D(@/Q" '

4Calculations by S. Janson, on 11 March 2003 at Melbourn.
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Figure 9.2. A cycle of length 8 with four marked vertices.
Consider now the specific example illustrated in Figure 9.2. Take m = 8, let

X, y be opposite one another, and let w1, w; be the intermediate vertices indicated
in the figure. For fixed ¢ and small «, by (9.50),

4 8
9.51) ¢p,q(x«>y)=2<2) +(q—2)<g) +0(').

[A corresponding expression is valid for fixed & and large ¢.] Similarly,

2 6
¢p,q<x«>wj>=¢p,q(wj«>y>=(Z) +(Z) LoEh.  j=1.2.

Hence,

(9.52)

2 a\2 o\ 2
Z‘Pp,q(xewj)‘ﬁp,q(wj<—>y):2{<Q) +<Q) +O(a8)}

j=1

Comparing (9.51)-(9.52), we see that

2
bp.g(X < 3) > D dpg(x < w)epg(wj < y)

j=1

if ¢ > 6 and « is sufficiently small. This may be compared with (9.37).
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9.3 Exponential decay for the Ising model

In the remaining two sections of this chapter, we review certain aspects of the
mathematics of the Ising model in two and more dimensions. Several of the
outstanding problems for Potts and random-cluster models have rigorous solutions
in the Ising case, when ¢ = 2, and it is a challenge of substance to extend such
results (where valid) to the case of general ¢ € [1, 00). Our account of the
Ising model will be restricted to the work of Aizenman, Barsky, and Fernandez
as reported in two major papers [, 9], of which we begin in this section with
the first. The principal technique of these papers is the so-called ‘random-current
representation’, that is, the representation of the Ising random field in terms of
non-zero mod-2 flows. See, for example, the representation (9.28) for the two-
point correlation function. Without more ado, we state the main theorem in the
language of the random-cluster model.

(9.53) Theorem (Finite susceptibility for ¢ = 2 random-cluster model) [5].
Let p € [0,1], g =2,d > 2, and let ¢[1,’q be the wired random-cluster measure
on L2 The open cluster C at the origin satisfies

¢y ,(ICD) <00, p < pelq).

This implies exponential decay, by Theorem 9.38: if p < p.(g), the connec-
tivity function ¢11,’ ¢(0 < 2) decays exponentially to zero as ||z]| — co. When

d = 2, it implies that p.(2) = V2/(1 + /2), see Theorem 6.18.

(9.54) Theorem (Mean-field bound) [5]. Under the conditions stated in Theorem
9.53, there exists a constant ¢ = c(d) > 0 such that the percolation probability
91(17, q) = ¢>]1,,q(0 < 00) satisfies

(9.55) 0'(p.2) > c(p—po)2, P> pe=pe2).

Through the use of scaling theory (see [ 154, Chapter 9]), one is led to predictions
concerning the existence of critical exponents for quantities exhibiting singularities
at the critical point pc(g). It is believed in particular that the function 6(-, 2)
possesses a critical exponent’ in that there exists b € (0, oo) satisfying

(9.56) 0'(p,2) = |p — pel?IT°D) asp | pe = pe(2).

If this is true, then b < ; by Theorem 9.54. It turns out that the latter inequality
is sharp in the sense that, when d > 4, it is satisfied with equality; see Theorem
9.58. The valueb = ; is in addition the ‘mean-field’ value of the critical exponent,
as we shall see in Section 10.7 in the context of the random-cluster model on a
complete graph.

5We write b rather than the more usual B for the critical exponent associated with the perco-
lation probability, in order to avoid duplication with the inverse-temperature of the Ising model.
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Proofs of the above theorems may be found in [5], and are omitted from the
current work since they are Ising-specific and have not (yet) been generalized to
the random-cluster setting for general g. The key ingredient is the random-current
representation of the last section, utilized with ingenuity.

Nevertheless, included here is the briefest sketch of the approach; there is a
striking similarity to, but also striking differences from, that used to prove corre-
sponding results for percolation, see [4], [154, Section 5.3]. First, one introduces
an external field & into the ferromagnetic Ising model with inverse-temperature
B. This amounts in the context of the random-cluster model to the inclusion of a
special vertex called by some the ‘ghost’, to which every vertex is joined by an
edge with parameter y = 1 — ¢#". One works on a finite box A with ‘toroidal’
boundary conditions. An important step in the proof is the following differential
inequality for the mean spin-value Mx (B, h) at the origin:

oM

oMp
(9.57) M < tanh(Bh) 98

2

The proof of this uses the random-current representation.
Equation (9.57) is complemented by two further differential inequalities:

OMa _ 8 OMa  OMr _ Mx
B I(Bh) 3(Bh) — ph

Using an analysis presented in [4] for percolation, the three inequalities above
imply Theorem 9.54.

9.4 The Ising model in four and more dimensions

Just as two-dimensional systems have special properties, so there are special argu-
ments valid when the number d of dimensions is sufficiently large. For example,
percolation in 19 and more dimensions is rather well understood through the work
of Hara and Slade and others, [23], [154, Section 10.3], [179, 303], using the
so-called ‘lace expansion’. One expects that results for percolation in high dimen-
sions will be extended in due course to d > 6, and even in part to d > 6. Key
to this work is the so-called ‘triangle condition’, namely that T (p.) < oo where
Pe = pe(1) and

T(p)= Y $p(0 < N)gp(x < y)pp(y < 0).

x,yeZd

The situation for the Ising model, and therefore for the ¢ = 2 random-cluster
model, is also well understood, but this time under the considerably less restrictive
assumption that d > 4. The counterpart of the triangle condition is the ‘bubble
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condition’, namely that B(B;) < oo where, in the usual notation of the Ising model
without external field,
B(B)= )Y _(000:)>.

xezd

In the language of the random-cluster model with p = 1 — e, the corresponding
quantity is
B(B) =) ¢y (0 < x)°.

xezd

Once again, one introduces an external field and then establishes a differential
inequality via the random-current representation. We state the main result in the
language of the random-cluster model.

(9.58) Theorem (Critical exponent for ¢ = 2 random-cluster model) [9].
Let g =2 and d > 4. We have that

(e as p 4 pe= pe().

0'(p.q) = (p— po)*
Thus, the critical exponent b exists when d > 4, and it takes its ‘mean-field’
value b = ; . This implies in particular that the percolation probability 6! (p, 2) is
a continuous function of p at the critical value p(2). Continuity has been proved
by classical methods in two dimensions®, and there remains only the d = 3 case
for which the continuity of 6!(-, 2) is as yet unproved. In summary, it is proved
when d # 3 that the phase transition is of second order, and this is believed to be
so when d = 3 also.

Similarly to the results of the last section, Theorem 9.58 is proved by an anal-
ysis of the model parametrized by the two variables 8, k. This yields several
further facts including an exact critical exponent for the behaviour of the Ising
magnetization M (B, h) with 8 = B and h | 0, namely

M(Be, h) = hs (o) 4gp | 0.

We refer the reader to [5, 9] for details of the random-current representation
in practice, for proofs of the above results and of more detailed asymptotics, and
for a more extensive bibliography. The random-cluster representation is a key
ingredient in the derivation of a lace expansion for the Ising model with either
nearest-neighbour or spread-out interactions, [288]. This has led to asymptotic
formulae for the two-point correlation function whend > 4. A broader perspective
on phase transitions may be found in [118].

6See, for example, [252]. A probabilistic proof would be worthwhile.



Chapter 10

On Other Graphs

Summary. Exact solutions are known for the random-cluster models on
complete graphs and on regular trees, and these provide theories of mean-
field-type. There is a special argument for the complete graph which utilizes
the theory of Erd6s—Rényi random graphs, and leads to exact calculations
valid for all values of ¢ € (0, 0o). The transition is of first order if and only
if ¢ € (2, 00). The (non-)uniqueness of random-cluster measures on a tree,
when subject to a variety of boundary conditions, may be studied via an
iterative formula permitting exact calculations of the critical value and the
percolation probability. There is a discussion of the random-cluster model
on a general non-amenable graph.

10.1 Mean-field theory

The theory of phase transitions addresses primarily singularities associated with
spaces of finite dimension. There are two reasons for considering a ‘mean-field’
theory in which the number d of dimensions may be considered to take the value
oo. Firstly, the major problems confronting the mathematics lie in the geometrical
constraints imposed by finite-dimensional Euclidean space; a solution for ‘infinite
dimension’ can cast light on the case of finite dimension. The second reason is
the desire to understand better the d-dimensional process in the limit of large d.
One is led thus to the problems of establishing the theory of a process viewed
as oo-dimensional, and to proving that this is the limit in an appropriate sense
of the d-dimensional process. Progress is well advanced on these two problems
for percolation (see [154, Chapter 10]) but there remains much to be done for the
random-cluster model.

Being informed by progress for percolation, it is natural to consider as mean-
field models the random-cluster models on complete graphs and on an infinite tree.
In the former case, we consider the model on the complete graph K,, on n vertices,
and we pass to the limit as » — oo. The vertex-degrees tend to co as n — 00,
and some re-scaling is done in order to establish a non-trivial limit. The correct
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way to do this is to set p = A /n for fixed A > 0. The consequent theory may be
regarded as an extension of the usual Erd6s—Rényi theory of random graphs, [61,
194]. This model is expounded in Section 10.2. The main results are described
in Section 10.3, and are proved in Sections 10.4-10.6. The nature of the phase
transition is discussed in Section 10.7, and the consequences for large deviations
of cluster-counts are presented in Section 10.8. The principal reference! is [62],
of which heavy use is made in this chapter.

The random-cluster model on a finite tree is essentially trivial. Owing to the
absence of circuits, arandom-cluster measure thereon is simply a product measure.
The tree is a more interesting setting when it is infinite and subjected to boundary
conditions. There is a continuum of random-cluster measures indexed by the set
of possible boundary conditions. The present state of knowledge is summarized in
Sections 10.9-10.11. The relevant references are [160, 167, 196] but the current
treatment is fundamentally different.

Trees are examples of graphs whose boxes have surface/volume ratios bounded
away from 0. Such graphs are termed ‘non-amenable’ and, subject to further
conditions, they may have three phases rather than the more usual two. A brief
account of this phenomenon may be found in Section 10.12.

10.2 On complete graphs

Letn > 1,and let K, = (V, V®) be the complete graph on the vertex set V =
Vi, ={1,2,...,n}, withedge-set the set V@ ofall (’;) pairs of unordered elements
of V. We shall consider the random-cluster measure on K, with parameters
p € (0,1) and g € (0, 0o). We define the ‘weight function’

(10.1) Popg(F) = plFl(1 — pyQ-IFlgkv.B) - p oy @)

where k(V, F) denotes the number of components of the graph (V, F). The
partition function is

(10.2) Znpqg= Y. Pupg(F)
FCv®

and the random-cluster measure on subsets of V(® is then given by

Py pq(F)

Fcv®,
Zn,p,q

(10.3) On,p.g(F) =

Thus, for any givenn, p, g, the measure ¢, p 4 is the law of arandom graph with n
vertices which we denote by G, , ,. We sometimes write ¢, p o (F) as ¢y p 4 (F).

IThe random-cluster model on the complete graph is related to the ‘first-shell’ model of
Whittle, [317, 318].
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Ac(q)

2 4 6 8 10
q

Figure 10.1. The critical value A¢(g). There is a discontinuity in the second derivative at the
value g = 2.

In order to facilitate the notation later, we have chosen to take as sample space the
©)
set of subsets of V@ rather than the vector space {0, 1}V ?.

The random-cluster measure of (10.3) has two parameters, p and g. When
g = 1, we recover the usual Erd6s—Rényi model usually denoted by G, p, see
[61, 194]. When g € {2, 3, ...}, the random-cluster model corresponds in the
usual way to a Potts model on the complete graph K, with g states and with
inverse-temperature 8 = — log(1 — p).

The principal technique for analysing the mean-field Potts model relies heavily
upon the assumption that g is an integer, see [324]. This technique is invalid for
general real values of ¢, and one needs a new method in order to understand the
full model. The principal extra technique, described in Section 10.3, is a method
whereby properties of G, , , may be studied via corresponding properties of
the usual random graph G, ,. Unlike the case of lattice systems, this allows
an essentially complete analysis of the asymptotic properties of random-cluster
measures on K, for all values of p € (0, 1) and g € (0, c0). Results for ¢, , 4 are
obtained using combinatorial estimates, and no use is made of the FKG inequality.

As in the Erd6s—Rényi theory of the giant component when ¢ = 1, we set
p = A/n where A is a positive constant, and we study the size of the largest
component of the ensuing graph G, )./, 4 in the limit as n — oo. It turns out that
there is a critical value of A, depending on the value of ¢, that marks the arrival of
a ‘giant component’ of the graph. This critical value is given by

q ifg € (0,2],

(10.4) @) =1 (61 - ;) log(g — 1) ifq € (2, 00),
q—

and is plotted in Figure 10.1
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It will turn out that the proportion of vertices in the largest component is roughly
constant, namely 0 (A, g), for large n. It is convenient to introduce a definition of
0 immediately, namely

0 ifA <A ,
(10.5) 0., q) ={ <@
Omax  ifA > )\-C(q)7
where 6ax is the largest root of the equation
1-6
(10.6) 26— .
1+(@—1)8

The roots of (10.6) are illustrated in Figure 10.2.
We note some of the properties of 6 (X, g). Firstly, 8(A, g) > 0 if and only if

either: A > Ac(q),
or: A= MX(q)andgqg > 2,

see Lemma 10.12. Secondly, for all g € (0, 00), 8(X, q) is non-decreasing in A,
and it follows that 6(-, ¢) is continuous if ¢ € (0, 2], and has a unique (jump)
discontinuity at A = Ac(g) if ¢ € (2, 0o). This jump discontinuity corresponds to
a phase transition of first order.

We say that ‘almost every (a.e.) Gp,p 4 satisfies property IT°, for a given
sequence p = p, and a fixed ¢, if

®n,p.q(Gn,p.qg has TT) — 1 asn — oo.

We summarize the main results of the following sections as follows.
(@) If0 < A < Ac(g) and g € (0, 00), then almost every Gy 3 /n,4 has largest
component of order log n.
(b) If A > Ac(g) and g € (0, 00), then almost every Gy ;/n,q4 consists of a
‘giant component’ of order 8 (A, g)n, together with other components of
order logn or smaller.

(c) If A = Ac(g) and g € (0, 2], then almost every Gy, 5 /n,4 has largest compo-
nent of order n%/3.

The behaviour of G 3 /n,q Withg € (2, 00) and A = A, — Ac(q) has been studied
further in the combinatorial analysis of [238].

There are two main steps in establishing the above facts. The first is to establish
the relation (10.6) by studying the size of the largest component of G, /5,4 When
q € (2,00), (10.6) has three solutions for large A, see Figure 10.2. In order to
decide which of these is the density of the largest component, we shall study the
number of edges in G, ;/n,4. Thatis to say, we shall find the function ¥ (%, q)
such that almost every G, 3,4 has (order) ¥ (A, g)n edges. It will turn out that
the function (-, ¢) is discontinuous at the critical point of a first-order phase
transition.

The material presented here for the random-cluster model on K, is taken from
[62]. See also [238].
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Figure 10.2. The roots of equation (10.6) are plotted against A in the three cases ¢ = 1.2,
q = 2, g = 4. There is always a root 6 = 0, and there is a further root which is drawn here.
The latter has been extended into the lower half-plane (of negative 6), although this region has

no apparent probabilistic significance.
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10.3 Main results for the complete graph

Letg € (0, 0c0) and p = A/n where A is a positive constant. For ease of notation,
we shall sometimes suppress explicit reference to g. We shall make heavy use of
the critical value A.(q) given in (10.4), and the function (1) = 6(A, g) defined
in (10.5)—(10.6). The properties of roots of (10.6) will be used in some detail, but
these are deferred until Lemma 10.12. For the moment we note only that 6 (1) = 0
if and only if: either A < Ac(g), or A = Ac.(g) and g < 2.

There are three principal theorems dealing respectively with the subcritical case
A < Ac(q), the supercritical case A > A:(q), and the critical case A = Ac.(g). In
the matter of notation, for a sequence (X, : n = 1,2, ...) of random variables,
we write X, = Op(f(n)) if X,,/f (n) is bounded in probability:

]P’(|Xn| < f(n)a)(n)) — 1 asn — oo

for any sequence w(n) satisfying w(n) — oo as n — oo. Similarly, we write
X, = op(f(n))if X,,/f (n) — 0 in probability as n — oo:

P(1Xa| < f(n)/ow(n)) — 1 asn — oo

for some sequence w(n) satisfying w(n) — oo. Convergence in probability is

denoted by the symbol —P>.

(10.7) Theorem (Subcritical case) [62]. Let g € (0, 00) and A < Ac(q).
(a) Almost every Gy n,q comprises trees and unicyclic components only.
(b) There are Oy(1) unicyclic components with a total number Oy (1) of vertices.

(c) Thelargest component of almost every Gy, ;. /n,q is a tree with order a log n+
Op(loglogn), where

1 A
=—log(A/q)+ —1>0.
o q

(d) The number of edges in Gy y/n.q is An/(2q) + op(n).

(10.8) Theorem (Supercritical case) [62]. Let g € (0, 00) and A > Ac(q).

(a) Almost every Gy j/n,q consists of a giant component, trees, and unicyclic
components.

(b) The number of vertices in the giant component is 6 (A)n + op(n), and the
number of edges is

AO(N) {1 + (1 — 1)9(A)}n+op(n).
q 2 g

(c) The largest tree in almost every Gy ;. /n.q has order alogn + op(logn),
where

1
— logB4+—1>0, B="(—00).
(04 q



282 On Other Graphs [10.3]

(d) There are Op(1) unicyclic components with a total number Op (1) of vertices.
(e) The number of edges in Gy 5 /n.q 1S

A 2

% [1+ (g = DO ]n + 0p(n).

(10.9) Theorem (Critical case) [62]. Let g € [1, 2] and » = A.(q).

(a) Almost every Gy s n,q consists of trees, unicyclic components, and Op(1)
components with more than one cycle.

(b) The largest component has order op(n).
(¢) The total number of vertices in unicyclic components is Op(n2/3).
(d) The largest tree has order Op(nz/ 3.
More detailed asymptotics are available for G, » /x4 by looking deeper into the

proofs. The last theorem has been extended to the cases ¢ € (0, 1) and g € (2, 00)
in [238], where a detailed combinatorial analysis has been performed.

The giant component, when it exists, has order approximately 6 (A)n, with 6 (1)
given by (10.5)—(10.6). We study next the roots of (10.6). Note first that 6 = 0
satisfies (10.6) for all A and g, and that all strictly positive roots satisfy 0 < 6 < 1.
Let

(10.10) f(0) = ;[log{l + (g — DO} —log(1 — 0)], 6 € (0, 1),

and note that 6 € (0, 1) satisfies (10.6) if and only if f(6) = A. Here are two
elementary lemmas concerning the function f.

(10.11) Lemma. The function f is strictly convex on (0, 1), and satisfies f (0+) =
q and f(1—) = oco.
(a) If q € (0, 2], the function f is strictly increasing.
d) If g € (2, 00), there exists Omin € (0, 1) such that f is strictly decreasing
on (0, Onmin) and strictly increasing on (Omin, 1).

Proof. If t > —1 then (1 + t9)~isa strictly convex function of 6 on (0, 1).

Hence, the function
£ = / o
)y 1410

is strictly convex. Furthermore,

. 1+ (g —1¢ . q—(q—1De

lim log = lim log = 00,

o1 1-06 €l0 €
implying that f(1—) = oco. Applying Taylor’s theorem about the point § = 0, we
find that

1
fO) =, [(g— 16— 1 — 1% +0+16%+006)]

=q+ 192 —q)0 +0(6?),
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1)

8

6 I

4|

2

l1<g<?2
0.25 0.5 0.75 1
0

Figure 10.3. Sketches of the function f (@) in the three cases | < g <2,¢g =2,and g > 2.
The respective values of ¢ can be read off from the y-axis, since f(0+) = g. Note that f is
strictly increasing if and only if ¢ < 2, and f’(0) = 0 when ¢ = 2. Recall that the positive
roots of (10.6) are obtained by intersecting the graph of f by the horizontal line f(0) = A.

whence f(0+) = ¢ and f/(0+) = éq(Z — g). These facts imply parts (a) and
(b) of the lemma. [l

In Figure 10.3 is plotted f against 6 in the three cases ¢ € [1,2), g = 2, and
q € (2,00). Since 6 € (0, 1) is a root of (10.6) if and only if f(0) = A, Lemma
10.11 has the following consequence.

(10.12) Lemma. The non-negative roots of equation (10.6) are given as follows,
in addition to the root 6 = 0.

(a) Let g € (0,2].
(1) If 0 < A < Xc(q) = q, there exists a unique root 6 = Q.

(i) If ¢ < A, there exists a unique positive 100t Omax (A), which satisfies
Omax(g+) = 0.

(b) Letq € (2, 00), and let hin = f (Omin) Where Omin is given in Lemma 10.11.
1) If 0 < A < Anin, there exists a unique root 6 = (.
(1) If X = Amin, then Oy is the unique positive root.

(i) If Amin < A < g, there exist exactly two positive roots, 01(L) and
Omax (1)

(iv) If A > g, there exists a unique positive root Omax (L).

We shall see later that Ain < Ac(g) < g when ¢ > 2, and that the function
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6 (L) of Theorems 10.7-10.9 satisfies

0 ifg <2,
(10.13) O(he(@)) =y q¢—2 .
) ifg > 2.
q—

Furthermore, we shall obtain in Section 10.6 the following result for the asymptotic
behaviour of the partition function Z, ./, 4 as n — oo. This will find application
in Section 10.8 to large deviations for the cluster-count of the random-cluster
measure.

(10.14) Theorem (Existence of pressure) [62]. If g € (0, 0o) and A € (0, 00),
1
n log Zn 3 /n.q = n(X) asn — 0o,

where the ‘pressure’ n(A) = n(A, q) is given by

6 (A -1
gOM) ¢ » +1logg
2q 2q

and g(0) is given as in (10.46) by

8O) =—(¢g — D2 —0)log(l —0) —[2+ (¢ — )f]log[l + (¢ — 1)O].

(10.15) nA) =

The proofs of Theorems 10.7-10.9 and 10.14 are given in Section 10.6 for
q € (1, 00). For proofs in the case g € (0, 1), the reader is referred to [62].

10.4 The fundamental proposition

There is a fundamental technique which allows the study of G, 4 via the prop-
erties of the usual random graph Gy 1. Letr € [0, 1] be fixed. Given a random
graph G, p 4, we colour each component either red (with probability r) or green
(with probability 1 — r); different components are coloured independently of one
another. The union of the red componentsis called the red subgraphof G, p 4, and
the green components form the green subgraph. Let R be the set of red vertices,
that is, the (random) vertex-set of the red subgraph. We see in the next lemma that
the (conditional) distribution of the red subgraph is a random-cluster measure.

(10.16) Proposition. Let Vi be a subset of V. = {1,2,...,n} with cardinality
Vil = n1. Conditional on the event {R = V1}, the red subgraph of G, p 4 is
distributed as Gy, p rq, and the green subgraph is distributed as Gy\v, p (1-r)g-
Furthermore, the red subgraph is conditionally independent of the green subgraph.

Proof. Set Vo = V\ Vi, ny = |Va| = n —ny, and let E; € V® fori = 1,2.
With k(U, F) the number of components of the graph (U, F),

k(V, E1U Ey) = k(Vy, E1) + k(V2, E?).
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Therefore, the probability that the red graph is (Vi, E1) and the green graph is
(Va, E») equals

rk(vlsEl)(l _ r)k(Vz,Ez)

p|E1UE2|(1 _ p)(;)—|E1UE2|qk(V,E1UE2)
Zn’p’q

= cov,,p.rq (ED®vy, p,(1—r)q (E2),

for some positive constant ¢ = c(n, p, g, n1). Hence, conditional on R = V]
and the green subgraph being (V», E3), the probability that the red subgraph is
(V1. Ey) is precisely ¢v, p.rq(E1). O

In this context, we shall write N rather than n; for the (random) number of
red vertices. Thus N is a random variable, and Gy, p, r4 is a random graph on a
random number of vertices.

If g € [1,00) and r = ¢!, the red subgraph is distributed as GN,p. Much is
known about such a random graph, see [61, 194]. By studying the distribution of
N and using known facts about G, ,, one may deduce much about the structure
of Gy, p 4. Similarly, in order to study the random-cluster model with g € (0, 1),
one applies Proposition 10.16 to G, , withr = g, obtaining that the red subgraph
is distributed as Gy, p,4. By using known facts about G, ,, together with some
distributional properties of N, we may derive results for G, p 4 with m large. The
details of the g € (0, 1) case are omitted but may be found in [62].

Here is a corollary which will be of use later.

(10.17) Lemma. Letq € [1, 00). For any sequence p = py, almost every G, p 4
has at most one component with order at least n>/*.

Proof. Let L = L(G) be the number of components of a random graph G having
order at least n3/4. Suppose L > 2, and pick two of these in some arbitrary way.
With probability 2 both of these are coloured red. Setting r = ¢~!, we find by
[61, Thm VI.9] that

PnpgL=2)< D $mpi(L=upg(IRI =m)

nd3/4<m<n

< max ¢m,p,l(L >2)
n3/4<m<n

—0 asn — oo. O
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10.5 The size of the largest component

We assume henceforth that g € [1, o). Let ®,n denote the number of vertices
in the largest component of Gy, 5 /,,4, and note that 0 < ®, < 1. If two or more
‘largest components’ exist, we pick one of these at random. All other components
are called ‘small’ and, by Lemma 10.17, all small components of almost every
Gn,/n,q have orders less than n3/4,

Consider the colouring scheme of Proposition 10.16 with » = ¢!, and suppose

that G ;. /n,q has components of order ®,n, vz, v3, ..., v where k is the total
number of components and we shall assume that v; < n3/4 fori > 2. The number
of red vertices in the small components has conditional expectation

k
Zvir =r(1—0,)n

i=2

and variance

k k

E vizr(l —r) < E vl-z <nmaxvy; < n’/4,
i>2

i=2 i=2 =

Hence, there is a total of 7 (1 — ®,,)n + 0, (n) red vertices in the small components.

Since the largest component may or may not be coloured red, there are two
possibilities for the red graph:

(i) with probability r, it has
Opn +r(1 —Op)n +0p(n) = [r + (1 —r)O,ln + op(n)

vertices, of which ®,n belong to the largest component,
(ii) with probability 1 — r, it has r (1 — ©,)n + op(n) vertices, and the largest
component has order less than n3/4,
In the first case, the red graph is distributed as a supercritical G, /v graph, and
in the second case as a subcritical G, 7/, graph. Here, n’ and n” are random
integers and, with probability tending to 1, A’ = n’p > 1 > A” = n”p. This
leads to the next lemma.

(10.18) Lemma. IfA > g > 1, there exists 0y > 0 such that ®,, > 0y for almost
every Gy y/n,q-

Proof. The assertion is well known when g = 1, see forexample [61, Thm VI.11].
Therefore, we may assume ¢ > 1 and thus r < 1.

LetOy = (A —q)/(2A), mp = ¢n,p,q(On < ), and € > 0. By considering the
event that the largest component is not coloured red, we find that, with probability
at least (1 — r)m, + o(1), the number N of red vertices satisfies

N >r(1 —6y)n —en,
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and there are no red components of order at least n3/#. When this happens,
1 A

(10.19) Np=Alr(1—6p) —€l=_+ . —er>1
2 2q

for € sufficiently small, and we pick € accordingly. Conditional on the value N,
almost every G, , has a component of order at least SN (> dn/A by (10.19)) for
some § > 0. Therefore, (1 — r)m,, — 0asn — oo. O

(10.20) Lemma. Ifq € [1, 00) then, for any sequence A = Ay,

Oy 1 On £
1+(g - 1O,

0 asn — oo.

Proof. Forq = 1 and constant A = A, this follows from the well known fact that

0, —P> 0 where e *? = 1 —9, see [61, Thm VI.11] and the remark after [61, Thm
V.7]. The case of varying X, is not hard to deduce by looking down convergent
subsequences. We may express this by writing

®
e~ PnOnn nft 1 _P> 0 wheng =1,

n

for the random graph G ,, and any sequence (p,). Applying this to the red
subgraph, on the event that it contains the largest component of Gy 3 /n,4, We
obtain for general g € [1, 0o) that

® O,n
EYe) n —pOun n
n _ 1 — pPYn _ 1 1
c T ra—ne, € toy T
P
-0 asn — 0o,
where N is the number of red vertices. The claim follows. O

Combining these lemmas, we arrive at the following theorem.

(10.21) Theorem [62].
(@) Ifq €[1,2]land A < q, orifq € (2,00) and ) < Amin Where Amin is given
in Lemma 10.12(b), then ©, —P> Oasn — oo.

(b) Ifq € [1,00)and ) > q, then ®, —P> 0 (\) where 0 (L) is the unique (strictly)
positive solution of (10.6).

This goes some way towards proving Theorems 10.7-10.8. Overlooking for
the moment the more detailed asymptotical claims of those theorems, we note that
the major remaining gap is when g € (2, 00) and Apin < A < ¢g. In this case,
by Lemma 10.20, ®, is approximately equal to one of the three roots of (10.6)
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(including the trivial root & = 0). Only after the analysis of the next two sections
shall we see which root is the correct one for given A.

Proof. The function
1-6
S l4(g-De
is continuous on [0, 1], and the set Z of zeros of ¢ is described in Lemma 10.12.
Since ¢ (®) —P> 0, by Lemma 10.20, it follows that, for all € > 0,

$©) =

¢n,p,q(®n € Z+ (—e, e)) -1 asn — o0.

Under the assumption of (a), Z contains the singleton 0, and the claim follows.
Under (b), Z contains a unique strictly positive number 0 (1), and the claim follows
by Lemma 10.18. |

We turn now to the number of edges in the largest component. Let W,,n denote
the number of edges of G, 4. We pick one of its largest components at random,
and write E,n for the number of its edges. Letg € (1, 0o0). Arguing as in Sections
10.4-10.5 withr = ¢!, almost every G, p,q has at most n3/4 edges in each small
component (a ‘small’ component is any component except the largest, picked
above)?. Furthermore, the total number of red edges in the small components is
r (W, — Ep)n + op(n). Hence, the red subgraph has either:

(i) with probability r, [®, + r(1 — ©,)]n + op(n) vertices and

[En +r (W, — En)ln + op(n) edges, or
(ii) otherwise, r(1 — ®,)n + op(n) vertices and r (¥, — E,)n + op(n) edges.
Assume that p = O(n~!). Since almost every Gy, p has

N
<2>p +Op(Np'/) = ) N?p +0p(N)
edges, the following two equations follow from the two cases above,

(10.22)  [En+r(W, — En)]n = L[@n +r(1 = 0,)'n®p + 0p(m),
(10.23) (¥ — Enn = 3Ir(1 = ©)1Pn’ p + 0p(n),
yielding when p = A/n that

(10.24) En+r(¥, -8,
(10.25) r(¥, — &,

2
SA[On + (1= 0,)] +o0p(D),
= 3r(l = O + op(D).
We solve for &, and ¥,,, and let n — o0 to obtain the next theorem.
20ne needs here the corresponding result for ¢ = 1, which follows easily from the corre-

sponding result for the number of vertices used above, together with results on the components
having more edges than vertices given in [61, 192, 193].
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(10.26) Theorem [62]. If g € (1, 00) and A € (0, 00) then, as n — 09,

A P

(10.27) U= [14 (@ —16;] =0,
- A 1 P

(10.28) En — q@n[l + (14 —1)0,] = 0.

Whereas we proved this theorem under the assumption that ¢ > 1, its conclu-
sions are valid for ¢ = 1 also, by [61, Thms VI.11, VI.12].

10.6 Proofs of main results for complete graphs

The results derived so far are combined next with a new argument in order to prove
Theorems 10.7-10.9 for g € [1, 00). The results are well known when ¢ = 1
(see [61, Chapters V, VI] and [239]), and we assume henceforth that ¢ € (1, 00).
The acyclic part of a graph is the union of all components that are trees, and the
cyclic part is the union of the remaining components. A graph is called cyclic if
its acyclic part is empty. We begin by showing that the cyclic part of almost every
Gn,/n,q consists principally of the largest component only (when this component
is cyclic).

(10.29) Lemma. The numbers of vertices and edges in the small cyclic compo-
nents of Gy j./n,q are op(n).

Proof. Let k be an integer satisfying k > ¢. In the colouring scheme of Section
10.4 with r = ¢g~!, we introduce the refinement that each component is coloured
dark red with probability k~! and light red with probability r — k~!. Let M be
the number of edges in the small cyclic components of Gy, ). /n.4-

By a symmetry argument, with probability at least k!, at least M/ k of these
edges are coloured dark red. To see this, let M; be the number of such edges
coloured y; when each component is coloured by a random colour from the set
{x1, x2, - -, Xk}, each such colour having equal probability. If

1
bpaMi=M/K) < . i=12... .k

then
Gn,p,q(M; = M/k for some i) < 1,

in contradiction of the equality Zf{: (M =M.

Therefore, with probability at least r/k, the red subgraph contains the largest
component together with small cyclic components having at least M/ k edges. The
result now follows from the known case ¢ = 1, see [60], [61, Thm VL.11]. O

Let Fn,p,q (m, j, k, 1) be the sum of F’n,p,q(F) over edge-sets F that define a
graph with | F| = m edges and a cyclic part with j components, k vertices, and /
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edges. Since such graphs have an acyclic part with n — k vertices and m — [ edges,
and therefore n — k — m 4 [ components, we obtain
(10.30)

~ n n .
m%ﬂmeJﬁ=Q)dﬁhnfm—kmeWma—pW*“f*ﬂmﬂ

where c(j, k, 1) is the number of cyclic graphs with j components, k labelled
vertices, and [ edges, and f (n, m) is the number of forests with n labelled vertices
and m edges.

Assume now thatn — oo, that A = np > 0 and g € [1, 0o) are fixed, and that
(10.31) m/n—> v, k/n—86, l/n—& j/n—0,

where 6 > 0 satisfies (10.6), and

A 1
(10.32) = q@[l +g -8,
A 2
(10.33) v=E+_ (1—6)%
2q

See (10.27) and (10.28). If A > ¢, we assume also that & > 0, see Lemma 10.18
and Theorem 10.21(b).

Since
()
fn,m) < ( . )
m
the total number of graphs with m edges on n vertices,

(10.34)
Pn,p,q(m, J. kD

n k
= ( )C(J k, 1)< >p’"(1 ) ()= gn—k=m-+i+
m—l
_ e m n—k—m+l ,— 1 kn+o(n)
_()C(Jkl)< 5 ) ( —l> g .

s n_k)z " [ _n—k—m+l —1in+o(n)
_d*kb<><um—nn> ¢

—_on\"!
cresno) (45 ) et

= plele(j, k, 1) Z)q” exp ;An—i—o(n)),

where we used (10.33) in the last step.
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We shall be interested only in values of A and roots 6 of (10.6) satisfying
(10.35) either® >0, or6d =0and X <gq.

We claim that, under these assumptions, (10.34) is an equality in that

(10.36) Py pg(m, jok, 1) = ple'c(j k1) (Z)q"‘k exp(m — yan +o(n)).

To see this when either6 > 0,or0 = O0and A < ¢q,setng = n—kandmg = m—1,
and observe that
mo m—1 A

- 1
= —)w E: (1—9)< s
no n—k 1-6 2q 2

where we have used the fact that, by (10.6),

q6

A<t —1= ,
1—6

0 € (0, 00).

Hence in this case, the ‘fixed edge-number’ random graph G, n, has average
vertex-degree not exceeding 1 — € for some positive constant € independent of
n, m, k, l. Therefore, there exists § > 0 such that

P(Gny,m, is a forest) > §,

f(ng,mg) > 6 ((nzo)) :
mo

This implies (10.36), via (10.30) and (10.34). When 6§ = 0 and A = ¢, we have
that mg/ng — ¥ = é, and hence

and hence

(1037) f(no, mO) — (( 20))80(;1),
mo

implying (10.36). To see (10.37) note that, with 0 < € < i and s < €n,

fno,mo) > (no — g1 f(no —s,mo—s+1)
> e—En s

no—s
i, (2))
moy—s+1
> eZlog(l—E)n((n;)>’

mo

for large n, by counting only forests where vertex 1 is an endvertex of an isolated
path of length s — 1.
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We estimate c(j, k, [) next. Suppose first that & = 0. Then c(j, k, /) is no
greater than the total number of graphs with k vertices and / edges, that is,

l 1
[ YA An
pleleiiikn = (V) <2> “§<l>
= exp[/{log A — log(l/n)}] = ™.

Equality holds here for some suitable triple j, k,[: justset j = k =1 = 0, for
which p'e~lc(j, k,1) = 1. Itis easily checked that (}) = ¢°™ when 6 = 0, and
therefore,

-1
(10.38) plele( k1) < (Z) Q)

with equality for some suitable j, k, [.

Ourestimate of ¢(j, k, ) when 6 > 0 uses the fact that 13,,, p.q(-)is aprobability
measure when ¢ = 1. Suppose 8 > 0, define n; = n1(6) = |6n +r(l —0)n]
where r = q‘1 as usual, and set

my=Il+rm-0D+omn) =[E+r{y —8&]In+on),
A =1[0+r1—=6)]x.

Then,
mi §+r(y—§) 1
10.39 = = ,
(10.39) m VT ara—e T 2N
k 0
(10.40) — 01 = )
ni 0+r(1—206)
(10.41) ! — & = 5 , J — 0.
ni 0+r(1—20) ni

It is easy to check the analogues of (10.6) and (10.32)—(10.33), namely,
(1042) e ™™ =1-01, & =n0(1—,00), Y1 =E&+ 0l —061)%
Now, (10.36) is valid with ¢ = 1, since 6 > 0. Hence,

(10.43) 1> Py, poa(my, jok, 1)

n
= plle—lc(j,k, l)(kl) exp(m1 — éklnl + o(n))

— plele(j k) (nkl>eo(n)
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by (10.39), where p; = A1/n; = p(1 + O(n~")). Therefore,

-1
(10.44) plele( k1) < (’21> Q)

We claim that there exist suitable j, k, [ such that equality holds in (10.44). To
see this, note that G, p, has ("21) p1 + op(ny) edges, a giant component with
01n1 + op(ny) vertices and &1n1 + op(n1) edges, Op(1) unicyclic components
with a total of Op (1) vertices and edges, and no other cyclic components, see [61,
Thm VI.11]. By considering the number of possible combinations of values of
mi, j, k, [ satisfying the above constraints, there exist m1, j, k, [ such that
Pn1»171»1(m17 J kD> n_4

for all large n. Combining this with (10.43), equality follows in (10.44) for some
suitable j, k, [.

In conclusion, whatever the root 6 of (10.6) (subject to (10.35)), inequality
(10.44) holds with equality for some suitable j, k, /, and where n; = n1(0) is
interpreted as n (that is, when 6 = 0). We substitute (10.44) into (10.34) to obtain

(10.45)
Pn,p,q(m, Ik, D

-1
< (I;{l> (Z)q”_k exp(m — JAn + o(n))

n _ p\n1—k A
o _nk),,_k o nfl) q" Fexp <2q [1+ (g — DO*In — Jan+ o(n))
1
_ [r(1—6)]1=9
- (1 —0)1=0[0 + r(1 — )]0+ (1-0)

x q' =% exp (2);1[1 + (g — DHo* - %)» + 0(1))]

= exp (n [g(@) 9= 1)» +logg —i—O(D]) ,
2q 2q

where
(10.46) g(0) = —(g —1)(2—0) log(1 —0) — [2+ (¢ — DO]log[1 + (g — 1)0].

We have used (10.32)—(10.33) in order to obtain the second line of (10.45). To
pass to the last line, we used the fact that 6 is a root of (10.6), thus enabling the
substitution

A 14+(q—1
exp (zq[l +(q— 1)92]> = M) { + g = Do

(@—10/2q)
S
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In addition, equality holds in (10.45) for at least one suitable choice of j, &, .
Let 6% = 6*(1) be the root> of (10.6) that maximizes g(0) and satisfies (10.35).
By (10.45) and the equality observed above,

(10.47) Zn,p,q= Z ﬁn,p,q(myjakyl)

m,j,k,l
0* 1
zexp{n[g( ) _d A+logq+o(1>“,
2q 2q
whence
1 0* 1
(10.48) liminf{ log zn,p,q} > 809 _a=1,  oeg.
n— 00 n 26]

On the other hand, by Lemmas 10.18 and 10.20, there exists a root 6 of (10.6)
satisfying (10.35), and a function w(n) satisfying w(n) — oo, such that

(10.49) lim inf ¢, p.q (180 — 0] < 0(@)~") > 0.
n—oQ

For such 6 there exist, by Lemma 10.29 and Theorem 10.26, sequences m, j, k, [
satisfying (10.31)—(10.33) such that

1>

Pn,p,q(my j’ ks l) > n_4
Z"»P»q B

for all large n (this is shown by considering the number of possible combinations of
m, j, k,[satisfying (10.31)—(10.33) and the above-mentioned results). By (10.45),

. 1 gO) q-—
10.50 1 log Z < —
( ) im sup { " og n,p,q} = 2

n—o0

1
A +logg,

which, by (10.48), implies g(6) > g(0™*), and therefore § = 6*. Theorem 10.14
follows by (10.48) and (10.50). Furthermore, 6* is the only root of (10.6) satisfying
(10.35) such that (10.49) holds for some w(n). Therefore,

(10.51) O, 5 6%  asn— oco.

Next we calculate 6*(1). As in Theorem 10.21, when g € [1, 2], 8*(A) is the
largest non-negativeroot of (10.6). Assume thatg € (2, 00). By a straightforward
computation,

q—2 /
g(0)=g< >=0, g'(0) =0,
qg—1
—D[g—2-2(g — 1610
g//(e):_q(q g (¢ — Do]

(1 =021+ (g — Do

3We shall see that there is a unique such 6%, except possibly when A = Ac(q) and ¢ > 2.
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Therefore, g”(0) has a unique zero in (0, 1), at the point § = é(q —-2)/(g— 1.
At this point, g’(9) has a negative minimum. It follows that g(9) < 0 on (0, p),
and g(0@) > O on (6p, 1) where 9y = (g —2)/(qg — 1).

Substituting 6y into (10.6), we find that 6 satisfies (10.6) if

A=Ac<q>=2(q_ 1>log<q—1>,
q—2

and, for this value of A, the three roots of (10.6) are 0, ééo, 6o. Therefore,
Amin < Ac(g) < g, and

. { 0 if A < Ac(q),
Omax(A)  if A > Ac(g).

This completes the proof of the assertions concerning the order of the largest
component. The claims concerning the numbers of edges in G, , 4 and in the
largest component follow by Theorem 10.26. Proofs of the remaining assertions
about the structure of G, , are omitted, but may be obtained easily using the
colouring argument and known facts for G ,, see [61, 239].

10.7 The nature of the singularity

It is an important problem of statistical physics to understand the nature of the
singularity at a point of phase transition. For the mean-field random-cluster model
on a complete graph, the necessary calculations may be performed explicitly, and
the conclusions are as follows.

Let g € [1, o0) be fixed, and consider the functions 6 (), given in (10.5), and
¥ (X), E()) defined by

A 2 A | 2
v = zq[l +(g—DoW?), &G = q [00) + (34 — DOG)?],
describing the order of the giant component, and the numbers of edges in the graph
and in its giant component, respectively. All three functions are non-decreasing
on (0, c0). In addition, ¥ is strictly increasing, while 6(X) and £ () equal O for
A < Ac and are strictly increasing on [A¢, 00).

A fourth function of interest is the pressure n(A) given in Theorem 10.14.
These four functions are real-analytic on (0, 00) \ {A¢}. At the singularity A, the
following may be verified with reasonable ease.

(a) Letg € [1,2). Then 0, i, &, and n are continuous at the point A.(q¢) = q.
The functions 6 and & have discontinuous first derivatives at A., with

9/()¥c_) = 5/()%_) =0, 9/()¥c+) = S/(}Lc‘i‘) = .
q92—q)
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In particular,
2(h = Ac)
o(r) ~ as A | Ac.
q2—q)
Similarly, ¥ and n” are continuous, but ¢" and n
Ac, except when g = 1.

" have discontinuities at

(b) Let g = 2. Once again, 0, ¥, &, and n are continuous at the point A;. In
this case,

00) ~E0) ~ 30— 20> ash e

Thus, 0’ (Ac+) = §'(Ac+) = oco. The function ¥’ has a jump at A in that
Y (he—) = i, Y’ (Ae+) = 1. Also, ' is continuous, but n” has a jump at A
inthatn”(Ac—) = 0, 7" (Ac+) = g. The functions ¢ and 7 are real-analytic
on (0, Ac] and on [A, 00).

(c) Letg € (2, 00). Then 0, ¥, and £ have jumps at A, and it may be checked
that ¥ (Ac—) = Ac/(2g9) < é < ¥ (Ac+). The pressure 7 is continuous at
Ac, but its derivative n’ has a jump at A,

2g — 3
2g(q— 1)’

qg—1

77/(}\0_) = - 2 n/()‘c‘i‘) =
q

10.8 Large deviations

The partition function Z, , 4 of (10.2) may be written* as the exponential expec-
tation
Zn,p,q = ¢n,p,l(qk(w))-

This suggests a link, via a Legendre transform, to the theory of large deviations of
the cluster-count & (w) in a random-cluster model. We summarize the consequent
theory in this section, and we refer the reader to [62] for the proofs. Related
arguments concerning the random-cluster model on a lattice may be found in
[298].

Let® q € [1,00), A € (0,00), and let C,, be the number of components of
the graph G, 3 /n,4. Our target is to show how the exact calculation of pressure in
Theorem 10.14 may be used to estimate probabilities of the form ¢, 4 (C, < an)
and ¢, p 4(C, > Bn) for given constants o, 8. When g = 1, this gives information
about the probabilities of large deviations of C,, in an Erd6s—Rényi random graph.

As in the language of large-deviation theory, [99, 164], let

Anig(V) =10g @ p g™, v ER,

4See (3.59) also.
5The conclusions of this section are valid when q € (0, 1) also, see [62].
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and note that

V4 v/n
An,x,q(V) _ IOg { n,A/n,qe } ’

Zn,k/n,q

whence
1 v
(10.52) nAn,A,q(nV) = Ay q(V) =1k, ge’) —n(, q) asn — 0o,

where 1(X, g) denotes the pressure function of Theorem 10.14. The Legendre
transform A;q of Ay 4 is given by

(10.53) A} () =supfvx — Ay g0}, x eR.

veR

It may be proved directly, or see [99, Lemma 2.3.9], that A, , and A;y 4 re convex
functions, and that

(10.54) A}t,q(x) =6x — Ay 4(0) if A;\gq(é) =X.

Since we have an exact formula for A; 4, see (10.15) and (10.52), we may compute
its derivative whenever it exists. Consequently,

<oo ifx e€]0,1],
Aj‘hq(x){

= 00 otherwise.

A large-deviation principle (LDP) may be established for n~! C,, in terms of the
‘rate function’ Aj{’ p The details of the LDP depend on the set of points x at which
AI, q is strictly convex, and we investigate this next. There is a slight complication
arising from the discontinuity of the phase transition when ¢ € (2, 00). The
function

an

(10.55) kA, q)=gq, ,
dq

turns out to play a central role. This derivative exists except when A = A(g) and
q € (2, 00), and satisfies

1
(1056) K()»,C]): lim {n¢;z,k/i1,q(cn)}

n—o0

2 )\,
=1—-601) —[1—-6)] .
2q
When A = Ac(g) and g € (2, 00), the limits

on
K0, q) =q, (.q4)
q
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exist with k ~ (A, g¢) < k (A, g). Also, K~ (A, ¢) is given by (10.56), and
A

T, =1-_".

k" (X, q) 2

Details of the above calculations may be found in [62].

We write F;, 4 for the set of ‘exposed points’ of A*’ . and one may see after
some work that
0, 1) ifA <2,

(10.57) Fig = { O, D\ [k~ (A, Q), kT, Q)] ifAr>2,

where Q is chosen to satisfy A = A.(Q). The following LDP is a consequence of
the Girtner—Ellis theorem, [99, Thm 2.3.6].

(10.58) Theorem (Large deviations) [62]. Let g € [1, 00) and A € (0, 00).
(a) For any closed subset F of R,

1
lim sup{n 10g G, p.g(n~'Cy € F)} < —inf A7, ().

n—oo

(b) For any open subset G of R,

1
liminf{ 10g G, p.g(n~'Cy € G)} >— inf A} (x).
" :

n—oo xEGﬁ?—')L,q
Of especial interest are the cases when F takes the form [0, o] or [ 8, 1], analysed

as follows using Theorem 10.58.
(1) Letg € [1,2]. Then,as n — oo,

log ¢, p,q(Cp < an) — —Ath(oz), (10.59)

S =3I ==

log ¢n,p,q(Cn = Bn) — —A3 ,(B), (10.60)

whenever0 <o <k(A,q) < < 1.
(i) Letg € (2,00) and A = Ac(g). Then (10.59)—(10.60) hold for «, S satis-
fying
O<a<k (A,q) < K+(A,q) <B<1l.

(iii) Let g € (2,00) and A # Ac(g). Let Q be such that A = Ac(Q). Then
(10.59)—(10.60) hold for any «, B satisfying 0 < o < k(A,q) < B < 1
except possibly when

kK~ (A Q) <a<kt(h, Q) or k(A 0)<B <k} Q).
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We note that k (A, Q) < k(A,q) if Q < g, and k= (A, Q) > k(A, q) if
0O > ¢, so that only one of these two cases can occur for any given q.
We summarize the above facts as follows. Excepting the special case when
A = Ac(g) and g € (2, 00), the limit

. 1
k= lim {n¢n,p,q(cn)}

n—oo

as fast as exponentially when @« < « < B. The exact (exponential) rate of
decay can be determined except when the levels an and Bn lie within the interval
of discontinuity of a first-order phase transition. In the exceptional case with

A = Ac(g) and g € (2, 00), asimilar conclusion holds whena < k™ and 8 > « .

exists, and the probabilities ¢, p 4(Cy < an), ¢n, p ¢(C, > Bn) decay at least

Since first-order transitions occur only when g € (2, 00), and since the critical
A-values of such ¢ fill the interval (2, 0o), there is a weak sense in which the
value A = 2 marks a singularity of the asymptotics of the random graph G, ;./u 4.
This holds for any value of ¢, including ¢ = 1. That is, the Erd6s—Rényi random
graph senses the existence of a first-order phase transition in the random-cluster
model, but only through its large deviations. Itis well known that the Erd6s—Rényi
random graph undergoes a type of phase transition at A = 1, and it follows from
the above that it has a (weak) singularity at A = 2 also.

10.9 On a tree

A random-cluster measure on a finite tree is simply a product measure — it is
the circuits of a graph which cause dependence between the states of different
edges and, when there are no circuits, there is no dependence. This may be seen
explicitly as follows. Let p € [0, I]andg € (0, c0),andlet T = (V, E) be afinite
tree. For w € Q = {0, 1}£, the number of open clusters is k(w) = |V| — [n(w)],
so that the corresponding random-cluster measure ¢, , satisfies

In@)| @
(10.61) ¢>,,,q(w)<x( pp)) =( d ) . weq,

q(l— 1—m
where
(10.62) 7 =n(p,q) = P
p+q(l—p)

Therefore, ¢, 4 is the product measure on 2 with density 7. The situation becomes
more interesting when we introduce boundary conditions.

Let T be an infinite labelled tree with root 0, and let R = R(T') be the set
of all infinite (self-avoiding) paths of T' beginning at 0, termed 0-rays. We may
think of a boundary condition on 7 as being an equivalence relation ~ on R, the
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Figure 10.4. Part of the infinite binary tree 7>.

‘physical’ meaning of which is that two rays p, p’ are considered to be ‘connected
at infinity’ whenever o ~ p’. Such connections affect the counts of connected
components of subgraphs. The two extremal boundary conditions are usually
termed ‘free’ (meaning that there exist no connections at infinity) and ‘wired’
(meaning that all rays are equivalent). The wired boundary condition on 7" has
been studied in [167, 196], and general boundary conditions in [160]. There has
been a similar development for Ising models on trees with boundary conditions,
see for example [48, 49, 188] in the statistical-physics literature and [114, 248,
256] in the probability literature under the title ‘broadcasting on trees’.

We restrict ourselves to the so-called binary tree T = 7>, the calculations are
easily extended to a regular m-ary tree T,,, withm € {2,3,...}. ThusT = (V, E)
is taken henceforth to be a regular labelled tree, with a distinguished root labelled
0, and such that every vertex has degree 3. See Figure 10.4.

We turn T into a directed tree by directing every edge away from 0. There
follows some notation concerning the paths of 7. Let x be a vertex. An x-ray is
defined to be an infinite directed path of 7" with (unique) endvertex x. We denote
by R, the set of all x-rays of 7', and we abbreviate R to K. We shall use the
term ray to mean a member of some R,. The edge of T joining vertices x and y
is denoted by (x, y) when undirected, and by [x, y) when directed from x to y.
For any vertex x, we write R/, for the subset of R comprising all rays that pass
through x. Any ray px € R is a sub-ray of a unique ray p} € R, and thus there
is a natural one—one correspondence p, <> p} between R, and R.

Let & be the set of equivalence relations on the set 2. Any equivalence relation
~ on R may be extended to an equivalence relation on Uve v Ry by: for p, € Ry,
Py € Ry, we have p, ~ py if and only if p), ~ p},.

One may define the random-cluster measure corresponding to any given mem-
ber ~ of a fairly large sub-class of &, but for the sake of simplicity we shall
concentrate in the main on the two extremal equivalence relations, as follows.
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There is a partial order < on & given by:
(10.63) ~1 <~ if: forall p, o’ € R, p ~» p’ whenever p ~; p’.

There is a minimal (respectively, maximal) partial order which we denote by ~°
(respectively, ~!). The equivalence classes of ~ are singletons, whereas ~! has
the single equivalence class R. We refer to ~0 (respectively, ~') as the ‘free’
(respectively, ‘wired’) boundary condition.

Let A be a finite subset of V, and let E 5 be the set of edges of T having both
endvertices in A. For & € Q = {0, 1}F, we write Qi for the (finite) subset of
2 containing all configurations w satisfying w(e) = &(e) fore € E \ E,; these
are the configurations that agree with £ off A. For simplicity, we shall restrict
ourselves to sets A of a certain form. A subset C of V is called a cutset if every
infinite path from O intersects C, and C is minimal with this property. It may be
seen by an elementary argument that every cutset is finite. Let C be a cutset, and
write out(C) for the set of all vertices x such that: x ¢ C and the (unique) path
from O to x intersects C. A box A is a set of the form V \ out(C) for some cutset
C, and we write d A for the corresponding C.

Let Abeabox,andlet~ € §,& € Q,andw € Qi The configuration w gives
rise to an ‘open graph’ on A, namely G(A, w) = (A, n(w) N Ep). We augment
this graph by adding certain new edges representing the action of the equivalence
relation ~ in the presence of the external configuration £. Specifically, for distinct
u,v € dA, we add a new edge between the pair u, v if there exist £-open rays
Pu € Ry, pv € Ry satisfying p, ~ p,. We write G4~ (A, w) for the resulting
augmented graph, and we let k5~ (A, w) be the number of connected components
of G5~ (A, w). These definitions are motivated by the idea that each equivalence
class of rays leads to a common ‘point at infinity’ through which vertices may be
connected by open paths.

We define next a random-cluster measure corresponding to a given equivalence
relation ~. Let & € @, and let p € [0, 1] and g € (0, c0). We define q)i”;’q as
the random-cluster measure on the box (A, E ) with boundary condition (&, ~).
More precisely, ¢f\’;, 4 is the probability measure on the pair (2, ) given by

(10.64)

_ &~ .

on en { l_[ pw(e)(l _ p)l a)(e)}qk (A,w) ifwe Qi’
Pn pq(@) = Z).pag \ecEn

0 otherwise,

where Z i; q is the appropriate normalizing constant,

~ B o
(10.65) zf\*’p’q= Z 1‘[ p?@O(1 = py! w(e)}qk (Aw)
weQi eckp

i = ~ =~ ; 1 &~ .
In the special case when & = | and ~ = ~', we write ¢A,p,q for ¢A’p’q. This

measure will be referred to as the random-cluster measure on A with ‘wired’
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boundary conditions, and it has been studied in a slightly disguised form in [167,
196].

For any finite subset A C V, let 75 denote the o-field generated by the set
{w(e) : e € E\ E\} of states of edges having at least one endvertex outside A.
For e € E, 7, denotes the o-field generated by the states of edges other than e.

Let p € [0, 1], g € (0, 00), and let ~ be an equivalence relation that satisfies
a certain measurability condition to be stated soon. A probability measure ¢ on
(2, F) is called a (~)DLR-random-cluster measure with parameters p and q if:
forall A € ¥ and all boxes A,

(10.66) $(A | TA)E) = 3, pqA)  forg-ae. &.

The set of such measures is denoted by R, . The set R, is convex whenever
it is non-empty (as in Theorem 4.34).

We introduce next the relevant measurability assumption on the equivalence
relation ~. Since the left side of (10.66) is a measurable function of &, the right side
must be measurable also. For a box A and distinct vertices u, v € 0 A, let KMN vA
denote the set of w € 2 such that there exist w-open rays p, € Ry, py € Ry
satisfying p, ~ p,. We call the equivalence relation ~ measurableif K", , €
for all such u, v, A. It is an easy exercise to deduce, if ~ is measurable that
qbi; q (A) is a measurable function of &, thus permitting condition (10.66). We
write &, for the set of all measurable elements of &. It is easily seen that the

extremal equivalence relations NO, I are measurable.

For simplicity of notation we write ﬁND = {RO and similarly RNl = Rl
Members of 532 4 (respectively, 521 ) are called free random- Cluster measures
(respectively, ‘wired” random- cluster measures). There follows an existence the-
orem. Any probability measure u on (2, ¥) is called automorphism-invariant if
the vectors (w(e) : e € E) and (w(te) : e € E) have the same laws under p, for
any automorphism 7 of the tree 7.

(10.67) Theorem [167]. Let p € [0, 1] and q € (0, 00).

(a) The set Rg, q Of free random-cluster measures comprises the singleton ¢
only, where 1 = w(p, q) is given in (10.62). The product measure ¢
belongs to R},’q ifand only if 1 < ;

(b) The set {R[], q of wired random-cluster measures is non-empty.

(c) Ifq € [1, 00), the weak limit

1 _ 1
bpg = lerrr‘r DA p.g (10.68)
exists and belongsto R Il, q- Furthermore, (1)11,’ q s an extremal element of the
convex set J?Il) q and is automorphism-invariant.

Here are some comments on this theorem. Part (b) will be proved at Theorem
10.82(c). Parts (a) and (c) are proved later in the current section, and we anticipate
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this with a brief discussion of the condition 7 < é This will be recognized as the
condition for the almost-sure extinction of a branching process whose family-sizes
have the binomial bin(2, ir) distribution. That is, 7 < é if and only if

(10.69) $=(0 < 00) = 0,

see [164, Thm 5.4.5]. It turns out that the product measure ¢, lies in :R; q if and
only if it does not “feel’ the wired boundary condition ~!, that is to say, if there
exist (¢ -almost-surely) no infinite clusters®.

We turn briefly to more general boundary conditions than merely the free and
wired, see [160] for further details. The set R of rays may be viewed as a compact
topological space with the product topology. Let ~ be an equivalence relation
on R. We call ~ closed if the set {(p1, p2) € R? : p1 ~ p2} is a closed subset
of R2. It turns out that closed equivalence relations are necessarily measurable.
For g € [1, c0) and a closed relation ~, the existence of the weak limit ¢11,jq~ =
limpqyy qb/l\’;,’ q follows by stochastic ordering, and it may be shown that q)[l,j; isa
(~)DLR-random-cluster measure.

Theorem 10.67 leaves open the questions of deciding when ¢, = ¢[1,’ q> and

when R 11, 4 comprises a singleton only. We return to these questions in Sections
10.10-10.11.

Proof of Theorem 10.67. (a) Consider the free boundary condition ~C, and let A
be a cylinder event. By (10.61),

65 (A) = §(A)

for all boxes A that are sufficiently large that A is defined on the edge-set E 5. For

¢ € R . by (10.66),

Q(A | Tp) = ¢ (A), ¢-almost-surely,

for all sufficiently large A, and therefore

¢(A) = ¢(@(A | Tn)) = ¢z (A)

as required. The second part of (a) is proved after the proof of (c).

(c) The existence of the weak limit in (10.68) follows by positive assocation as in
the proof of Theorem 4.19(a). In order to show that the limit measure lies in R 117 y
we shall make use of the characterization of random-cluster measures provided
by Proposition 4.37; this was proved with the lattice .Y in mind but is valid also
in the present setting with the same proof.

For v € V, let I1, be the set of infinite undirected paths of T with endvertex v.

Lete = (x, y), and let K be the event that there exist open vertex-disjoint paths

6See also [168].
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vy € M, and vy € Ty. Forany box A and w € 2, letw} denote the configuration
that agrees with w on E and equals 1 elsewhere, which is to say that

w,l\( - { w(e) ifee€ Ey,
1 otherwise.

We define the event
Kg’Az{a)GQ:a)}\eKel}.

Note that K el A isacylinder event, and is decreasing in A. It is easily checked that
(10.70) K A LK}  asAtV.

We may now state the relevant conclusion of Proposition 4.37 in the current
context, namely that ¢ € CR},, q if and only if, forall e € E,

(10.71) ¢ | Te) =7+ (p— 7)1k ¢-almost-surely,

where J, = {e is open}.

For & € Qand W C V, write [£]w for the set of all configurations that agree
with & on Ey. Fore € Ew, let [§]w\. be an abbreviation for [§]gy,\(¢}. We shall
omit explicit reference to the values of p and ¢ in the rest of this proof. Thus, for
example, ¢! = ¢11,’q.

By the martingale convergence theorem (see [164, Ex. 12.3.9]), fore = (x, y) €
E and ¢'-almost-every &,

. ¢ (e, [Elave)
10.72 Y 1 T)E) =1
R A

1
lim lim ¢A(l-]e» [E]A\e)
MV ALY @ ([E]ave)
= lim lim Da(¢a e | [Elave) | [E]1ave)

= lim lim ¢!
A1%1[‘1/ Al%l\l/ INCINIREIINB

by Theorem 3.1, where
ga® =7+ (p—mlg1, @)

By (10.70),gaA { gas At V,where g =7 + (p — ”)lKel-
We claim that

(10.73) PAEa | [Elae) = @' (g1 [Elae)  asA 1Y,

and we prove this as follows. Let A’, A” be boxes satisfying A € A’ C A C A,
Since YA (-) = ¢1A(~ | [£]a\e) is a random-cluster measure on an altered graph
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(see Theorem 3.1(a)) and since ga is increasing on 2 and non-increasing in A,
we have by positive association that

Yar(ga) < Ualga) < ¥alga).

LetA” 1+ V,A 1 V,and A’ 1 V, in that order, to conclude (10.73) by monotone
convergence.

By the martingale convergence theorem again,

¢ (g | [Elae) — g()  asA 1t V. forg'-ae &,

and (10.71) follows by (10.72)—(10.73).
The extremality of ¢>]1,, 4 1s a consequence of positive association, on noting that
¢>ll, > ¢ forall ¢ € J?]l, 4+ Let T be an automorphism of the graph 7'. In the

q = ,
notation of Section 4.3, for any increasing cylinder event A and all boxes A,

DA p.g(A) =d1p (T A),
and, by positive association,
Dinpg @A = PN, (cTTA) ifADTA.
Letting A 1 V, we obtain that
Drpg(A) = @) (171 A),

so that ¢;’q(A) > ¢;,q(7:_1A). Equality must hold here, and the claim of
automorphism-invariance follows.

Turning to the final statement of part (a), by the discussion around (10.71),
¢r € QR}W if and only if qbﬂ(Kel) = 0 for all e € E. Since ¢, is a product
measure, this condition is equivalent to (10.69). O

10.10 The critical point for a tree

We concentrate henceforth on the binary tree T = T» = (V, E) and the wired
equivalence relation ~!. It is shown in this section how the series/parallel laws
may be used to study random-cluster measures on 7. Corresponding results are
valid for the m-ary tree with m > 2.

The results of this section are valid for all ¢ € (0, 00), and we begin by proving
the existence of the wired weak-limit for all p and ¢, thereby extending part of
Theorem 10.67(c). The limit as A 1 V is taken along an arbitrary increasing
sequence of boxes.
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Figure 10.5. The function fp 4(x) — x is plotted in the three cases g < 1,1 < g < 2,9 > 2.
The maximal solution p of fp 4(x) = x satisfies p > 0 if and only if p > K, (respectively,
P > kq) when 0 < g < 2 (respectively, ¢ > 2). The intermediate curve in the third graph
corresponds to the critical case with p = k4 and ¢ > 2. Note in this case that p = p(p, q) is
a discontinuous function of p.

(10.74) Theorem. The weak limit

(10.75) ¢y, =lime,

exists for all p € [0, 1] and g € (0, c0).

Consider now the existence (or not) of infinite open clusters under the weak
limit ¢, . Let

(10.76) 0(p,q) = ¢, ,(0 < 00),

and define the critical value of p by

(10.77) pe(q) =sup{p: 6(p,q) =0}.

The calculation of 8(p, g) and p.(q) makes use of certain quantities which we
introduce next.

Let k4 be defined by
q

if0 < g <2,
(10.78) ¢+l
. K, =
q 2/q — 1 .
ifg > 2.
14+2gq—1

Let Fp 4 : [0, 11> — [0, 1] be given by

pll =1 —x)(1 = y)]

Fra® )= =00 = =0 -y
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and let fp 4, g4 : [0, 1] — [0, 1] be given by

(10.79) fp,q(x) = FM(x, Xx),
1—(1-y)?

(10.80) 8= |~ 1y -y

An important quantity is the maximal root p = p(p, ¢) in [0, 1] of the equation
Jp.q(x) = x. In particular, we will need to know under what conditions p(p, q)
is strictly positive.

(10.81) Proposition. Let p € [0, 1] and g € (0,00). Let p = p(p, q) be the
maximal solution in the interval [0, 1] of the equation fp 4(x) = x. Then:

>k, when0 <q <2,

p >0 ifandonlyif p{>K when g > 2
- q .

The proof of this proposition is elementary and is omitted. Illustrations of the
three cases g € (0,1), g € [1,2], g € (2,00) appear in Figure 10.5. We now
state the main theorem of this section.

(10.82) Theorem. Let p € [0, 1] and g € (0, 00). Then:
(@) 0(p,q) = gq(p) where p is the maximal root in [0, 1] of the equation
fp,q (x) =1x,
(b) pc(q) = kg where kg is given in (10.78),

(©) Gpq € Rpg

(d) JRIIW = {¢} whenever 6(p, q) = 0.

This theorem may be found in essence in [167] but with different proofs. In
contrast to the direct calculations’ of this section, the proofs in [167] proceed via
a representation of random-cluster measures on 7' in terms of a certain class of
multi-type branching processes.

Proof of Theorem 10.74. We use the series/parallel laws of Theorem 3.91. The
basic fact is that three edges in the configuration on the left side of Figure 10.6,
with parameter-values as given there, may be replaced as indicated by a single
edge with parameter F, ,(x, y). This is easy to check: the two lower edges in
parallel may be replaced by a single edge with parameter 1 — (1 — x)(1 — y), and
the latter may then be combined with the upper edge in series.

Let A, = {x € V : |x|] < n}, where |x| denotes the number of edges in the
path from O to x. We consider first the measures ¢ }\n’ b in the limit as n — oo.

Let H, be the graph obtained from the finite tree (A,, Ex,) by adding two
new edges [x, x'), [x, x”) to each terminal vertex x € dA,. We colour these new

TThe current method was mentioned in passing in [160].
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H Fp,q(xvy)

Figure 10.6. The parallel and series laws are used to replace the left graph by a single edge.
The parameter values are as marked.

edges green, together with all new endvertices x’, x”. We write H,!' for the graph
obtained from H, by an identification of all green vertices. See Figure 10.7.

Let p € [0,1],g € (0,00) and | < r < s — 2. The wired measure on Ag
may be viewed as the random-cluster measure on the graph obtained from A by
identifying the set dA;. We write A! for the graph obtained thus, and we will
not dwell on the changes of notation required in order to do this properly. We
propose to use the series/parallel laws in order to replace edges belonging to A ;
but not A!. Edges in A! incident to the composite vertex dA; come in pairs,
and each such pair eq, e has an immediate ancestor edge e3. The trio e, e, €3
may be replaced by a single edge with parameter f, ;,(p). When all such trios
have been replaced, the resulting graph is A;_l. This process is iterated until A Sl
has been reduced to Hrl. The green edges of H,1 have acquired parameter-value

D (p), where £{*) denotes the kth iterate of f, ,. Note that f, ,(1) = p,

and hence fy's" " (p) = £y (D).
The function f}, 4 is increasing on [0, 1] with f, ;,(0) = 0 and f, ,(1) = p.
Therefore,

(10.83) (1) —>p  asn— oo,

where p is the maximal root in [0, 1] of the equation f, 4 (x) = x.

Let E € Fp,. Let qﬁr{ , be the random-cluster measure on H,! with edge-

parameter f ¢~ (1) (respectively, p) for the green (respectively, non-green) edges.
By the above,

(10.84) DA, p.g(E) = ¢, (E).

A (random-cluster) probability ¢¢ p 4(E) is a continuous function of the edge-
parameters p. Therefore, by (10.83),

(10.85) Dh,pg(E) = 0} oo(E)  ass — oo,
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Figure 10.7. To each boundary vertex x of the box A is attached two new (green) edges
[x, x’), [x, x”). The resulting graph is denoted by H>.

where ¢>,1,OO is the wired random-cluster measure on H, in which the green edges
have parameter p.

When ¢ € [1, 00), the random-cluster measure is positively associated, and
(10.85) implies (10.75) for general A. When g € (0, 1), a separate argument is
needed in order to extend the limit in (10.85) to a general increasing sequence of
boxes. Let A be a box with A D A,41, and let

a=a(A)=max{n: A, CA}, b=b(A)=min{n: A C A,}.

The measure ¢} p.q May be viewed as the random-cluster measure on A} in

which edges of E,, \ Ex have parameter 1. We may reduce A} to H,' via the
series/parallel laws as above. Since F), 4(x, y) is increasing in p, x, y, the green

edges of H! acquire parameter values lying between f,Sf’,;’)(l) and f,f,aq_r)(l).
Nowa,b — coas A — V, and

I > p, fA1) - p.
It follows as above that

(10.86) Dhpg(E) > ¢Lo(E)  asAtV.

There remains a detail. Each ¢>11\ v is a probability measure on the compact

state space 2. Therefore, the family of such q)}\’ pge A8 A ranges over boxes,
is tight. By Prohorov’s theorem, [42], every subsequence contains a convergent
sub(sub)sequence. The limiting probability of any cylinder event E is, by (10.86),
independent of the choice of subsequence. Therefore, the weak limit in (10.75)
exists, and the theorem is proved. O
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Proof of Theorem 10.82. (a) Let p be as given. We claim that
(10.87) DN, pg 0 M) = gg(p)  asn — oo.

By series/parallel replacement as in the proof of Theorem 10.74,

0n(p.q) =y, g0 < OA,)
satisfies
On(p. q) = 01(f")(1), q).

By (10.83), 6,(p,q) — 61(p,q) as n — oo. It is an easy calculation that
01(z, q) = g4(z), and (10.87) follows.

The proof of Proposition 5.11 is valid in the current setting, whence
0(p,q) = lim 6,(p,q) = 84(p), whenever g € [1, 00).

This proves (a) for g € [1, 00).

Suppose that g € (0, 1). The situation is now harder since we may not appeal
to positive association. Instead, we use the weaker inequalities (5.117)—(5.118)
which we summarize as:

(10-88) ¢G,p,l st ¢G,p,q st ¢G,7T,17

for any finite graph G, where m = p/[p 4+ q(1 — p)]. By Proposition 4.10(a),
corresponding inequalities hold for the weak limits of random-cluster measures.

Let p < «k4,s0that p = 0. Thenw = p/[p+q(1 —p)] < ;, and therefore

¢>le (0 < 00) = 0. By (10.88),9(p, q) = p = 0 as claimed.
Let p > k4, so that p > 0. By Theorem 10.74,

(10.89) 8(p.q) = lim ¢} (0 < dA,)
r—oo £

T . 1
= lim lim éx,p.q0 < 30,

Now,
PhypgO < IA) = P) (0 dA),  r<s,

and therefore, by (10.87),
(10.90) 0(p,q) > gq(p).
By (10.87) and (10.89),

(10.91)  6(p.q) — gq(p) = lim_lim ¢} , (0 < dA,, 04 dA,)
F—>00 §—> 00

= 1inolo¢,‘oo(o < A, 04 dAr41),
r— ’
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where qbrlm is defined after (10.85).

Forw € Qandr > 0, let G, be the set of vertices x € d A, such that 0 is joined
to x by an open path of the tree, and write N, = |G,|. We claim that

(10.92)  fork=1.2,...., ¢, , (1<N,<k)—>0 asr— oo,

and we prove this as follows. Letk € {1, 2, ...}, and define the random sequence
R(0), R(1), R(2), ... by R(0) =0 and

RG +1)=min{s > R(G) : 1 < Ny <k}, i>0.
The length of the sequenceis I + 1 where I = [ (w) = [{r > 1:1 < N, <k}|,
and we prove next that
(10.93) ¢y (I <o00) =1

Leti > 0, and suppose we are given that / (w) > i. Conditional on R(0), R(1),
R(2), ..., R(i), and on the states of all edges in Ex RG)? there is a certain (condi-
tional) probability that, for all x € Gg(;), x is incident to no vertex in A g(;)41.
By Theorem 3.1(a), the appropriate (conditional) probability measure is a random-
cluster measure on a certain graph obtained from T by the deletion and contraction
ofedgesin Ep . Since |Gg(;)| < k, there are no more than 2k edges of T joining
GRr(i) to dAR()+1 and, by the second inequality of (10.88),

oh, =i lT1=0i)=0-m*
Therefore,
¢;1;,q(12i+1|12i)§1_(1_ﬂ)2k’ i>o.

whence )
pp =) <[1--m*, ixo0,
<

and, in particular, (10.93) holds. Hence, M = sup{r : 1
quIL ¢(M < 00) =1, implying as required that

N, < k} satisfies

(10.94) ¢p A <N <k)<¢) (M=r)—>0 asr— oo.

By a similar argument,

o0
B 000 0N, 0b IA 1) =D @ (N, =1, 045 dA,11)

~
—

M2

=

(1= )", (N: =1) by (10.88)

~

1
<¢p (1 =N, <k +(1-p*
- (1—=p)* asr— oo, by(10.92)

-0 as k — oo.

—
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By (10.90) and (10.91), 6(p, q) = g4(p).

(b) This is an immediate consequence of part (a), Proposition 10.81, and the
definition of p¢(q).

(c) Let g € (0, 00). We shall show that qﬁéﬂ satisfies (10.71) fore € E. Asin
(10.72), fore = (x, y) € E,

(1095)  ¢p (o | T)(E) = mm%,p,queusn\e), By g-as.

If& ¢ K!, then [£]a\. N K! = @ for large A, and thus

1 p
J, = forlarge A, A,
(bA,p,q( e | [S]A\e) » +6](1 . P) g
by Theorem 3.1. By (10.95),
(10.96) o (| T = p . ¢l as.onQ\ K.
e p+q(l—p) - ‘

Suppose that ¢Il,’q(Kel) > 0,let& € Kel, and take A = A, in the notation of
the previous proof. As in that proof, fore € Ej,,,

Hm 64 g (e 1 17) = 9 Ue | €1,

where [£], = [£]a,\e. Let N, (u) be the number of vertices in A, joined to u by
an open path. As in the previous proof,

Ny (x), Nr(y) > 00 asr — oo, q)l -a.s. on Ke1

p.q

whence, for q&;’ q-almost-every Eek el R

b oo(Je | [E) = @) o (Je | X,y < dA 41 Off )| > 0 asr — oo.
By Theorem 3.1,
¢ ooJe | X,y < 3,41 offe) = p,

and therefore,

$hoUe|T)=p. ¢ as onK].
When combined with (10.96), this implies (10.71), and the claim follows.
(d)Let¢ € Rll,,q, where p and ¢ are such that 8(p, g) = 0. By the argument in
the proof of part (a), ¢ (0 <> co) = 0, and therefore ¢>(Kel) = 0fore € E. By
(10.71), ¢ (Je | Te) = 7, ¢p-almost-surely, whence ¢ = ¢, as claimed. O
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10.11 (Non-)uniqueness of measures on trees

For which p, g is there a unique wired random-cluster measure on the binary tree
T? We assume for simplicity that g € [1, oo). By Theorem 10.82, !R}w = {¢r}
whenever p is sufficiently small that ¢11,, ¢(0 <> 00) = 0. The last holds if and
only if
<ky4 forgell,2],
{ < kg forg e (2,00),

where «, is given in (10.78). Larger values of p are considered in the following
conjecture.

(10.97) Conjecture [167]. We have that |IRII,’q| = 1 if: either q € [1,2], or
q € (2,00)and p > q/(q +1).

When g € (2,00) and k; < p < q/(q + 1), there exists a continuum of wired
random-cluster measures, see [167]. These may be cooked up on the basis of the
following two facts:

(1) ¢7(0 <> 00) =0when p <g/(g+1),

(i1) q)ll,’q # ¢ wheng € (2,00) and p > kg,
where 1 = p/[p + q(1 — p)]. The recipe is as follows. Let x be a vertex of
T other than its root. The set R, of x-rays constitutes an infinite binary tree
denoted by T, = (Vi, E,) with root x (the vertex x has degree 2 in Ty). Let e,
denote the unique edge of T with endvertex x and not belonging to 7,, and let
E!. = Ex U{ey}. Let 1, be the measure on (§2, ¥) given by:
(a) the states of edges in E’, are independent of those of edges in E \ E, and
have as law the product measure on {0, 1}£+ with density 7,
(b) the states of edges in E \ E/ have as law the conditional measure of q&ll,’ q
given that e, is closed.

That p, € ﬂ?ll, 4 may be seen in very much the same way as in the proof
of Theorem 10.67(c), under the condition that there exist, ¢, -almost-surely, no
infinite open clusters. Thus, u, € R},,q if p < q/(g+1). If, in addition,
g € (2,00) and p > Ky, then ¢, , (0 <> 00) > 0. This implies that

)4 (x <> 00in Ty | ey is closed) > 0,

whence [ty # qbll,, - Itis nothard to see that j # p1y whenever x # y, subject to
the above conditions on p, g. Since V is countably infinite, there exist (at least)
countably infinitely many members of R [1,’ 7

This conclusion may be strengthened by choosing an infinite sequence x =
(x; i =1,2,...) of vertices such that: for every i, x; is incidentto no e € E)’Cj
with j < i. One performs a construction similar to the above, but with product
measure on each of the sets Ey,, i = 1,2,.... This results in a probability
measure (x belonging to J?Il,, 4 and labelled uniquely by the sequence x. There



314 On Other Graphs [10.11]

are uncountably many choices for x, and therefore uncountably many distinct
members of ﬁll,, 4+ For the sake of clarity, we point out that one way to choose a
large class of possible x is to take an infinite directed path IT of 7', and to consider
the power set of the set of all neighbours of IT that do not belong to IT.

Partial progress towards a verification of Conjecture 10.97 may be found in
[196]. A broader class of equivalence relations has been considered in [160].

(10.98) Theorem [160, 196]. Let g € [1,00) and let p > 2q/(2q + 1). The set
:R[], q comprises the singleton ¢[1,’ q only.

The condition of this theorem is not best possible in the case ¢ = 1, and
therefore is unlikely to be best possible for g € (1, 00).

There has been extensive study of the Ising model on a tree. It turns out that
there are two critical points on the binary tree 7. The first critical point corresponds
to the random-cluster transition at the point p = k3 = %, and the second arises as
follows. Consider the Ising model on 7" with free boundary conditions. There is
a critical value of the inverse-temperature at which the corresponding Gibbs state
ceases to be extremal. In the parametrization of this chapter, this critical point is
given by psg = 2/(1 + V2), see [49, 188, 189, 250]. This value arises also in
the study of a related ‘Edwards—Anderson’ spin-glass problem on 7', see [89] and
Section 11.5. It may be seen by a process of spin-flipping that the spin-glass model
with £1 interactions can be mapped to a ferromagnetic Ising model with boundary
conditions taken uniformly and independently from the spin space {—1, +1}. It
turns out that this model has critical value psg also, and for this reason psgg is
commonly referred to as the ‘spin-glass critical point’.

In summary, for p =1 —e¢# < %, the Ising model has a unique Gibbs state.
For p € (%, Dsg), the + Gibbs state differs from the free state, whereas ‘typical’
boundary conditions (in the sense of boundary conditions chosen randomly ac-
cording to the free state) result in the free measure. When p > py,, the free state is
no longer an extremal Gibbs state. This double transition is not evident in the anal-
ysis of this chapter since it is restricted to boundary conditions of ‘unconditioned’
random-cluster-type.

Sketch proof of Theorem 10.98. Note first that p > 2g/(2g + 1) if and only if
m = p/lp+q( — p)] satisfies 7 > % Under this condition we may obtain, by
a branching-process argument, the ¢, -almost-sure existence in 7 of a (random)
set W of vertices such that: (i) every O-ray passes through some vertex of W, and
(ii) every w € W is the root of an infinite open sub-tree of 7. The argument then
continues rather as in the proof of Theorem 5.33(b). The details may be found in
[160, 196]. g
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10.12 On non-amenable graphs

The properties of interacting systems on trees are often quite different from those of
lattice systems, for two reasons. Firstly, trees have a multiplicity of ‘infinite ends’,
and secondly, the surface/volume ratios of boxes are bounded away from 0. The
latter property is especially interesting and leads to an important categorization of
graphs. Let G = (V, E) be an infinite connected locally finite graph. We call G
amenable if its ‘isoperimetric constant’

aW
(10.99) X(G):inf{||W|l CWCV,0<|W| <oo}

satisfies x (G) = 0. The graph is called non-amenable if x(G) > 0. It is easily
seen that the lattices ¢ and the regular m-ary tree T, satisfy

x (@ =0, x(Tw) > 0 for m > 2,

so that lattices are amenable, and regular trees of degree 3 or more are not.

It is convenient to make certain assumptions of homogeneity on the graph
G = (V, E). An automorphism® of G is a bijection y : V — V such that
(x,y) € E if and only if (yx, yy) € E. A subgroup I' of the automorphism
group Aut(G) is said to act transitively on G if, for every pair x, y € V, there
exists y € I' such that yx = y. We say that I" acts quasi-transitively if V may be
partitioned as the finite union V = UT:] Vi such that, foreveryi = 1,2,...,m
and every pair x,y € V;, there exists y € I' such that yx = y. The graph
G is called transitive (respectively, quasi-transitive) if Aut(G) acts transitively
(respectively, quasi-transitively). Results for transitive graphs are usually provable
for quasi-transitive graphs also and, for simplicity, we shall usually assume G to
be transitive.

For any graph G, the stabilizer S(x) of the vertex x is defined to be the set of
automorphisms of G that do not move x,

S(x) ={y € Aut(G) : yx = x}.
We write S(x)y for the set of images of y € V under members of S(x),

Sy ={yy:y € Sx)},

and we call G unimodular® if |S(x)y| = |S(y)x| whenever x and y belong to the
same orbit of Aut(G).

8See Section 4.3 for the basic definitions associated with the automorphism group Aut(G).

9The terms ‘amenable’ and ‘unimodular’ come from group theory, see [265, 290, 312]. The
assumption of unimodularity is equivalent to requiring that the left and right Haar measures on
Aut(G) be the same.
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There is a useful class of graphs arising from group theory. Let I" be a finitely
generated group and let S be a symmetric generating set. The associated (right)
Cayley graph is the graph G = (V, E) with V =T and

E={(x,y):x,y €T, xg =y forsome g € S}.

There are many Cayley graphs of interest to probabilists, including the lattices L¢
and the trees T;,. All Cayley graphs are unimodular, see [241, Chapter 7]. One
may take Cartesian products of Cayley graphs to obtain further graphs of interest,
including the well-known example L4 x T,,, which has been studied in some depth
in the context of percolation, [162].

The graph-property of (non-)amenability first became important in probability
through the work of Kesten on random walks, [205, 206]. In [162] it was shown that
percolation on the non-amenable graph ¢ x T}, possesses three phases. Pemantle
[267] developed a related theory for the contact model on a tree, while Benjamini
and Schramm [32] laid down further challenges for non-amenable graphs. There
has been a healthy interest since in stochastic models on non-amenable graphs,
and a systematic theory has developed. More recent references include [29, 30,
174, 176, 196, 197, 240, 241, 293].

Let G = (V, E) be aninfinite, connected, locally finite, transitive graph, and let
Q = {0, l}E. As usual, for F C E, we write ¥ for the o-field generated by the
states of edges in F', Tr = Fg\r, and F for the o-field generated by the finite-
dimensional cylinders. The tail o-field is T = (| Tr where the intersection
is over all finite subsets F' of E. A probability measure © on (2, ) is called
tail-trivial if £(A) € {0, 1} forall A € 7.

The translations of ¢ play a special role in considerations of mixing and
ergodicity. For graphs G of the above type, this role is played by automorphism
subgroups with infinite orbits. Let I be a subgroup of Aut(G). We say that I" has
an infinite orbit if there exists x € V such that the set {yx : y € I'} has infinite
cardinality. It is easy to see that a group I" of automorphisms has an infinite orbit
if and only if every orbit of I is infinite.

We turn now to random-cluster measures on the graph G = (V, E). Let p €
(0, 1), and assume for simplicity that g € [1,00). Let A = (A, :n=1,2,...)
be an increasing sequence of finite sets of vertices such that A, 1 V asn — oo.
We concentrate as usual on two extremal random-cluster measures given very
much as in Section 10.9, and we specify these informally as follows. Let A be
a finite subset of V, and let ¢ , 4 be the random-cluster measure on Q([)\ with
parameters p, g, as in (4.11) with & = 0. By stochastic monotonicity, the limit

0 _ 1
¢p,q - nlilgo Phan.pog

exists, and it is called the ‘free’ random-cluster measure on G. We note as before

that the limit measure 4)2» 4 does not depend on the choice of A, and that ¢>2’ q 18

automorphism-invariant.
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In defining the wired measure, we veer towards the recipe of Section 10.9 rather
than the lattice-theoretic (4.11). This amounts in rough terms to the following.
Let A be a finite subset of V, and identify the set d A as a single vertex. Write
¢11\’ v for the random-cluster measure with parameters p, g on this new graph,

and view ¢11\ g S @ measure on the infinite measurable pair (€2, ). As above,
the limit

1 1
Ppq = M 4, g

exists and does not depend on the choice of A. We call q&[l,’ 4 the ‘wired” random-
cluster measure on G, and we note that ¢[1,’ q is automorphism-invariant.

As pointed out in [240], the method of proof of Theorem 4.19(d) is valid
for general graphs, and implies that the measures q)b g are tail-trivial. Let I" be
a subgroup of Aut(G) with an infinite orbit. By an adaptation of the proof of
Theorem 4.19, the qﬁﬁ o are I'-ergodic. Indeed, the qﬁﬁ o satisfy the following form
of the mixing property. Since I' has an infinite orbit, all its orbits are infinite. For
x € V and y lying in the orbit of x under I', let ¥, y € I' be an automorphism
mapping x toy. Forx e Vand A, B € ¥,

. b _ b b —
(10100)  lim 6] (ANyeyB) =5, (9}, (B),  b=0.1,
in that, for € > 0, there exists N such that

(62 /(AN Y2y B) — B (AL, (B <€ if 8(x,y) = N,

where §(x, y) denotes the length of the shortest path from x to y.
The measures qbg, o satisfy different ‘one-point specifications’, namely:

$,Ue | Ty =n+(p—mlk,. 3 -as
¢;,4(J€ | Te) =7+ (p—m)lky, ¢Il,vq—a.s.,

for e = (x, y). Here, as in (10.71), J, is the event that e is open, T, is the o-field
generated by states of edges other than e, and w = p/[p+¢q(1 — p)]. In addition,

K. ={x <& yoffe},

Kel={x<—>yoffe}u{x<—>oo, y <> 00}.

Many questions may be asked about the free and wired measures on a general
graph G. We restrict ourselves here to the existence and number / of infinite open
clusters. The critical points are defined by

pl(g) =sup{p:¢) 1 =0=1},  b=0,1.
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By the tail-triviality of the ¢

o (1 =0) = { 1 ?fp pz(q),

0 if p> pl(q).
We note the elementary inequality pé (@) < pg (g). Itis an open question to decide
when strict inequality holds here. As in (5.4), we have that pcl (q) = pg(q) for
lattices, and the proof of this may be extended to all amenable graphs, [196]. On
the other hand, by Theorem 10.82, pc1 (q9) < pg(q) for the regular binary tree 73
when g € (2, 00).

If there exists an infinite open cluster with positive probability, under what
further conditions is this cluster almost-surely unique? The property of having a
unique infinite cluster is not monotone in the configuration: there existw, wy € Q2
such that w; < wp and I(w1) = 1, I(wp) > 2. Nevertheless, it turns out that,
for transitive unimodular graphs, the set of values of p for which I = 1 is indeed
(almost surely) an interval.

The ‘uniqueness critical point’ is given by

Piq)=inf{p: ¢}, U =1)=1}, b=0.1
and satisfies
P@) = piq),  b=0,1.
Since G is transitive, Aut(G) has an infinite orbit. The event {I = 1} is Aut(G)-
invariant whence, by the Aut(G)-ergodicity of the ¢1’§’ ¢

pb, I=1)=0, p<ph

(10.101) Theorem [240]. Let G be an infinite connected locally finite graph that
is transitive and unimodular, and let b € {0, 1}. If¢ll§’q(l = 1) = 1 then

¢;’/ ;=1 =1for p' = p. In particular,

¢b,U=D=1 p>ph

The proof is based upon the following proposition whose proof is omitted from
the current work. A probability measure i on (2, ¥) is called insertion-tolerant
if, foralle € Eand A € F,

w(A®) >0 whenever u(A) > 0,
where A€ is the set of configurations obtained from members of A by declaring e

to be an open edge. Insertion-tolerance is a weak form of finite-energy, see (3.4).
The symbol 0 denotes an arbitary vertex of G called its ‘origin’.
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(10.102) Proposition [242]. Let G be an infinite connected locally finite graph
that is transitive and unimodular, and let u be an Aut(G)-ergodic probability
measure on (2, F) that is positively associated and insertion-tolerant. Then
u(l =1) = 1ifandonly if

inf u(0 < x) > 0.
xeV

Theorem 10.101 is an immediate consequence, since the ¢£’ q(O < x) are
non-decreasing in p.

Suppose that G is unimodular. By Theorem 10.101 and a well known argument
from [261], the free and wired random-cluster measures have (each) three phases:
forb=0,1,

0 if p < pl(q),
I'=4 00 if pl(q) < p < pi@) Pp.qas.
1 ifp> phig).

It is an open problem to obtain necessary and sufficient criteria for the strict
inequalities

(10.103) @) < pl@), P29 < P@),

and the reader is referred to [174] for a discussion of this. The Burton—Keane
argument, [72, 129], may be adapted to show that equalities hold in (10.103)
when G is amenable. On the other hand, the inequalities may be strict, see [174,
240].

It is natural to ask for the value of / when p equals one of the critical values
pé’ s pﬁ . The picture is far from complete, and the reader is referred to [29, 30, 33,
167, 174] and Section 10.11 for the current state of knowledge.



Chapter 11

Graphical Methods for Spin Systems

Summary. Five applications are presented of the random-cluster model
to lattice spin-systems, namely the Potts and Ashkin-Teller models, the
disordered Potts ferromagnet, the Edwards—Anderson spin-glass model, and
the Widom—Rowlinson lattice gas model.

11.1 Random-cluster representations

The interacting systems of lattice statistical mechanics are mostly ‘vertex-models’
in the sense that the configurations are spin-vectors indexed by the vertices. Such
spins may take values in a general state-space, and the nature of the interaction
between different vertices is specified within the Hamiltonian. A substantial tech-
nology has been developed for such systems. One of the techniques is to seek a
transformation to an ‘edge-model’ that enables the use of geometric arguments in
the study of correlations. The standard example of this is the mapping of Section
1.4 linking the Potts model and the random-cluster model. Such arguments are
sometimes known as ‘graphical methods’, and some examples are summarized
briefly in this chapter.

No attempt is made in this chapter to be encyclopaedic. Instead, we describe
five cases of special interest, namely the Potts and Ashkin-Teller models for
a ferromagnet, the disordered Potts model, the Edwards—Anderson model for a
spin glass, and the Widom—Rowlinson model for a two-type lattice gas. There
is a common theme to these examples. The first step in each case is to find a
corresponding model of random-cluster type, with the property that the original
spin system may be obtained by assigning spins to its clusters. It turns out that
there exists a unique Gibbs state for the original spin system if and only if the new
model has (almost surely) only finite clusters. The existence or not of an infinite
cluster may be studied either directly, or by comparison with a known system such
as a percolation model.

Accounts of the use of graphical methods for these and other classical models
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may be found, for example, in the work of Alexander [15], Chayes and Machta [93,
94], Graham and Grimmett [ 142], and in the reviews of Georgii, Higgstrom, Maes
[136], and Haggstrom [169], as well as in the literature listed later in this chapter.
The use of random-cluster methods in quantum spin systems is exemplifiedin [11,
12, 258].

11.2 The Potts model

The random-cluster model was introduced in part as a means to study the Potts
model. No attempt is made here to compress the ensuing theory into a few pages.
Instead, we state and prove one theorem concerning a random-cluster analysis of
the (non-)uniqueness of Gibbs states for the Potts model.

The Potts model on a finite graph G = (V, E) has an integer number g €
{2, 3, ...} of states and an ‘inverse-temperature’ 8 € (0, co). We shall consider
the case of zero external-field, and we recall the notation of Section 1.3. We
write ¥ = {1,2,..., ¢}V for the configuration space. For e = (x,y) € E and
o =(ox :x €V) e X, letd. (o) be defined by the Kronecker delta
1 if oy =0y,

8e(0) =60,,0, =
e(0) Ox 0y {O otherwise.

The Potts probability measure is defined as

1
nG.p.q(0) = Zpe"”“"), oex,

where the Hamiltonian H (o) is given by

H)=— Y 80,

e=(x,y)€E

and Zp = Zp(G, B, q) is the appropriate normalizing constant.

Consider now the lattice .Y with d > 2. The spin space is the set & =
{1,2,..., q}Zd, and the appropriate o-field § is that generated by the finite-
dimensional cylinders of X. Let A be a finite box of L4, which we consider
as a graph with edge-set E5. For v € X, let X} be the subset of X containing
all configurations that agree with 7 off A \ dA. The Potts measure on A ‘with
boundary condition 7’ is the probability measure on (X, §) satisfying

cimapqlon) ifo e Xy,

11.1 T (o) =1 AT A

( ) A’ﬂ’q( ) { 0 otherwise,

where o is the partial vector (o, : x € A) comprising spins in A, and ¢} is the
normalizing constant. Of particular interest are the boundary conditions t = i for
giveni € {1,2,..., g}, in which case we write nj\,ﬂ,q. The symbol U will be
used to denote the o-field generated by the spins (oy : y ¢ A\ 0A).
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(11.2) Definition. A probability measure 7 on (X, ) is called a Gibbs state of the
g-state Potts model with inverse-temperature g if it satisfies the DLR condition:

forall A € G andboxes A, m(A| Up)(T) = nf\’ﬂ’q(A) forwr-ae. t.

The principal question concerning Gibbs states is the following. For which
values of the inverse-temperature 8 does there exist a unique (respectively, a
multiplicity of) Gibbs states? It turns out that there is a unique Gibbs state if and
only if the corresponding wired random-cluster model possesses (almost surely)
no infinite cluster. Prior to the formal statement of this claim, which will be given
in a form borrowed from [136, Thm 6.10], the reader is reminded of the weak
limits!

0

. 1 1
g = lim 7 g g, g = lim TN B>

4 Apzd

given in Theorem 4.91 and the remark immediately following. The measure 71/(3)7 q
is called the ‘free’ Potts measure.

(11.3) Theorem. Let € (0,00), q € {2,3,...}, andletp =1 — e P,
(a) The measures ng, e 7{}5’ q are translation-invariant Gibbs states.
(b) [8] The following statements are equivalent:

(i) there exists a unique Gibbs state,

(i) 7y (0 =1)=¢7",

(iii) the wired random-cluster measure q&[], q satisfies q&ll, ¢(0 < 00) =0.

We have highlighted the Potts measure é q with boundary condition 1. One
may construct further measures né’ q with boundary condition i € {2, 3, ..., g}.

Such measures differ from né, q only through a re-labelling of the spin values
1,2,...,q.

The main claim of the theorem is that there exists a unique Gibbs state if and
only if 4’117,(1 (0 < o0) = 0. When ¢[1,,q (0 < 00) > 0, there exists more than one
Gibbs state, but how many? It is easily seen from the theorem that the measures
né, pr i €{l,2,...,q}, are then distinct Gibbs states, but do there exist further
states? The set of Gibbs states for given B, ¢ is convex, and thus we are asking
about the number of extremal Gibbs states. There are three situations to consider.
The parameters p and 8 are related throughoutby p = 1 — =%,

1. Two dimensions (d = 2). Itis believed that the 7 é g are the unique extremal
Gibbs states whenever p > pc(g). At the point of a discontinuous phase
transition (see Conjecture 6.32), the set of extremal Gibbs states is believed
toben[",,q fori €{0,1,2,...,q).

IThere is a technical detail here in that 7 ABog is defined on A rather than on Zd, but we
overlook this.
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2. Supercritical phase (d > 3). Suppose p > pc(g). It is believed that the
T /’3 g are the unique extremal translation-invariant Gibbs states. On the other
hand, there exist non-translation-invariant Gibbs states (see Theorem 7.89)
when B (and hence p) is sufficiently large.

3. Critical case (d > 3). Let p = pc(q). By Theorem 11.3, there exists

a unique Gibbs state if the phase transition is continuous in the sense that
qb},m ¢(0 < 00) = 0. When g is sufficiently large, the transition is discon-
tinuous and there exist exactly ¢ + 1 translation-invariant extremal Gibbs
states né,q, i €{0,1,2,...,q}, [251]. There is in addition an infinity of
non-translation-invariant extremal Gibbs states, [85, 254].

To each vertex of a g-state Potts model is allocated one of the states 1, 2, . . ., g.
The so-called ‘Potts lattice gas’ has an augmented state space 0, 1, 2, ..., g, where
the vertices labelled O are considered as ‘empty’. The Potts lattice gas may be
studied via the so-called ‘asymmetric random-cluster model’, see [15]. A similar
augmentation of the state space was introduced for the Ising model by Blume and
Capel in a study of first-order phase transitions, [50, 79]. This gives rise to a
‘Blume—Capel—Potts model’ which may be studied via a random-cluster repre-
sentation, see [142].

Proof of Theorem 11.3. (a) The existence of the measures is proved in Theorem
4.91 and the comments immediately thereafter. Their translation-invariance fol-
lows from the translation-invariance of ¢>§’, q for b = 0, 1, see Theorem 4.19(b),
on following the recipes of Section 4.6.

We prove next that n};’ q is a Gibbs state, and the same proof is valid for ng, e
For boxes A, A satisfying A € A, let Va\a denote the o-field generated by the
states of vertices in A \ (A \ 0A). Let A € §. By the martingale convergence
theorem (see [164, Ex. 12.3.9)),

mh (Al Un) = AthZld Tg (Al Van).,  mpas.
By weak convergence, Theorem 4.91,
Th (Al Vara) = Jim, Tprpg (A Vain),

and it is a simple calculation based on the definition of the finite-volume Potts
measures that

Th (A 1 VA\R@) =73 g, (A).
Combining the last three equations, we find as required that
Tp (Al UNT) =7f 5 (A, 7p -as.
(b) We prove first that (i) implies (ii). Assume that (i) holds, so that, in particular,
né,q = ”é,q fori =2,3,...,q. Then,
w5 q(00 =1) =7 (00 = J)

=7Tﬂ1’q(0'()=j), ‘]=1,2,’q
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However,

<

D mpgloo=p=1,
j=1

and (ii) follows.
By Theorem 1.16 applied to A with the wired boundary condition,

1 -
”k,ﬁ,q(ffo =1- g =0—-gq 1)(]5}\,1,,(](0 < 00).
Let A 1 Z¢ and deduce by Theorems 4.91 and 5.11 that
7{1(0—1—1—1—_110
pa(@0 =1 = = 1=q"19;,0 < 0.

Therefore, (ii) and (iii) are equivalent.

Finally, we prove that (iii) implies (i). Assume (iii), and let 7 be a Gibbs state
for the Potts model with parameters §, g. Let A € ¢ be a cylinder event, and let
ng, q denote the Potts measure on ¢ with the free boundary condition. We claim
that

(11.4) 7(A) =g, (A),

which implies (i) since the cylinder events generate . Let € > 0. We shall prove
that

(11.5) |71f\’ﬁ’q(A) - ng,q(A)‘ <€, for some box A and all T € X.

Equation (11.4) follows by (7-)averaging over T and appealing to Definition 11.2.

We concentrate for the moment on the measure 7 .q We may couple this
measure with a certain random-cluster-type measure in the same manner as de-
scribed in Section 1.4 for the free measures. For w € Q4 = {0, 1}E4, let k7 (w)
be the number of open clusters in the graph obtained from (A, E ) by identifying
eachofthesets V; = {x e 0A : 7, = i},i = 1,2,...,¢q, as asingle vertex. Let ¢
be the random-cluster measure on 25 with the usual cluster-count k (w) replaced
by k*(w). Finally, let ¢} v denote? ¢ conditioned on the event

(11.6) D' = {a) € Q:V; <+ Vjin A, for all distinct i, j € {1,2, .. .,q}}.
It is left as an exercise to prove that 7§ b.q is the law of the spin-vector obtained
as follows. If x ¢ A\ A, assign spin 7, to x. For vertices in A \ d A, first sample

w € Q4 according to ¢} D’ and then assign uniformly distributed random spins

2Since k* (w) differs from k! (w) by a constant (depending on 7), we could take qbf\ v to be
the wired measure ¢11\ P conditioned on DT.
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to each open cluster of w subject to the constraint: if x <> V;, then x is assigned
spini.
By positive association,

(11.7) Ph.pg St A pg

where the latter measure is to be interpreted as its projection onto {0, 1}%4.
We return to the cylinder event A, and we let ¢ > 0. By the remark after
Theorem 4.91, ng’ﬂ’q = ng’q as A 1 74, and thus we may find a box B such that

(11.8) |79 ., (A) —7) ,(A)] <e  forally 2 B.

Let A’ be a box sufficiently large that: B € A’, and A is defined in terms of
the vertex-spins within A’. By (iii), we may choose a box ® such that A’ C ©
and

(11.9) ¢y (A < 00) <e.
Since qb}\’p’q = ¢Il,’q as A 1 Z%, we may find a box A such that ® C A and
(11.10) Ph pg (A < 00) < 2e.

Lett € X. By (11.7) and (11.10),
(11.11) q&f\,p,q(A’eB@) < 2e, TEX.

Onthe event {w € Q : A’ <5 90O}, there exists a connected subgraph " of ® \ 90,
containing A’ and with closed external edge-boundary A.®. Let I' be the maximal
graph with this property, and let # be the set of all possible outcomes of I". For
y € #, the event {I" = y} is measurable on the o-field generated by the states of
edges not belonging to y. (Thereis a similar step in the proof of Proposition 5.30.)
The marginal measure on y of ¢} » q(- | I' = y) is therefore the free measure

¢19,p,q and hence, by coupling,

ThpgA) = D705 (D], (L =p)| <), (A < dA).
yeH

By (11.8) and (11.11),
|7t}\!ﬁ’q(A) - ng,q(A)| < Se,

whence (11.5) holds with an adjusted value of €, and (i) is proved. O
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11.3 The Ashkin—Teller model

Each vertex may be in either of two states of the Ising model. The Potts model was
proposed in 1952, and allows a general number g of local states. Nearly ten years
earlier, Ashkin and Teller [21] proposed a 4-state model which, with hindsight,
may be viewed as an interpolation between the Ising model and the 4-state Potts
model. Their model amounts to the following.

Let G = (V, E) be a finite graph. The set of local spin-values is taken to be
{A, B, C, D}, so that the configuration space is ¥ = {A, B, C, D}V. Let Jy, J»
be edge-interactions satisfying 0 < J; < J,, and let 8 € (0, 00). The spins at the
endvertices x and y of the edge ¢ = (x, y) interact according to a function § given
as follows:

8(A, B) = 8(C, D) = Ji,
8(A,C) = 8(A, D) = 8(B,C) =8(B, D) = J.

There is symmetry within the pair {A, B} and within the pair {C, D}, but asymme-
try between the pairs. The Ashkin—Teller measure on G is the probability measure
given by

1
ag,glo) = ZATe_ﬂH(U), o€ X,

where Zar is the appropriate normalizing constant and

H(o) = Z 8(oyx, 0y), o€eX.

e=(x,y):
oxF#oy

Neighbouring pairs prefer to have the same spin, failing which they prefer to have
spins in one of the sets {A, B}, {C, D}, and failing that either of the spins in the
other pair. When J; = 0, the Ashkin-Teller model is equivalent to the Ising
model. When J; = J;, it is equivalent to the 4-state Potts model.

Consider the lattice ¢ with d > 2. The spin space is ¥ = {A, B, C, D}Zd,
and § denotes the o-field of ¥ generated by the cylinder events. In order to
define Ashkin—Teller measures on the infinite lattice, we follow the standard recipe
outlined in the last section around Definition 11.2. For T € X and a box A, one
may define an Ashkin-Teller measure o} g on A with boundary condition 7. A
probability measure @ on (X, ) is called a Gibbs state of the Ashkin—Teller model
with inverse-temperature f if, for any box A, the conditional measure on A, given
the configuration 7 off A \ A, is ozf\, e

For what values of § does there exist a unique Gibbs state?
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(11.12) Theorem [271]. Consider the Ashkin—Teller model on 1.4 with d > 2 and
0 < J1 < Ja. There exist By, B satisfying 0 < B1 < B < oo such that the
following hold.
(a) There is a unique Gibbs state if B < B.
®) If B € (B1, B2), there is a multiplicity of Gibbs states each of which is
invariant under the re-labellings A <> B and C <> D.
(c) If B > Po then, for each s € {A, B, C, D}, there exists a Gibbs state in
which the local state s dominates. That is, for each s there exists a Gibbs
state a such that

ot(ax:s)>}t, a(0x=Z)<i, x € 7¢, te{A,B,C,D}\ {s}.

Furthermore, B1 < Bo if Jo/J1 is sufficiently large.

It is an open question to decide whether 81 < B> whenever J; < J,. Perhaps
the answer depends on the choice of lattice.

Theorem 11.12 may be found in [271], and it is proved here via a random-
cluster representation following the treatment in [169]. Further results for the
Ashkin-Teller model and its random-cluster representation may be found in [93,
273, 289, 321].

The relevant graphical method makes uses the following edge-model. Let
G = (V, E) be a finite graph as before, and take as configuration space the set
Q={0,1, Z}E. Forw € Qandi € {0, 1, 2}, we write n; (w) for the set of edges e
withw(e) =i. Letp = (po, p1, p2) be a vector of non-negative reals with sum 1.
The Ashkin—Teller random-cluster measure on G is the probability measure ¢¢
on Q2 given by

[mol _Iml |772|2k(771U?’]2)+k(772)

1
¢G.pw) = Py PP w € L,
p ZATRC 0 1 2

where 1; = n;(w) and Zarrc is the appropriate normalizing constant.
Suppose that 8 € (0, 00),0 < J1 < Jp, and let p = (p1, p1, p2) satisfy

(11.13) poze_ﬁjz, plze_ﬂh—e_ﬁjz, pg:l—e_ﬁjl.

We describe next how to couple g, g and ¢¢ p. Let w have law ¢¢ p. For each
cluster C1, of the graph (V, n1(w)Unz (w)), we flip a fair coin to determine whether
the spins in C1; are drawn from the pair {A, B} or from the pair {C, D}. Having
done this for each C12, we consider the clusters of the graph (V, n2(w)). For each
such cluster C,, we flip a fair coin to determine which of the two possibilities will
be allocated to the vertices of C». Thus, for example, if C; € Cj; and vertices in
C1; are to receive spins from the pair { A, B}, then either every vertex in Cp receives
spin A, or every vertex receives spin B, each such possibility having (conditional)
probability é This recipe results in a random spin-vector ¢ € {A, B, C, D}V,
and it is left as an exercise to check that o has law ag g.
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The key question in deciding the multiplicity of Gibbs states is whether a weak
limit of the ¢ A p may possess an infinite cluster of edges each of which has either
state 1 or state 2 (respectively, each of which has state 2). We begin the proof of
Theorem 11.12 with a lemma. The configuration space = {0, 1, 2}* may be
viewed as a partially ordered set. For probability measures (¢, 2 on €2, we write
w1 <st p2 if p1(f) < pa(f) for all non-decreasing functions f : 2 — R. See
Section 2.1.

(11.14) Lemma. Suppose0 < J; < Jo. Let B € (0, 00), and let p = p(B) satisfy
(11.13). The probability measures ®pg = PG p(p) satisfy

(11.15) Dp, <5 Dg,, 0<pB=<pr<oo.

Proof. Each ®g is a probability measure on the partially ordered set 2. By
Theorems 2.1 and 2.6°, inequality (11.15) holds if, forv = 1,2 and every e € E,

7.e(v, §) = Pg(w(e) = v|w(f) = &(f) forall f € E \ {e})

is increasing (that is, non-decreasing) in 8 € (0, c0) and £ € Q.
Fore € E and & € Q, let ka(e, &) (respectively, k12(e, £)) be the number of

clusters of the graph (V, n2(&) \ {e}) (respectively, (V, n1(§) U n2(&) \ {e})) that
intersect the endvertices of e. It is an easy calculation that

P2 ifv=2
) vopo+rvipi+p2 '
(11.16) g,.e(v,§) = L Yoo I
Yopo + Y1p1 + p2 ’
where
(11.17) Yo = 2K12(€,$)+K2(€,5)—2’ Y1 = ok12(e.8)—1
Note that
(11.18) Yo >y > 1,

and, in addition, yy, y1, ¥0/Y1, and yp — y1 are decreasing functions of &.

Now,
Yopo + vip1+ p2 Po 1
(11.19) =14+ 00—y +7/1< —1>,
P2 P2 P2
1
(11.20) Vopo+V1p1+p2:1+V1 S
YopPo Yo Po Yo Po

3These were proved for the case Q2 = {0, l}E , but similar results are valid in the more general
setting when Q = TE and T is a finite subset of R. See, for example, [136, Section 4].
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It is easily checked from (11.13) that pg, po/p1, and 1/ p; are decreasing in .
By (11.18), (11.19) is decreasing in §. By the remark after (11.18), (11.19) is
decreasing in &, and therefore 7g (2, §) is increasing in 8 and & as required.
Similarly, (11.20) is increasing in 8 and &, and therefore so is mg (1, ) in
(11.16). We conclude that each mg (v, §) is increasing in 8 and &, and (11.15)
follows. O

Sketch proof of Theorem 11.12. We follow [169]. For w € {0, 1, 2}£, a cluster of
type 1/2 (respectively, type 2) is a cluster formed by the edges e with w(e) € {1, 2}
(respectively, w(e) = 2). As in the Potts case of the previous section, there is a
unique Gibbs state if and only if every weak limit, as A 1 Z4, of @A,p POssesses
(almost surely) no infinite cluster of type 1/2. By Lemma 11.14, the last statement
about the ¢4 p is a decreasing property of S: if it holds when g = B’ then it
holds for 8 < B’. Therefore, there exists a critical value 8; such that there exists
a unique (respectively, multiplicity) of Gibbs states when 8 < B (respectively,
B > Bo).
By (11.16)—(11.17),

me(1,6) < 2p1+ p2= p*(B), §e€Q, eck,
where
Pr(B) =2(e 7Pl — ey 41— 7P

By Theorems 2.1 and 2.6, the law of the set of edges of type 1/2 in G is dominated
by a product measure with density p*(8). When p*(8) < p‘c"’“d(]Ld ), no weak
limit of ¢ p may possess an infinite cluster of type 1/2. Here, pg"“d(]Ld) denotes
the critical probability of bond percolation on L¢. We deduce that f; > 0.

The same argument may be applied to the existence (or not) of an infinite cluster
of type 2. Once again, there exists a critical value B, marking the onset of the
existence of such a cluster, and it is elementary that 81 < 8,. By (11.16)-(11.17),

Tpe(2,6) > 1p2.  £E€Q, e€E,

implying as above that, when g is large, every weak limit of ¢ , possesses (almost
surely) an infinite cluster of type 2. Therefore, 2 < oo. Statement (c) is easily
seen to follow and, in addition, statement (b) when 8; < B».

By (11.16),
mpe(1,6) > 1 —dpy=1—de P,
Tpe(2,E) < pp=1—e P,
Suppose there exists a non-empty interval I of values of 8 such that
(11.21) 1—e PN < plcaond(Ld) <1 —dp—P

If B € I, the edges of type 1/2 dominate a supercritical product measure, and those
of type 2 are dominated by a subcritical product measure. Therefore, 81 < < 82,
and hence [ is a sub-interval of [B1, B>], implying that 81 < B>. We may indeed
find such an interval I if J>/J; is sufficiently large. O
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11.4 The disordered Potts ferromagnet

All our models have been assumed so far to be homogeneous in the sense that
their edge-parameters have been assumed equal. In a ‘disordered’ system, one
begins instead with a general family of edge-parameters indexed by the edge-set
E. Tt is potentially a major complication that the ensuing measures may not be
automorphism-invariant, and one may not apply techniques such as the ergodic
theorem. A degree of statistical homogeneity may be re-introduced by assuming
that the edge-parameters are chosen according to some given translation-invariant
random field. We restrict ourselves for simplicity here to the situation in which
this random field is a product measure with a given marginal distribution.

The disordered Potts model on a finite graph G = (V, E) is given as follows.
One begins with a family J = (J, : e € E) of ‘random interactions’*. These are
independent, identically distributed random variables taking values in the half-
open interval [0, co) according to a given law v. Let 8 € (0,00) and ¢ €
{2,3,...}. The corresponding Potts (random) measure on the configuration space
T ={1,2,....q}"is

1
(11.22) mygo)= _ e PHO sy,
Zy
where Zj is the appropriate (random) normalizing constant and
Ho)=— Y Jb(0),  8:(0) =085,0,
e=(x,y)eE

Such a model is ferromagnetic in that the J, are non-negative random variables.
The non-ferromagnetic case is much harder, and the reader is referred to Section
11.5 for some partial results of random-cluster type.

The ‘disordered random-cluster model’ is defined similarly on G = (V, E).
Letg € (0,00),andlet p = (p. : e € E) be a family of independent, identically
distributed random variables chosen from the interval [0, 1]. The corresponding
random-cluster (random) measure ¢, , on Q = {0, 1} is given as usual by

1 _
{H PO = po)! ‘”@}qk(“’), weQ,

(11.23) Pp.g(@) =
P Zp ecE

where Zp, is the appropriate (random) normalizing constant.
With ¢, 8, and the J, as above, let
(11.24) pe=1—ePle, ecE.

The measures ¢, and 7y , may be coupled as in Section 1.4. As in Theorem
1.16,

1 _
(11.25) 75400 =0y) — - (1—qg Dpgx < y), x,yeV.

4Disordered systems were introduced in [143], and early papers include [132, 133].
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Consider the lattice L.¢ with d > 2. In developing the theory of disordered
random-cluster measures on IL¢, one needs to take care to avoid the use of spatial
homogeneity. It turns out that quite a lot of the theory of Chapters 1-4 remains
valid in this setting, including the comparison inequalities. When working on a
finite box A of the lattice LY with q € [1,00), one may therefore pass to the
infinite-volume limit as A 1 74, as in Section 4.3. Without more ado, we shall
use the notation introduced earlier, including that of the infinite-volume random-
cluster measures ¢>3, pr ¢>ll,, Pe

The disordered Potts model has a random set of Gibbs states, and we seek a
condition under which this set comprises (almost surely) a singleton only. As in
the previous sections, for given 8J, there is a unique Gibbs state if and only if the
corresponding wired random-cluster measure possesses no infinite cluster.

Let I = {w € Q : w possesses an infinite cluster} and consider the probability
¢>ll,, q (I), viewed as a function of . By the comparison inequalities, ¢Il,’ q(I ) is
non-decreasing in 8, and we define the critical point . (J) by

Be(d) = sup{B > 0: ¢, ,(I) =0},

noting that B.(J) is a random variable. The random variable (;511)’ (D is invariant
under lattice-translations, and the invariant o-field of the p, is trivial, whence
qbé, q (I) € {0, 1}. Therefore, there exists a constant 8. € [0, co] such that

0 ifg < B,

PBD) =p) =1,  ¢p, ()= { L ifg > 8

where P denotes the product measure with marginals v on the space [0, oo)Ed.
A pivotal role is played by the atom of v at 0,

v(0) = P(J, = 0).

By (11.24), P(J, = 0) = P(p. = 0). By the comparison inequality (3.22),
qbll), ¢(1) = 0, (P-almost-surely), if 1 —v(0) < pgond(Ld). Therefore,

(11.26) Be =00 if v(0) > 1 — pdrdad).
The situation is more interesting when v(0) < 1 — p?ond (LY.

(11.27) Theorem [7]. Let d > 2, and consider the disordered Potts model on L4
with edge-interaction law v.
(@) If v(0) > 1 — pPord(Ld), then B, = oco.
(b) If v(0) < 1 — ptond(Ld), there exists B = Be(v) € (0, 00) such that: there
exists (P-almost-surely) a unique Gibbs state if § < B, and (P-almost-
surely) a multiplicity of Gibbs states if B > .

The literature on disordered Potts models is substantial, see for example [7,
155] and the bibliographies of [136, Section 9], [169, 259, 260]. Lower and upper
bounds for B; may be found at (11.28)—(11.29).
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Proof. Part (a) was proved at (11.26). Suppose that v(0) < 1 — p2ord(L?). By
the earlier remarks, it suffices to prove that 0 < . < oco. By the comparison
inequality (3.22),

bp.g (D) < dp(D)

where ¢y is the product measure on 2 in which edge e is open with probability
Pe. Therefore,

Plgp 4 (D] < Plpp(D] = prpy (),

since the average of a product measure is a product measure. Now,
P(pe) =P(1—e¢ /) -0 asplo0,
by monotone convergence. Therefore,
(11.28) Be = sup{B > 0: P(1 — e Fle) < pPrd@whH} > 0.
We turn to the upper bound for B.. By the other comparison inequality (3.23),
bp.g (D) = by (D)
where ¢y is the product measure on €2 in which edge e is open with probability

/ Pe 1 —e Pl
p = = .
¢ Pe+q(1 — pe) 1+(61—1)€_ﬁ1”

By monotone convergence,
P(p,) — 1 —v(0) as § — oo,
and 1 — v(0) > p?"“d(Ld), by assumption. Arguing as above,

1 — e Pl

(11.29) B < inf{ﬂ >0: P<1 +(q — 1)e—Be

) > p?ond(]Ld)} < 00,

and the theorem is proved. d
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11.5 The Edwards—Anderson spin-glass model

The Ising/Potts models with positive edge-interactions J, are termed ‘ferromag-
netic’: like spins attract one another, unlike spins repel. The corresponding edge-
variables p, = 1 — e Bl satisfy p, € [0, 1), and the random-cluster model is
a satisfactory tool for the analysis of the correlation structure. Conversely, when
the J, can be of either sign, the model is non-ferromagnetic, and the analysis is
relatively difficult and incomplete®. The random-cluster model plays a role in this
situation also, as described in this section in the context of an Ising model with
real-valued edge-interactions.

In the last section, the J, were allowed to be random variables taking values
in the half-line [0, c0). A model which is especially interesting and relatively
poorly understood is the so-called ‘Edwards—Anderson spin-glass model’, [109],
in which the J, are independent, identically distributed random variables taking
values in R with a symmetric distribution (that is, J, and — J, have the same law).
Two natural distributions for the J, are the normal distribution, and the symmetric
distribution on the two-point space {—1, 1}. There are several beautiful open
problems concerning the Edwards—Anderson model. We refer the reader to [260]
for an account of the theory, and to [262, 263] for recent results and speculations.

Let G = (V, E) be afinite graph, and write ¥ = {—1, 1}V and Q = {0, 1}¥ for
the associated vertex- and edge-configuration spaces®. Let J = (J, : e € E) be
a given vector of reals, which may be negative or positive. We shall be interested
in the Ising” measure gy = TG,y given by

1

(11.30) Tp3(0) = e PH(), cEY,
1

(11.31) H(o)=— Z 3 Je0xy.
e=(x,y)eE

The inverse-temperature 8 € (0, 0o) is regarded as the parameter to be varied.
When J, > 0 (respectively, J, < 0), the spins at the endvertices of the edge
e prefer to be equal (respectively, opposite). The usual stochastic orderings of
the measures are invalid when some of the J, are negative, and the consequent
theory is substantially less developed than that of the ferromagnetic case. This
notwithstanding, the measure gy may be coupled as follows with a random-
cluster-type measure on 2 with edge-parameters (p, : ¢ € E) given by

(11.32) pe=1—¢ Pl ecE.
Let P be the product measure on ¥ x €2 given by
- ()t
xeV eckE

3See Kasteleyn’s remark about the anti-ferromagnet in Paragraph 12 of the Appendix.

6We take the vertex-spins to be —1 and 1 in order to highlight a symmetry.

TThe term ‘Ising’ is normally used in the ferromagnetic case only, but we choose to retain it
in this disordered model.
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where

P ox=—-1)=¢"(ox=1)=), x€V,
¢°(w(e) =1)=1—¢°(w(e) =0) =p,, e€E.

Let W = Wg € X x 2 be the (non-empty) event
(11.33) W= {(O’, w) : Jeoxoy > Oforall e = (x, y) withw(e) = 1}.

That is, W is the set of pairs (o, ®) € ¥ x €2 such that the spins at the endvertices
of every open edge e have the same sign (respectively, opposite signs) if J, >
0 (respectively, J, < 0). We now define the probability measure u to be P
conditioned on W,

(11.34) u(o, w) = P(IW)M(G’ w)lwy(o, w), (o,w) € ¥ x Q.

Let U = Ug C Q2 be the event

(11.35) U = {a) € Q : there exists 0 € ¥ with (o, w) € W}.

A configuration w €  is called frustrated if o ¢ U. It is left as an exercise®
to show that the marginal measure on ¥ of w is the Ising measure (11.30), and
the marginal measure on 2 is the random-cluster measure with parameters p =

(pe : e € E), q = 2, conditioned on the event U. We write this as

u(o) =mgy(o), o€,

(11.36)
p(w) = ¢p(w), w € Q,

where

1
U137 9p(@) =9 @) = dp2@ @), Z=) dpa@).

welU

The conditional measure on X of u is determined as follows, the derivation is
omitted. First, we sample w € €2 according to the relevant marginal ¢,. Given o,
the (conditional) law of the random spin o has as support the set

S(w)={o €X:(0,0) € W},

which is non-empty since w € U (u-almost-surely). Let C be an open cluster of
w, and let x, y be distinct vertices in C. Let p be an open path from x to y. Since
every edge e of p is open, it must be the case that p, > 0, and therefore J, # 0.

8This coupling may be found in [129] and the present account draws on [259, 260]. The first
use of a random-cluster representation in this context appears to be in [202].
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Let o € S(w). By (11.33), 0y = ny,y0, Where 5y y is the product of the signs
of the J, for e € p. Thus, the relative signs of the spins on C are determined by
knowledge of w. Since there are two possible choices for the spin at any given
x, there are two choices for the spin-configuration on C, and we choose between
these according to the flip of a fair coin. In summary, we assign spins randomly
to V in such a way that: the spins within a cluster satisfy oy, = 7y y0y as above,
and the spins of different clusters are independent.

Let w € Q. We extend the definition of 7y y by setting .,y = 0if x <54 y, and
we arrive at a proposition which may be viewed as a generalization of Theorem
1.16 to situations in which ¢ = 2 and the J, may be of either sign.

(11.38) Proposition [259]. For any finite graph G = (V, E),
nﬂJ(Uny) =¢p(77x,y)a x,yeV.

When J, > Oforalle € E, then#, y = 1y« y}, and the conclusion of Theorem
1.16 is retrieved.

We pass now to the infinite-volume limit. Let d > 2, let A be a finite box of
L4, and write Q5 = {0, 1}, Fort € %, let X% be given as in Section 11.2. We
may construct a measure pu}, on X} x Qa by adapting the definition of y given
above. The reference product measure P is given similarly but subject to o, = 7,
for x € 0A, and u, is obtained by conditioning P on the event W = W,. The
marginal of ©j on X} is an Ising measure with boundary condition 7.

A (EA-)Gibbs state for the Edwards—Anderson model on L¢ is defined to be
a probability measure 7 on ¥ = {—1, I}Zd satisfying the DLR condition as
in Definition 11.2. The principal problem is to determine, for a given vector
J = (J, : e € E9), the set of values of B for which there exists a unique Gibbs
state. Only a limited amount is known about this problem. One of the main
difficulties is that correlations are not generally monotonic in 8, and thus we
know no satisfactory definition of a critical value of 8. Nevertheless, for given J
we may define
(11.39)

Be(d) = sup{ﬁ : there is a unique Gibbs state at inverse-temperature ﬂ}.

The following is proved as an application of the random-cluster method.

(11.40) Theorem [259]. Consider the Ising model on L4 with real-valued edge-
interactions J = (J, : e € E9) and inverse-temperature 3. We have that B:(J) >
Bc(|J]), where the latter is the critical inverse-temperature for the ferromagnetic
Ising model with edge-interactions |J| = (|J.| : e € EY).

Itis an important open problem to decide whether or not there is non-uniqueness
of Gibbs states on LY for large B, [260]. There has been a considerable amount
of discussion of and speculation around this question, for an account of which the
reader is referred to the work of Newman and Stein [262, 263].
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We consider briefly the special case in which the J, have the symmetric distribu-
tion on the two-point space {—1, 1}. The quantity S.(J) is a translation-invariant
function of a family of independent random variables. Therefore, there exists
a real number BEA such that P(B.(J) = BEA) = 1. The theorem implies the
uniqueness of Gibbs states for every possible value of the vector J, whenever
0 < B < Bc(1) with B:(1) the critical inverse-temperature for the ferromagnetic
Ising model with constant edge-interaction 1. The weak inequality ﬂfA > B.(1)
may be strengthened to strict inequality for this case, [100].

Proof of Theorem 11.40. We begin with a discussion of boundary conditions. Let
J=(,:ec Ed) be given, and B € (0,00). For t € ¥ and a box A, write
nf\’ ) for the corresponding Ising measure on A with boundary condition 7, as in
(11.1). Let A be a cylinder event of X, and suppose g is such that,

(11.41)  forallt,7’ € X, 7} 45(A) — 7} 45 (A) >0 asA 12z

Let 7, ' be Gibbs states at inverse-temperature 8. We may sample t according
to r, and t’ according to 7/, thereby obtaining from (11.41) and the definition of
a Gibbs state (as in, for example, Definition 11.2), that 7 (A) = w/(A). Since the
cylinder events generate the requisite o -field of ¥, we deduce that w7 = 7/, Tt will
therefore suffice to prove (11.41) under the assumption that 8 < B¢(]J|), and this
will be achieved via a transformation to the random-cluster model.

We construct next the random-cluster measure on A corresponding to the Ising
measure nf\ 8y and we remind the reader of the ferromagnetic case around (11.6).

Let Q4 = {0, 1}E2 and

(11.42) Uy = {a) € Q4 : there exists 0 € X} such that (o, w) € W[T\}
where Wi C X% x Qj is given by

(11.43) W} = {(a, w) : Jeoxoy > Oforalle = (x,y) € Ep withw(e) = 1}.

Letp = (p. : e € EY) satisfy (11.32). As in Section 11.2 (see the footnote on
page 324), we let qbf\’p be the wired random-cluster measure ¢11\,p,2 conditioned
on the event Uj .

The event Uf\ is a decreasing subset of 24, so that, by positive association,

(11.44) Dhp st Bh po-

There is a close link between stochastic inequalities and couplings. For w €
Qp,let S(w) = {x € A: x <& dA},and G = A\ S(w). We claim that there
exists a probability measure x on Q2 X 24 such that:

(i) the first marginal is 4)17\’1,, and the second marginal is ¢>11\,p’2,
(ii) the support of « is the set of pairs (wg, w1) satisfying wg < wi,
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(iii) for any suitable g, conditional on the event {G(w1) = g}, the marginal law
of {wo(e) : e € E,} is the free measure ¢, .
The full proof of this step is omitted, and the reader is referred to [259] and to
the closely related proof of Proposition 5.30. The idea is to sample the states
wop(e), w1 (e) of edges recursively, beginning with edges e incident to d A. Ateach
stage, one checks the stochastic domination (conditional on the past history of the
construction) that is necessary to continue the pointwise ordering.

Let A, A be boxes such that: A is defined in terms of the spins within A,
and A € A. Let S, G, and k be given as above. If w1 € {A <> 0A}, then
G(w1) 2 A, and we write J¢ for the set of possible values of G on this event.
Using the coupling of the Ising and random-cluster measures, together with the
remarks above, it follows by conditioning on the event {A <5~ d A} that

TR p1(A) = D b 52(G = 97 p3(A) + P} (A < MM,
geH

for some m satisfying 0 < m} < 1. Similarly,

Thpy(A) =D ¢ 52(G = @)y gy(A) + d) , (A < IA)m].
geH

By subtraction,
(11.45) 7R py(A) — n}\:ﬁJ(A)| < ¢}\,p,2(A < JA).

For B < Bc(|J]), the right side of (11.45) approaches 0 as A 1 Z¢, and (11.41)
follows as required. O

11.6 The Widom—Rowlinson lattice gas

Particles of two types, type 1 and type 2 say, are distributed randomly within a
bounded measurable subset A of R? in such a way that no 1-particle is within unit
distance of any 2-particle. A simple probabilistic model for this physical model
is the following, termed the Widom—Rowlinson model after the authors of the
paper [319] on the liquid/vapour transition. Let A € (0, co). Let IT; and I, be
independent subsets of A chosen as spatial Poisson processes’ with intensity A.
Let DA be the event

Dp = {lx —y| > lforallx € I}, y € [},

and let A, be the law of the pair (ITy, [12) conditioned on the event Dp. This
measure is well defined since P(Dx) > 0 for bounded A.

9See [164, Section 6.13] for an introduction to the theory of spatial Poisson processes.
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The definition of the Widom—Rowlinson measure jt x may be extended to
the whole of R in the usual manner, following. A probability measure on pairs
of countable subsets of R? is called a (WR-)Gibbs state if, conditional on the
configuration off any bounded measurable set A, the configuration within A is
that of two independent Poisson processes on A conditional on no 1-particle in
R¢ being within unit distance of any 2-particle.

How many Gibbs states exist for a given value of A? The following theorem
may be proved using random-cluster methods in the continuum.

(11.46) Theorem [285]. Consider the Widom—Rowlinson model on RY with
d > 2. There exist constants L1, Ay satisfying 0 < A1 < Ay < 00 such that:
there is a unique Gibbs state when ). < A1, and there exist multiple Gibbs states
when L > Xj.

It is an open problem to show the existence of a single critical value marking
the onset of multiple Gibbs states. In advance of the proof, which is sketched
at the end of the section, we turn to a lattice version of this model introduced in
[232].

Let G = (V, E) be afinite graph. To each vertex we allocate a ‘type’ from the
‘type-space’ {0, 1,2}, and we write £y = {0, 1,2}V for the ensuing spin space.
For 0 € X, let z(0) be the number of vertices x with o, = 0. Let A € (0, 00),
and consider the probability measure on Xy given by

1

nGa (o) =1 Zwr
0 otherwise,

272 ifg e D,

where D is the event that, forall x, y € V, x » y wheneveroy = 1 and 0y = 2,
and Zwr is the appropriate normalizing constant.

Consider now the infinite lattice L¢ where d > 2, and let & = {0, 1, Z}Zd,
endowed with the usual o-field §. We may define a Gibbs state in the manner
given above: a probability measure p on (X, §) is called a lattice (WR-)Gibbs
state if it satisfies the appropriate DLR condition.

(11.47) Theorem [232]. Consider the lattice Widom—Rowlinson model on L4 with
d > 2. There exist constants L1, Ay satisfying 0 < A1 < Ay < 00 such that: there
is a unique Gibbs state when ). < A1, and there exist multiple Gibbs states when
A > Ao

It is an open problem to show the existence of a single critical value of . Proofs
of such facts hinge usually on monotonicity, but such monotonicity is not generally
valid for this model, see [69]. Progress has been made for certain lattices, [171],
but the case of ¢ remains unsolved.

The main ingredient in the proof of the latter theorem is a certain ‘site-random-
cluster measure’, given as follows for the finite graph G. The configuration space
isQy = {0, 1}V. Forw € Qy, Let k(w) be the number of componentsin the graph
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obtained from G by deleting every vertex x with w(x) = 0. The site-random-
cluster measure Y, p 4 is given by

1 _
(11.48) V¥G,pq(w) = {1_[ pw(x)(l _ p)l w(x)}qk(w)’ weQy,
Zsrc

xeV

where p € [0, 1], g € (0, 00), and Zgrc is the appropriate normalizing constant.
This measure reduces when ¢ = 1 to the product measure on 2y otherwise known
as site percolation.

At first sight, one might guess that the theory of such measures may be devel-
oped in much the same manner as that of the usual random-cluster model, but this
is false. The problem is that, even for g € [1, 00), the measures ¥, p 4 lack the
stochastic monotonicity which has proved so useful in the other case. Specifically,
the function k does not satisfy inequality (3.11).

Proof of Theorem 11.47. We follow [136], see also [86]. Let G = (V, E) be a
finite graph, and let g = 2, A € (0, 00), and p = 1/(1 + 1). We show first how
to couple pg,x and ¥ p 4. Let w be sampled from Qy according to ¥ p.g. If
w(x) = 0, we set o, = 0. To each vertex y with w(y) = 1, we allocate a type
from the set {1, 2}, each value having probability é, and we do this by allocating
a given type to each given cluster of w, these types being constant within clusters,
and independent between clusters. The outcome is a spin vector o taking values
in Xy, and it is left as an exercise to check that o has law ug ;.

Next, we compare ¥, p 4 With a product measure on Qy. Itis immediate from
(11.48) that, for £ € Qandx € V,

pPq

Vo0 =1om) =sm forallyg V) = (T

where « (x, &) is the number of open clusters of &, that contain neighbours of x.
[Here, &, denotes the configuration obtained from & by setting the state of x to 0.]
If the maximum degree of vertices in G is A, then 0 < x(x, &) < A, and

P1 = VG pg(0@) =1|w(y) =&y) forally ¢ V\ {x}) < p2,

where
pL = pq P2 = pq
pqg+ 1= p)2’ pg+1—p
By Theorems 2.1 and 2.6,
(11~49) ¢G,p1 Sst wG,p,q Sst ¢G,p2

where ¢, is product measure on 2y with density r.

Consider now a finite box A of LY, with A = 2d. It may be seen as in the
case of the Potts model of Section 11.2 that there is a multiplicity of WR-Gibbs
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states if and only if the ¥4 , have a weak limit (as A 1 Z9) that possesses an
infinite cluster with strictly positive probability. By (11.49), this cannot occur if
p2 < pS(LY), but this does indeed occur if p; > pSite(L9). Here, pSie(L9)
denotes the critical probability of site percolation on L%, see [154]. |

Sketch proof of Theorem 11.46. The full proof is not included here, and inter-
ested readers are referred to [136, Thm 10.2] for further details'?. Rather as in
the previous proof, we relate the Widom—Rowlinson model to a type of ‘con-
tinuum site-random-cluster measure’. Let A be a bounded measurable subset
of RY. For any countable subset IT of A, let N(IT) be the union of the closed
;—neighbourhoods of the points in I1, and let k(IT) be the number of (topolog-
ically) connected components of N(IT). Consider now the probability measure
7 A5 on the family of countable subsets of A given by

1
Tardl = 2Kz, ;5 (dTT)

where mp ; is the law of a Poisson process on A with intensity A, and Z, is a
normalizing constant.

It is not hard to verify the following coupling. Let IT be a random countable
subset of A with law w4 ;. To each point x € IT we allocate either type 1 or
type 2, each possibility having probability é This is done simultaneously for all
x € II by allocating a random type to each component of N(IT), this type being
constant within components, and independent between components. The outcome
is a configuration (I1y, ITy) of two sets of points labelled 1 and 2, respectively,
and it may be checked that the law of (I1y, I12) is A 1.

One uses arguments of stochastic domination next, but in the continuum. The
methods of Section 2.1 may be adapted to the continuum to obtain a criterion
under which 7 5 3 may be compared to some ;. It turns out that there exists
o = a(d) € (0, 0o) such that

(11.50) TAan Sst TAL Sst TA 2 for bounded measurable A.

Let 7, be the law of a Poisson process on R? with intensity A. It is a central
fact of continuum percolation, see [ 154, Section 12.10] and [253], that there exists
Ac € (0, oo) such that the percolation probability

(11.51) p(L) =m (N(H) possesses an unbounded component)
satisfies
o) { 0 ifx <A,
PY=01 i = Ac.

It may be seen as in Section 11.2 that there exists a multiplicity of WR-Gibbs
states if and only the 7 5 ; have a weak limit (as A 1 R?) that allocates strictly
positive probability to the occurrence of an unbounded component. By (11.50)—
(11.51), this cannot occur when A < A1 = ékc, but does indeed occur when
A > Ay = A/ O

10The proof utilizes arguments of [86, 138].



Appendix

The Origins of FK(G)

The basic theory of the random-cluster model was presented in a series of papers
by Kees [Cees] Fortuin and Piet Kasteleyn around 1970, and in the 1971 doctoral
thesis of Fortuin. This early work contains several of the principal ingredients
of Chapters 2 and 3 of the current book. The impact of the approach within the
physics community was attenuated at the time by the combinatorial style and the
level of abstraction of these papers.

The random-cluster model has had substantial impact on the study of Ising and
Potts models. It has, in addition, led to the celebrated FKG inequality, [124],
of which the history is as follows'. Following a suggestion of Kasteleyn, For-
tuin proved an extension of Harris’s positive-correlation inequality, [181, Lemma
4.1], to the random-cluster model, [122]. Kasteleyn spoke of related work dur-
ing a lecture at the IHES in 1970, with Jean Ginibre in the audience. Ginibre
realized subsequently that the inequality could be set in the general context of a
probability measure u on the power set of a finite set, subject to the condition
w(XUruXnNy) > u(X)u(Y), and he proceeded to write the first draft of the
ensuing publication. Meanwhile, Fortuin met Ginibre at the 1970 Les Houches
Summer School on ‘Statistical mechanics and quantum field theory’.

In a reply dated 23 September 1970 to Ginibre’s first draft, Kasteleyn made a
number of suggestions, including to extend the domain of the main theorem to a
finite distributive lattice, thereby generalizing the result to include both a totally
ordered finite set and the power set of a finite set. He proposed the use of the
standard result that any finite distributive lattice is lattice-isomorphic to a sub-
lattice of the power set of some finite set. The article was re-drafted accordingly.
The two Dutch co-authors later “thought it worthwhile to develop a self-supporting
lattice-theoretic proof” of the principal proposition?. Ginibre placed his own name
third in the list of authors, and the subsequent paper, [124], was published in the

IT am indebted to Cees Fortuin and Jean Ginibre for their recollections of the events leading
to the formulation and proof of the FKG inequality, and to Frank den Hollander for passing on
material from Piet Kasteleyn’s papers.

2The quotation is taken from the notes written by Kasteleyn on Ginibre’s second draft.
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Communications in Mathematical Physics in 1971.

Ginibre recollects chatting with Kasteleyn at an AMS meeting during Spring
1971, and summarizing the situation as follows: “You had the proof and the
conclusion of the theorem, and I provided the assumption”. This first proof used
induction, the coupling proof of Chapter 2 was found later by Holley, [185].

Inresponse to an enquiry concerning the discovery of random-cluster measures,
Piet Kasteleyn kindly contributed the following material, quoted from two letters
to the present author dated November 1992.

First letter from Piet Kasteleyn to GRG, dated 11 November 1992.

You asked me about the origin of Kees Fortuin’s and my ideas on the random-
cluster model. I have excavated my recollections and here, and in the subsequent
pages, is what came up.

When in the late *60s Fortuin came from the Technical University of Delft to
Leiden for a PhD study, I had for some time been intrigued by a similarity between
a number of very elementary facts concerning three different models defined on
finite graphs. I was at that time actively interested in graph theory and I had begun
to toy with a few ideas in order to find out if there was more behind this similarity
than sheer accidents or trivialities.

I told Fortuin about the data that had struck me and proposed him to look closer
at them and at related problems. So we began to cooperate and first attacked
the case of finite graphs. When this led to success, we turned to infinite graphs.
Since Kees was very good, he mastered in a short time the necessary mathematics
and began to work more and more independently. It became a good piece of
PhD research, of which the results were set down in his thesis and (identically) in
our and his papers on the percolation model and the random-cluster model. The
details you find on the following pages. As you will see, the first few steps were
all extremely simple. Therefore you may find my account unnecessarily detailed.
I found it fun, however, to go through this history once again.

Let G = (V, E) be a finite connected graph with vertex set V and edge set E
(multiple edges allowed).

A. Consider a function R : E — [0, 00). Then (G, R) may be considered as
representing an electric network consisting of ‘branches’ (resistors) and ‘nodes’
(for brevity identify edges with branches and nodes with vertices), where R(e) is
the resistance of the branch e.

(i) Suppose E contains two edges e and e, placed ‘in series’ (i.e. having end
points (u, v) and (v, w), respectively, with 1 # w):

u v w
° ° °

€1 ()
Write R(e1) = R1, R(ez2) = R>. We can replace e and e by a single new
edge e between u and w without affecting the electric currents and potentials
that arise in the rest of the network when a potential difference is imposed
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on an arbitrary pair of nodes (# v), provided we attribute to e a resistance
R(¢e) = R = R1 + R>.

(i) Suppose next that E contains two edges e; and e, which are ‘parallel’ (i.e.
which have the same pair of end points):

€1 :
€2

We can now replace e; and e, by a single edge e without affecting the rest
of the network, as before, provided we choose R(e) = R according to the
following ‘substitution rule’:

_ RiRy
R+ R

B. Consider a function J : E — [0, 00). Then (G, J) may be considered as
representing an Ising model consisting of spins taking values %1, having ferro-
magnetic interactions described by the Hamiltonian

H(o)==-) J(e)ole),

ecE

where 0 : V — {—1, 1} and o (¢) = o (u)o (v) where u and v are the end points
of e. The probability of the spin state o is

(o) =Z e PH@)

with Z the normalizing factor (partition function).

(i) Lete; and ez be two edges in series with J; » = J(e1,2), as before. We can
replace e; and e by a single edge e without affecting the probabilities of
the spin states on V \ {v} provided we choose

1 + e2BU1+12)

_ 7 _ -1
J(e)=J=(28) log 2B 4 282

This can be seen as the result of ‘summing out’ the variable o (v).

(ii) Let e; and e, be parallel edges. We can replace them by a single edge e
without affecting the rest of the system provided we choose J(e) = J =
J1 + J». Trivial: the two similar terms in H are combined to one.

C. Consider p : E — [0, 1]. Then (G, p) may be considered as representing a
percolation model with the usual interpretation of p(e).
(i) As before, with suitable translations of concepts. The substitution rule is
now p = p1p2.
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(i) As before. The substitution rule is p = p1 + p2 — p1p2.

So far for the facts. Question: do they reflect some relation between the three
systems? To answer this question we began with the following elementary steps
(in which order, I do not remember exactly; the one I give here will not be far from
the actual one).

1. To bring case B somewhat more in line with A and C, go over from J (e) to
w(e) = exp(—2BJ(e)). Then the substitution rules are

. wy + w2 ..
i = ; ii = .
H w I+ wiws (i) w=ww
2. Introduce new variables, viz.
in case A: R* = R—! (conductivity);
in case B: w* = (1 — w)/(1 + w) = tanh(8J);
in case C: p* = 1 — p. This reduces the substitution rules to:

() (i1)
A R=Ri +R R* =R+ R}
B _ witw *:w’f+w§
1+ wiws 1+ wijwj
C p=rpip2 p*=rip;

3. (Sideline) Note that if G is planar and G* is its dual, then the situation

in G corresponds to | | in G* and conversely. So the starred vari-

ables can be considered as ‘dual’ to the original ones (note that R** = R etc).

4. Consider now a g-state Potts model witho : V — {1,2,...,¢g}and
H=2) Jo(l—38,())
ecE

with J(e) > O for all e; the factor 2 is inserted for the sake of comparison and
a constant term is omitted. Define w(e) as for the Ising model. For case (i), a
simple calculation (summation over o (v)) shows that the substitution rule is now

_witwa+ (g —Dwiws
1+ (g - Dwiwy
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That for case (ii) is, as in the Ising model, w = wjw,. It takes the same form as
for case (i), with w™* instead of w, if we define

_ 1—w
T 14+ (@-Dw

*

5. Now note that by substituting ¢ = 1 in the last few formulae we get w =
wi; +wy —wiwp,or 1 —w = (1 — wy)(l —wp) and w* = 1 — w. Hence, if
we write | —w = p, we recover the rules for C. So in this very special sense, the
percolation model behaves, just like the Ising model, as a special case of the Potts
model.

6. At first sight the electric network does not seem to fit into the Potts model. It
does so, however, if we take an appropriate formal limit. Define for the Potts model
S = q_é (1 — w). In the limit ¢ — 0 (which at this stage is still meaningless,
since ¢ is an integer), the substitution rules reduce to

S182

iy S= ;
® S1+ 52

i) S=85+95

and the duality rule is $* = 1/S. In other words, we recover the rules for the
network, with S = R~! (= R*).

7. So far we had got only a first indication about a relationship between the
systems A—C and the Potts model. We then wanted to turn to more general
situations. We had observed that (for arbitrary G) certain characteristic quantities
in A—C, such as

(A) the total current flowing through an electric network when a unit potential

difference is imposed on two arbitrary vertices x and y,

(B) the two-spin correlation E[o (x)o (y)] of the Ising model,

(C) the pair connectivity E[I (x <> y)] of the percolation model
can all be written in the form P(X)/Q(X) (where X stands for S = R™!, p =
1 — w, and p, respectively), with P and Q polynomials in the edge variables
X (e) that are linear in each variable separately. For the electric network, P and
Q are homogeneous in all variables S(e) together (of degree |V| —2 and |V | —1,
respectively); Q is the generating function of spanning trees of G, and P is the
generating function of spanning forests which consist of two trees, with x and
y in different trees. For the Ising model, Q is the partition function (which has
also a graph-theoretical interpretation, viz. in terms of cycles). For the percolation
model, Q = 1 identically.

8. From the linearity in the X (e) it follows that P(X) = P (X, G) satisfies, for
each edge e, the recursion relation

P(X,G)= P+ X(e)P2,
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with P} and P, polynomials in all X (f) with f # e. This relation holds also for
the Potts model with arbitrary g, again with p = 1 — w. A similar relation holds
for Q.

9. Now if in the Potts model we have p(e) = 0, i.e. w(e) = 1, for some edge
e, this means that J(e) = 0; this is equivalent to having an interaction graph
G with the edge e deleted. Similarly, p(e) = 1, w(e) = 0, means that the
interaction is infinitely strong; this is equivalent to having an interaction graph
with the edge e contracted (i.e. deleted and its end points identified). If D,G and
C.G, respectively, are the graphs thus obtained from G, then obviously,

P(p,D.G) = Py,
P(p,CcG) =P+ P,.

Hence, we can write

P(p,G) = P(p, D.G) + p(e){P(p, C.G) — P(p, D.G)}
=[1 - p)]P(p, D.G) + p(e) P(p, C.G).

10. Iteration of the last step leads directly to the expansion of P and Q in the
variables p(e) and 1 — p(e). Since 0 < p(e) < 1, we could interpret the p(e)
as probabilities and the entire system as an example (the first one we knew) of
‘weighted’ (we would now say ‘dependent’) percolation. The generalization to
arbitrary positive g (and even to complex ¢!) was now obvious. Then the limit
q — 0, as described above, could be taken correctly, and what came out was the
electric network with all its properties.

11. It is the system obtained in this way which — for lack of a more instructive
name — we called the random-cluster model. Most people have just called it
the Potts model, and of course, it is closely related to the generalized spin model
bearing this name. (We referred to the latter model as the Ashkin—Teller—Potts
model, because Ashkin and Teller were really the first to consider generalizations
of the Ising model to more than two spin states; one of these was the 4-state Potts
model.) Fortuin and I preferred, however, to distinguish between the two systems,
because they are different in principle. It is only in the paper by Edwards and
Sokal that the relation between the two was fully established for integral values of
q. Itis now obvious that to every function f (o) of the spin state in the Potts model
there corresponds a function F'(w) of the edge state in the random-cluster model
such that the expectation of F with respect to the random-cluster measure equals
the expectation of f with respect to the Potts measure, and conversely. F' and f
are transformed into each other via kernels which are nothing but the conditional
probabilities of Edwards and Sokal. The relations which Fortuin and I found
between spin correlations in the Ising model and certain connectivity probabilities
in the random-cluster model with ¢ = 2 were special cases.

12. After thus having introduced the random-cluster model for finite graphs,
we were prepared to tackle infinite graphs. Fortuin wanted absolutely to treat
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these in as general a setting as possible and not restrict himself from the outset to
regular lattices, as I had suggested to him. This admittedly makes his papers less
accessible, but, in my opinion, also richer than they would have been if he had
followed my suggestion. But this is a matter of taste.

So far about history. Looking at the subsequent developments, [ am somewhat
surprised by the fact that (to my knowledge) no one has given any attention to
the domain of ¢ between 0 and 1, not even to the limit in which one recovers the
electric network, where life becomes much simpler. Of course, the FKG inequality
does not hold in this domain, but does that imply that nothing of interest can be
done? I admit that Fortuin was the first to restrict himself to the region where FKG
holds, but that was because the time for his PhD research was limited! In fact,
if I remember correctly, some mathematician once published a paper in which a
graph-theoretical interpretation was given to the random-cluster model (probably
under the name of dichromatic polynomial) for g = —1 (or ¢ = —2, I am not
sure).

Then there is the ‘antiferromagnetic’ Potts model, where J (e) is allowed to be
negative. If it is, p(e) is also negative, so that a standard probability interpretation
is impossible. This case has not been investigated either, as far as [ know. Still, itis
of interest, if only because, for integral positive g, the limit where all J (e) become
infinitely negative leads one into the theory of vertex colourings with g colours! In
this connection I may point out that for two-dimensional regular lattices the value
q = 4 plays a very special role in the random-cluster model: for ¢ < 4 the phase
transition is ‘of second order’ (i.e. the percolation probability is continuous), for
q > 4 itis ‘of first order’. So it may be that there is more to be said about the
four-colour problem than we know at present!

Second letter from Piet Kasteleyn to GRG, dated 17 November 1992.

... I have been a bit too hasty in my conclusion about the connection between
functions f (o) in the Potts model (PM) and functions F () in the random-cluster
model (RCM). What I wrote about the ‘transformation’ from f to F and vice versa
may be formally true, but it is trivial. What is not trivial, is the question whether
to each f there corresponds an F depending only on the edge configuration w,
and not (parametrically) on p = (p, : e € E), and vice versa. I do not remember
having seen this question discussed in the literature. In one direction there is no
problem. If for given f (o) we define

fO) > F) =) fo)ulo | o),

this F (w) satisfies the requirement I mentioned, because (o | w) does not depend
on p. However, the map

F(@) > f(0)=)_ F@u@]o)

does not satisfy the requirement, u(w | o) depends on p, explicitly.
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To analyse this point we can proceed as follows. Using your notation we have

7(0) =7G,p.q(0) = Z7 []((1 = pe) + peds (e)),

ecE

$(©) = G pqg(@) =27 (H((l — p)(1 — w(e)) + pew(e)))q’““’).

ecE

The expectation w.r.t. ¥ of a function f(¢) = f (o, G) can be written as

Exf=Y f@Z "T](1+ peldsle) —1})

g ecE
=z"'Y flo) ) (l_[ pe>(l_[{8(,(e) - 1}),
o DCE “ecD eeD

The expectation w.r.t. ¢ of a function F(w) = F(w, G) can be written as

EgF =Y F(@)Z™ (H({l — w(e)} + pel2w(e) — 1}))61"“‘”

e

=77') " F )
w

x Z(]‘[ Pe>(]_[{2w(e)— 1})( I1 {1—w(e>}).

DCE “eeD eeD ecE\D

In order that E; f = E F identically in p we must have

VDCE: Zf(o)(]_[{&,(e) - 1})

eeD

= qu<w>F(w)<]‘[{2w<e) - 1})(
%) ecD

It follows from what I remarked on p(o | w) that for given f(o) there is a
solution F(w) of this equation. (It is readily verified.) Question: is there a
solution f(o) for given F(w)? The answer is not in general. If, e.g., G contains
the subgraph K, (the complete graph on r vertices, having 5r(r — 1) edges),
and we choose D = the edge-set of this subgraph, then there is no o such that
[l,ep{do(e) — 1} # 0if r > g. The reason is that it is not possible to have
different spin values for every pair of adjacent vertices in D if you have only ¢
different values at your disposal. Hence the Lh.s. of (x) equals O for this D, so
that F(w) has to satisfy the condition

qu(w)F(a))(n{Zw(e) - 1}>( [T o —w(e)}) =0. ()
w ecE\D

eeD

[T« —w<e>}>. (%)

ecE\D
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This can be rewritten, if we denote an edge configuration not by w, but by the set
of open edges. Let us denote this by C (your 1(w)). Then

1 ifeeC,
—1 ifee E\C,

0 ifeeC,

20)(6)—12{ ]
1 ifee E\C.

l—a)(e):{

Hence, the 1Lh.s. of the condition (*%) reduces to

0= g"FO)DP" PN ccpy =Y MO (=D
CCE ccDh

where Y ~—p = D _¢.ccp So the condition reads:

Z (_l)lD\Clqk(C)F(C) —=0.
cch

For g = 2 (Ising model), the existence of a triangle in G already causes a
relation (it cannot accommodate 3 unequal pairs of spins). This is, e.g., satisfied
by F(C) = I{y<v), butnot by F(C) = Ijy-yw), Where u, v, w are vertices.

You may be amused to see what happens in the case g = 1!

My conclusion is that the PM is ‘included’ (in the spirit of this analysis) in the
RCM, but that generically the RCM is ‘richer’: there are questions one can ask in
the RCM which have no counterpart in the PM. In addition, of course, the RCM
makes also sense for ¢ ¢ N, but the PM — as far as we know (Fortuin and I tried
hard!) — not.

Postscript by Cees Fortuin, 11 September 2003.

I remember especially the first time he [Piet] told me about his ideas (end of 1966
when I still was doing my military service and he already had invited me to work
with him): we were sitting next each other at the table in front of the window, which
he used for working sessions, and he explained his ideas (the ABC of the letter)
while I was listening. My first work was then ‘putting the electrical current of a
network into the scheme’. The actual formulating of the model took some time: I
guess that it was end 1968/begin 1969 before on my blackboard the formula with
2" appeared (the reformulation of the Ising model); I then went to his office and
said something like: “I have found what we sought” (but half and half expecting
he would say that he already knew!). We walked back to my office where he
overlooked the blackboard and remarked that this was a special moment(!).



List of Notation

Graphs and sets:
G = (V,E) 15 Graph with vertex-set V and edge-set E

Ew 16  Set of edges having both endvertices in W
VE 174  Set of vertices incident to edges in the set E
Aut(G) 74  Automorphism group of G
Gy 133 Dual graph of the planar graph G
(x,y) 15 Edge joining vertices x and y
X~y 15 x is adjacentto y
R 18 The real line (—o0, 00)
Z 17 Theset{...,—2,—1,0,1,2,...} of integers
Zy 18 Theset {0, 1,2, ...} of non-negative integers
N 18 The natural numbers Z \ {0}
L4 18 The d-dimensional (hyper)cubic lattice
E4 18 The set of edges of L¢
Ey 18 Subset of edges having both endvertices in V
T 159 The triangular lattice

159 The hexagonal lattice
H

{ 169 The set of plaquettes of 3

U 164 The upper half-plane
Xi 17 The ith component of the vertex x € Z¢
Aap 18 The box with vertex-set 1—[?1:1 [a;, bi]
Ay 18 The box with vertex-set [—n, n]¢
S(L,n) 124 Thebox [0, L — 1] x [—n, n]¢~!
deg(u) 58 The degree of the vertex u
deg(W) 43 The maximal degree of a spanning set W of vertices
0A 17 The surface of the set A of vertices
AW 17 The edge boundary of W
Ae sC 170 Edge-set given in terms of a surface § of plaquettes
deD 174 The 1-edge-boundary of the edge-set D
Oext 147 Set of vertices of VF in infinite paths of the complement
AextD 174 The external edge-boundary of the edge-set D
AineD 174 The internal edge-boundary of the edge-set D

Ay sC 170 Subset of C given in terms of a surface § of plaquettes
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9TA, 9°A 197 Upper and lower boundaries of A

rad(D) 110 Radius of a subgraph D of ¢ containing 0

8(x,y) 18 Number of edges in the shortest path from x to y

x| 18 48(0,x)

llx]] 18 max{|x;|: 1 <i <d}

h(e) 169 The plaquette intersecting the edge e € E3

[H] 170  Subset of R? lying in some plaquette of H

E(H) 169 Set of edges corresponding to the set H of plaquettes

8 170 The closure or extended interface of a set § of plaquettes
Dr.m 201 The set of interfaces

8o 201 The regular interface

< 169 s-connectedness for plaquettes

A1, ha|l 169 The L° distance between the centres of plaquettes i1, iy
ins(7T') 169  Union of the bounded connected components of R? \ T
out(7") 169 Union of the unbounded connected components of RN\ T
|A] 17 Cardinality of A, or number of vertices of A

AAB 60 Symmetric difference of A and B

Probability notation:

u(X) 18 Expectation of the random variable X under the measure u
P, q 4 Edge and cluster-weighting parameters

&G.p.q> Pp,q 4 Random-cluster measure on G with parameters p, g
dG,p> Op 4 Product measure with density p on edges of G

Zc(p,q) 4 Random-cluster partition function

AB.h 7 Ising probability measure

8.k 7 Potts probability measure

¢>i’ v 38 Random-cluster measure on A with boundary condition &
q);; q 75 Random-cluster measure on L.¢ with boundary condition b
Wy 4 72 Set of limit-random-cluster measures

Rp.q 78 Set of DLR-random-cluster measures

ucCs 13 Uniform connected graph

UST 13 Uniform spanning tree

USF 13 Uniform (spanning) forest

1a 15 Indicator function of an event A

CoVp 4 41 Covariance corresponding to ¢, 4

covp 33 Covariance corresponding to i,

varp 4 56 Variance corresponding to ¢ 4

1) 15 Typical realization of open and closed edges

Q 15 The space {0, 1}£ of configurations

F 16 The o-field of 2 generated by the cylinders

Fa 16 The o-field generated by states of edges in Ex

TA 16 The o-field generated by states of edges in E¢ \ E

T 16 The tail o-field

Q% 27 Set of configurations that agree with & off F
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We, W°
w1 V @
w] N\ W
H (w1, w2)
n(w)
k(w)

I (w)

A, A€
AOB
B(X)
C(X)
Dx
Ia(e)

Sst

=

16

16
64
241
233
82
30
19
69

List of Notation

Configuration @ with e declared closed/open
Maximum configuration of @ and w;
Minimum configuration of w; and w;
Hamming distance between w; and w;

The set of edges that are open in @

Number of open components in @

Number of infinite open clusters in
Complement of event A

Event that A and B occur ‘disjointly’

Space of bounded measurable functions from X to R
Space of continuous functions from X to R
Discontinuity set of the random variable X
Influence of the edge e on the event A
Stochastic domination inequality

Weak convergence

Random-cluster notation:

Cy

C
pc(q)
Psd(q)
Pe(q)
Pe(q)
p(q)

p(l:)'ond

Finally:
avb
aAnb
Le]

[c]

(Su,v

As

17
18
99
135
124
113
197
329
340
114
115
114
98
115
7
17
17
15
37

18
18
18
18

171

Open cluster at x

Open cluster Cg at 0

Critical value of p under ¢, 4

The self-dual point of the random-cluster model on L2
Critical point defined via slab connections

Critical point for polynomial/exponential decay

Critical point for the roughening transition

Critical probability of bond percolation

Critical probability of site percolation

Critical point for the time-constant

Critical point for exponential decay of connectivity

The time-constant associated with the measure u
Percolation probability under q&g q

Correlation length

Indicator function that the endvertices of e have equal spin
Event that there exista € A and b € B such thata <> b
Complement of the event {A <> B}

Event that e is open; also the indicator function of this event
Event that endvertices of e are joined by an open path

not using e

Maximum of @ and b

Minimum of a and b

Least integer not less than ¢
Greatest integer not greater than ¢
The Kronecker delta
s-dimensional Lebesgue measure
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